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1.2

[ntroduction:

The subject Caleulus is one of the branches of

1 1 FoT o | | o7 »
was found by Newton and Leibniz |
|

with two basic operations called 'dilTerentiation and ntegrat

ltall brietly formalize the

noton of the Iimut of a funeti

this sectian

erms oF i
Derivative
A function X)) 18 sald o be derivabie il

hm 10X + )= s

w—ri) il

L1 [ !
: exist
!'I sl 11
We wrile
lim  fix+ h)=1(x)
) —_— —
Ri'(x) ; "
h—sl) n

Similarly. a function f{x) 15 sad o be lef

lime fix=hy-1(x)
e I

h=2() -h

We write

hm  fix-h)-fx)

Lil r‘x] = h_"u o h

Lid

1ACA (

el 7 [ T

primarily concemed

] ) 5 3
Fheand derivari

i differentiatic
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1 Texbook af Enginecring Mathemotics:]
pxercise-1

o * the followin

wy . derivatives of © g
; aciples. the

1 Find, from the first POt

il G X jii. log cos *

il

LY

2.2.

Higher Order Derivatives

Introduction:

fix) is differentiable in an interval, then its derivative with

f S . dy
T'I..”"'F-";-"‘I: IOX 15 I (x). vior -
. dx

Ity
If £ (%) is also differentiable in the

, : dy
interval, then its derivative is given by £" (x), y" or 5.3

gimilarly, it the f(x) s differentiable in the mterval n umes, then

h i : I i i |'|.."'.
15 1 TIValIve 15 (X}, % e
s o e cl LX)y Ol dx’
If y = f(x), then the higher order derhatives are denoted by
dy D a fi
=L (%) y y — %)
dx ) dx M
I:I. b, X l;j-'
—y (% Dy —o f(x)
dx ux
d’s : >
——ry (%) y Iy g i 4
'-.1"- > ax
d™y = d .
R M%) i Xy, n Hx)
Ll‘\ = - I_ll‘\

_— I : . - - .
The n™ derivatives of some special functions

il li . ] - . . :

The n™ derivatives of the following functions are to be obtained by \'I

the method of induction. y
m! '

——— m-u . w g .
X where m 1 At o \
(m - n) ' erc 1S positive Integer,

If y = x", then y, =
m =n.
Here y=x"

Differentiating it n times successively, =

1 &



| * Im o
=L LSS,

v = K > tim=nj!

or miim= L 3 Ify=¢" theny,=a"e
1) X .

ot y=mim= 1= Here 3
h iyl A
r oy =mim- 1y {m-=! Differentialing it success
5 15
¥
il
Ly |
w-2)(m ! il
. m \
X mem '
o Y |
+ . |
am— =
mim = Lhm = =2 —— ¥
Al ¥n {m =1l

Cor.
Whenm =1 H
1
=1 .
For exdaimpe
[Fv=x" . theny

Foriy=x

Differentiating It successively

oy Was Jx2x
or  ¥3=3=2x]

m!
2. Ily ={ax+ b)", then y, = 4" —

m:-}ﬁ fax + b)" " where m

positive integer, m > . -

H,_-”_- y S |~.:|" I then v

l.)lJ'r%:rL'r:Imrjng it SUCcessiy ely. |
Yi=am(ax + hy"- L)
Ya -':i'-'mrm -1} (ax + py"- e T e L”:-z

1-’.:~=:I'1n1|’rn-' BN Fhio e x =3
_ E)Am- 2 (a4 h)" 1 =1}y n

TN (Mm-n+1)(ax + h)
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i Texthoox af Ergineering Vfeefhemaiiea ]
f - b+ n '
] s | : ) |
- . 4 | = sin | ax + D 7
B If v = sin(ax + b), then ¥u 27815\ gL Lor.
Here v =sin(ax +b) puth =0, il y = cosax e o A
" ] Lo L. 4 &
Differentiating il successivel i
Ak L - - a LR -
- \ . Ify=¢ cinbx .,then v, =(a +b " 0™ cin L bx + n tan
[1=+ax+b] '
v = acos(ax +b) = asih '._] L /
3 Here e SInbX
f I !
y! a- sin (ax + h) =& SIn| = —+ax+bh [ifferentiatu VLD TES P
T u \ =
; [z %o ! o
% E l',_;{lr'ui.]\ L |.'|.| =g 51N |-. 5 ax | iV Nk t y
Pul [
1 11
(] it (&)

E mi |
y,= atsin| 5 Fax T b

Cor.
Differentiaty Siviel

nmn
Put b= 0. if y = sin ax theny,=a sin |75 T ax .
n ( "'T.r! 01
=3 C0S | 4 +ax+h

b. Ify =cos (ax + b), then ¥, 3

Here y=cos(ax+b)

Differentiating it SUccessiv ely, y by

¥ =- asinfax + b) acus[ |5 +tax+b)

’ _ < ¥ 1ani2 :lll
. ) 8. If v =™ cosbx, then y, = (a* + b’)" % cos| bx + n fan

y . i

=
o
=

or y»=-a cos(ax+b)=a" cos :a:'

b |

We havi v =" coshx

Differentiating it with respect 1o x
|

=

or y;=a sinf{ax+b)= a’cos|{35+ax+b]

e

y; = - be™ sinbx + ae” cosby

I

or y;=¢" (acosbx- bsin bx)

Put a=rcosh. b =rsinB sothat a’ + b =r and tand

_ nm
' S Yn=a"cos L—.} + ax + b) s
) Thus

15 NepaliExam.blogspot.co




A Texthiverk: of Enpinecr i Mathematics-1

&™ (1 cosh cos bx - r 5in0 sin bx)

-
|

re™ (cosh cos bx - sin@ sm bx)

!
yvi=re™ cos(bx+ ()
| Differentiating it successively,

va=r o™ cos(bx + 20)

or v-=r ¢ cos(bx+ )

or y,=re cos(bx+ nit)

(x +1a) (x - ia)

il (1 |
" 2a [H-iﬂ_x*'-ia_J
_I_[t-n"n!

(- 1)" n!
lx-i‘aj"'_[' (x + ia)"” '}

16

f By
v =(a° +b)" e cos| bx +ntan”
2 n i g
I (-1)" n! ( 11 I
9. lf_\-:x;'“:.IIH’:H_‘I-..—"_"_E“ -2l e s
i
Here N
|
i '-i‘;-.lln-.n
Wk
% ¥=2a[x-a x+a
Thus
I [ 10"n!  (-1)"n!
v = | —————r
B 28 |(x-3a) (% 1§
(-1)"n! [ | ;
o I -
= 2a l_l“.-;:l (% a)
I (- lin! / 1 :
e ] 4 e e Ll T B A N (L e i ’ . i
L lrjh1‘+u: sthen Yu™ P s tan sin {1 (n 1 tan :
|
Here  yw==————
X~+a
ar ] 1
Y= 3 = g —
Y=

Thus
(=13 m
% e P L ||:__..n.l|_-||-_:||||| ||L,_-,,_||_|- !|'\'-['“I :
! 1
(= 1) n! Y . e
ey b [cosin+ 10+ jgmin + 1Y =cosin==1}
i
Fismin—= 18]
)" n (- 1)"m! 146
o 1sin (0 # 1)0 =T sinin 1)
il [
(=10
T = in i Rl
I I. |!' i ! [
= -3 1l in n+ 1)tan
Leibnitz's Theorem
I. '} i Irperd drs [ i Jr |- .I.I .I. .I.I
[ | i Li
i i
f I \
L i 4 i} i |_|| i ]

Proofl:

Higher Chrdier Diar utives

(- 11" n!
= Tai [(x - 1)

e { e 1 b |

Put x=r cosd, a=rsinf, so that, ™ + & r.and =1

|&=

Differentiating 1t with respeel 10 X, we gel

i =gV Sy

It shows l|:'|:![ the theorem 18 rue o n LIl : ';

Let us SUppOse that the theorem 1s true for n = m and need 1o show
that it is true forn=m + 1.

""" NepaliExam.blogspot.con




" P i i
eriiy Madlsermiie

m— UV T CIm :'}.||I L G't}11.::'||. W3 ¢ i 130 [ § -

FOmL - 1) u, v O ) W Ve vt

j}I:{L'[l_'I1[=.._I“.|:!-l_-_ it with pespect o X, we 2el

Vi =t v = EmG L) U = C(m, 1) u \

- £ :
s - i 4 1 — . then Mind v,
FO0mML 2w v Gl <) Up -2 . Ex My =

- Clmy =) W - ¥

..,“lhilllil'l:

# (C{m. T} Ly ¥y 1 Fouy

=g v+ [ +C(m. 1)) U Vi i ke L A LU B

+[Cim, r- 1)+ Cin ] u v, s

Lising | +C(m, 1y=Clm+ 1,1}

Cim. )+ Cim, 2)=LC(m =

O, r- 1)+ Cfm, r) = C(m # 1. r);

e j v Cimt L Dy T l(m e+ 1, Z) ; v == 13—

-Ii'||'|"|__ill.- %

Thus. the theorem 15 true for n = m + 1 £t 18 true for ¢ . and o \
hence it is true forn =1, 2, 3 and so on. It can be cluded that

the theorem is true for every positive integral valuc

Worked out Examples Ex. 3: Ify = (x-1)7, then (x" - 1) ¥ua2 #2X ¥y o - D(n+1) ¥ = 0] 2059 B.E |
~ Solution:
Ex. 1: Ify=+/x then find y,. Hare

Solution: Differentiating it with re

Given function 15 . S

y-= '\...": nix | ny_

Differentiating it successively,

Again, diffe rentiatige it with respect 1o x, we gel

(X7 = 1) va+ 25y = 2nxy; + 2

(X - 1)y + (2% - 2nx) vy = 2y

b 1
( I IJ Y {12)=2 |}l|.|.L:t’-._"|!t|."lEI'I'II_L" i hmes '-L*_-.il.i_k_l L.l.."nt"lnal__-',',\' theorem
-3 -

< N e 19

17 NepaliExam.blogspot.




\ g L ifcifeem I
yn =11 . .
-, .|.1, > I__:rT_ T {iXx nx) Y
(X7 -1}y BT Y x5
n
T L 2n)= 3.
: } nx) Ya= |
%] = =11 v (2nx X . , |
in"=-n N =2Zn "“.I".I 0
+ Dy, =0
|\'|I',.:+,-'_\1.I,..-!1II1 )
I
OV =m" 1 +(-1)" sin 2
Ex. 4: If y = sin mx + cos M3 then prove Ya i mx
Solution:
Ciiven function 13
Wy s mx + €05 mx
, - th o o
| ' srpvaliy
Ligine the formulaforn der g
i nT \ nm - |
¥ m" | s T +mx |+ C08| 5 mx
.I =
; 1 \ mn
‘nmn 11
=i I gin| ==+ mx |+ €05 5 mx |
e ] nm :
nd 1 einl =+ mx | o5 5 T M
4 =m" 1¥)sin| = T Mmx | .
" m? 1 Hsin{ 75+ mX | O3
|
=m" E! +gin (nm + 2 mx)
ar =m' [] +5In Imx ¢os N+ cos 2mx sin

Using sinnx = 0. cos nt={(-1)
=m[1 + (- 1)" sin Zmx]

Ex.5: If y=(x4/1+x)", then show that (1 + x7) yrt Xy -m’ v=0 and
hence prove that [1+Xx }'-,,,rr (Zn #1)xvpF (n"-m7) ¥, =V

Solution:
Criven function is

y=(x m}' e

Differenuating it with respect to x

F I |
yi=mx 1+ x)™" | | + === 2x |

A1)

41 +x /
x+41+x
or yi=m (x m]u.u{dl;_}

mx + L+ XY
(alf Y {4 A
WA |
o (1 3 B
apain dhfferentiabing
| X =¥ 2y Wi
O (! X0y n
I?l'.l;"n.'!'-ii.nl':!l__' i times by using
i il
M+%n =
{ I I
e = how that
% 2. shov i
Ex. G: 11N
“:-I.h,.._'|_‘1I*1;u,_..‘il'|'
Salution:
Ciiven funetiom i
W
[nfterent 11 W pec
- % Y .'l
Im | 1
': 0T =1l
aq
| 1117y
I | 1I-I_ i
ol | y
- '
SERIT 1 with resp
- 1 )2y b m
0r | % [} T ‘\.:. Mm% Ll
Difterentiating it n times by us
1
X I W5 T =Yy
|
{x" -1}y, (2nx + x) ¥,
(X" =1)v. (2o 1) xv,

m- v,

|
=1 el B.E. |
-
i ks el T3 W
- o L t L
—_
175 1
11
Y Y
m )y
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A Texrhan kol -f_-rmrm_-rp .I'“x Manthanictios -]

E'.L. T: if y= ]ug {ﬁ s a,il‘ 4 x!}1 then !hl}ﬁ’ that III + x‘:l ¥Y; + x
and hence show that (a° + x7) ¥ee2 # 20+ 1) x¥0y, + gy i

Solution:
Giiven function is
!.' — lug i\‘ + '\!u_- + x‘)

Differentiating it with respect 10 %
8

2x J
s 4

I 1
et (143

e ——

or Y T i
ot atx

Again differentiating it with respect to X

=_-—H—-I_‘—_!"’ ; M,
YT N +XT)
4 —— =Xy
XTIV == T |
or (a74X7) Y2 7 ETe

or {g+xX)yatxN= 0

Using Leibnitz’s theorem
4 . n .. 1
(8" + .\L_]}"".‘_l- T 1! X Ynel T 31
(@ + X )Yaer + (20 + XY + 1Y =0

Exercise-2

Find the n™ derivative of the following:

i, y=(2 - 3x)°

i, y={a-bx)"

] a an
i,y =:ﬁ v, y=X
i KH
V. }" = a-x ¥ N= X -
o X et
vi. ¥ =H+ bx VIIL Y = e +a

=0

.

|

Hrgme= ¢ b Ciaarpesgingms

=it .|!‘1‘PL-':
{h.\b y=tn 'yl

.il*s,'.}

%

(X} ¥ =1un
3 ! then st that wl 1y=1(
cm = lhen S 1y=0
Hy=5 w the PJI_
Find yu il L ooy=X . y=1x log
A
[y = Lanx. then prove that (1% x7) v,

1
*_then prove that

ey =c"™
(1 + %) ¥pozt (20X +2x-8) Yoo +0ln+ 1) ye= {

- = aem + be' ™ then prove that y: - m'y =0
ey 13 :
[fy=¢ smM bx. then prove that
Yo 1 =28Ya= (& + B ¥

Ify=X ' logx Jhen prove that xy, = {n- 1)L

if v = a cos (logx) + bsin{logx) .then prove that

2y &+ 0 1 R Hint =0
XYy 8= 3 b

Ify=sin" x.then prove that

:I-x.}f.. 1~ (2 il.x'l;..,-l'lzﬁ';.-l.‘l
i
Iy =¢™ * then prove that
[1-'\|f~, .--l:'l":' |]"H.:q.l _-11‘.'.-' ;_L'j}-ll_'{]
Ify=¢" ,then show that ¥, - XY= 20¥g. 1 =0

ify= (sin”'x)" .then show that
(1= %) ¥y 2m (204 1) ¥ ) =W Ya=0

If y = sin (m sin 'x), then show that

(1= X%) Yasn- (20 + 1) Xyper + (M7 -00) ¥ =0
Answers

_ m! (- 1)" b" e - o

T =1 b bxy™ i -1 3"n!

{m-n)! A

[
23
paliExa

. 2y, +oln- 1)y, =0

,‘nr-'.ﬂ:r‘]

e BE |




i FI'\M‘I“;)], iif ﬁm‘mr‘# _',fmrﬂ-ﬁ'l'“'inl

e 2740 5 e (2n. iy
ik :
e T
(- 1)" n! hapter - 3
: VE e 1)
V. Mean Value Theorems
w* h""n!
o L!_l__—u—_—-_—'-_'
vl (o + hf".]n .
| a :
here B =1an” 7. heorer
P e costn 1) 0, where 8 =tan” T 3.1 Rolle’s Theorem
Vil K4
1 (e If @ function is continwous in [a, bj. differentiable in (a, b) and
- 1" i {n i sin” 0'sin nfl, where 6=tan" [k;,'l fier) = fih), then there exist a pointcefa. b) such that [ fc) =1
ik i proof:
= tan” (= ¢ fix) 15 differentiable m (a, b), then there exist &
. | b AT, qi|'|,['l‘|.\.'hL'ﬂ-‘{]_hm N Since I Crer L[ & 1 (a, D), 1hen inere cxisl a poimt
X. (- ”'ﬂ I? W= ” i 05 \)I ce (3, b) such that
- e Rt A -1yax+n(n=1)(n=-2)], lim fic+h)-fc)
= scane ¥ rad o F Sna N +amn ! by ARE-Tr L) = IRC)
-h A ets Tl el h— h

n-41!

T 1 M lim fie - h) - flc)

" h—0 =h

S

Since  fla)=({b)
If fix) is constant throughout the interval. then fix) = fla) = fib)
and hence ['(x) =0 forall x e(a.b).
If fix) is not constant throughout the interval |a, bl, n 15
somewhere positive and also being continuous on {a. b] then n
must have maximum value at some interior point say, X=c¢ €(a. b).
Thus
flc-h) < fic) = fle-h)-Re) <0
fic - h) - fic)

)
“h =\

—

Taking limit as h — 0 on both sides
lim fie - h)- fic)
h— 0 -h E
LooENeYE20 . o e o (1
and fic +h) < o) = fle+h)-fic)=0

lim f{c+h) - fic) -0
h <

= =l
S f(e) €0 SRR |

‘ NepaliExam



on of the theorem 15 Ziven in 4
. ek js continuous in [,
{on s & B k
The Mﬁ:ﬁ If the ﬁ;'f fib) then the theorem asser;. th
meﬁ,m in (2. ) and ﬂ;: interval (a, b) where the rapg, |
intin t nt al that poiny My

of the 1angc
: the slope
-xis. S0

! be zero.
. Sape =110 =0

i : I"H-']““

i
(]
iy
- ---....__lr____
i
]
[
]
L
(]
i

32 Lagrange's Mean Value Theorem
If fix) is continvous in {a, bf and differentiable in (a. b), then the

fih) = fian) = -
it af least one point ¢ €(a, b) such that [ (c) ==—;—"—" 2061 B

Prool:
Given that fix) is confinuous in [a, b] and differentiable |
[a, b].
Let us consider a ﬁmﬂiﬂndufmedb}r
FHJ % ﬂ-‘l:l S . |
where fix) and Kx are continnous i o :
: [a, b] and differentiable !
s ﬂwcmdrm‘ fu:‘h:ﬁs ’hm.mt sum of continuous funcrions!
sum of differentiable functions is differentiable.

So, F(x) is conti : _
constant K mm [# b] and differentiable in (a, b). T

R

Siavanm Polse Thedwrenes

at {[a) + Ka = {{b) + Kb
fib} - ffa)
" b-n

rhus, F(x) satsiies all three conditions of Rolle's theorem. Hence
there exist at least one point ¢&(a, b) such that

Fi{c)=4 PSSSCSEY |04
So from | ]

Fix) fix) + I‘»."

Differentiate with respect 1o X,

| =2 t !\
el P
fih) - fia) S e
el | T a e b which proves e INearem
a
MNote:
Writine b =a + hsothath-a 1. then the above résull can be

CrLpressed as

This form of Mean Value Thearem is often found more useful in
practical applications

The Geometrical meaning of the theorem is interpreted from the
following ficure. If the function fix) is continuous in [a, b] and
differentiable in (a. b) then the theorem asserts that there is always
a point ce(a, b) such that the rangent line at the point (¢, J{chh 1

paraiiel o e chord [oine

L]




— w*"‘dﬁd AB there always exist a g,
ﬁ il ﬁmﬂ"’h ¥

i L ]M.-f'{ﬁ'j
Stopeafthetngent 107
b) - (2)

iy mind that the function F(X) represe,
b dthe line AR ar ..

Then ¢ is
s " + kmp
e interesting 10 X
:!tw difference in ordinates 0
point x<(a. bl
33 Cauchy's Mean yalue Theorem
- 'fix) and g} are contimons i @, bj and differentiable in (
g then there exist al Jeast one point € €(d, b) such that

n:':: R l‘gj -ﬁl"ﬂ:}' where g'(x) = 0. for all x €(a, b)
._g r e, g -

fthe curve APB an at ay,

iven that f{x) and g(x) are continuous in [a, b] and differentiabl
in{a, b).
{ et us consider  function defined by.
Fix) =fix) + Kalx)
- ‘where K s constant which will be determined by choosin
Fia)= F(b).
or fla) + K gfa) = fib) + Kg(b)
K= tb)- fla)
2(b} - g(a)
e ﬂgﬂ And Kg(x) are continuous in [, b] and differentiable
A Inuous in (8, b, differentiable in (a, b) and

F{b)then olle" . y
__1__i by Rolle's Theorem, there exist a point ce(a, bt

Proof:

Seur Vol Tingsoeymes

F'(x) = Mx) + Kgix)
F' {c)=T(c) + Ke'lc)

Qr
or 0= {'ic)+ ke' (c)
ey
or g'{c]
fiic)  fib)- fa) JhloH siEves the thedren
'_'1;.w_] ;;“_'r_gm_r which proves the theotem
MNote:

[fweputb=at+hc=ad 8h where 0 < 6 < 1, then the Canchy's

Mean Value Theorem can be writien as

fiia+B6h) fla+h)-f(a) ]
TR N T o AT |
g'(at+Bh) glart h) - e(a)”

Taylor's Series in Finite form
(Generalized Mean Value Thearem)

IFf™ (x) is contimious i j@ bl and [ (x).is differentinble in (a. b).

then there exisi a point ¢ (a, b) such that

fth-a) . 4 I'E'f--:.'.-". " (h-a) -
fth) = ffa) —;_F i)+ a7 — flay ===y I ayE
{h-al - (h-a)
] S T (ch
..... (1 - jr}. |II fal n!

Consider a function F(x) defined in (a, b) by
(X)=6(X)-Hoay (a) W

Where.
S R (I (L
p(x) = f(b) - {x) -7 F'X)-"7; f(x)

- _1'_ £"{x) -

il it
........ --—‘—m_”.! i (2} R .

ISincu: (b -x)""" and fix) are continuous n [a, b] and differentiable
in (a, b), ¢ (x) is continuous in {a, b] and differentiable in (& bl
:hcll; evidently, F(x) is continuous in {a, b] and differentiable in
L ROV

1 Erahie—ral "
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(2) ,we get

: d
So differentiating with :cspﬂfl tox to (1) an
!11 nl 8(a) o
)+ (b -x) £1(x)

(b=x)""!
L1 e e, R R
J e {n-1) ' (x

Fi(x) = ¢'(x) + 7
and $'(x)=- f[x]+f(x} [h -x) F(s

ﬂ}-‘ir + EE'LLT
ST i 4 [ T !

b-x) " ST
or ¢tx1--L'ﬁTr x) 4

Clearly, ¢{b] = (), and then
hence F(x) 1S continuous n

F(a) = F(b). By Rolle's Theore

from (1) F(b) =0 :md.i-tul 0 any
[a, b] differentiable in (a, b) ap
m there exist a point c&(a, b) syg

that L{
Flc)=0 P
From (3) and (4) |
SN
F131=¢'{xJ+W dla)
nib - }
or Fle)=¢(©)*"p-a h(a)
__._L—b i f I! (b- s
or 0=y £°(e) g ],, utar
¢ta1—L—L " (c) A 1
From (2)
(b= -
d(a) =f{b) - f{a) - (b - a) f'(a) - —=  F'la)-
(b-a)"" o
(n-1)!

b
!_llH

lh _ ﬂ'}ll- |
(n-1)!

!{:j

ru-l [E’I}

iiiiiiiiiiiii

:...-.l
L

Hl‘ﬂﬂl"ufwm
; b -a) (b -a) b-ay
f(b) = fta) b 1 i Fi(a) + 2:! f"{ﬂl“‘sT!iL £ () + .
(boay®t . (b-a) _,
dh R T £y 4 = i) - n

Note 1:

[fweputb=a+handc=a-+ih0<B<l,

We zel

2 h*
f'(a) -+ Bl
hu ! ] h“

1 { I:'i} +

in-1}!

, : h el
fia+h)= HLI.!I"'F f"(a) + 37 f

Note 2
If we put a=x, then we get

h |l" h

f{x +h)=1{x)+ I :'uw---? E(x)+ Yl A e,
e k" . -
-'”'1'_ o fix)+ 3 Pxt oh) ....49)
Ihe series of (7). (8) and (9) are called -F.rl1'|rrn"-. Series with the

remainder in Lagrange's form,

(1 :'|'rI . ]‘IL - . an A
-I“'." E{C) Qr ”_l f lat+bBh) o = [P ix+8h
It is generally denoted by R,
H
R.=— 1" {a+ 0h)
n!
R, == 2 (c)
il = W LC
[
or Ru==7 £"(x+0h)
n:
Maclaurin's Series
We have from Taylor's Series in finite form
_' i
flath)= }+ 7 D)+ ")+ l' "a)rae



we g¢!
ﬂ}r!: [=(0)* -
m-lup-ﬁ £+t A 2_1 L) L3 ™ (Ox)
X I.-. ..I =1 1I
i qion f{x) 10 e
] ﬁﬁﬁaﬂl‘-‘ﬂ" of :hcni;llﬂf[lb"” a tlun:m:n fix)
This s calied .m“ﬂiﬁm:ﬁ“n[”‘Handf.mIB
form. the e is cauu_nunu.lmmm TS sich
defimed on [0, % o there exisis @
- bhe in (0. Xh th
-Muhhm{ .
i 2 fn -l (0)+ R,

K: w + “____"' f_ !

Where the remainder term
.g.._‘i-; £ (0"

i XL m.;nrmdimmﬁ““}'- then the Maclaurin's serics
L e K i EE H l] :'—- I"'"“;” | pren e e A 1O of

This bs the Maclaurin's Series of fix) i infinite form.

36 Determination of the CoefTicients in Expansions of f(x)

: k'h-# 'Mu'“- method to expand the [[x) by Maclaurin’s

S e it form. We know that the Maclaurin's Series can be

lll "eupanded if we can show that R, tends to zero as n tends to
~ntinity: R does not tends 10 zer as n tends to infinity then the
!ﬂﬁ 0expand by Maclaurins Series. In this method, we
HIHM R tends 10 zero as n tends 10 infinity. By assuming the

'wl iﬂm;; 'I”l;:d by Successively differentiation

= : et the coefficient of various powers of

hr.-l:l 1 -‘*m*‘u‘ + a}tj + !-IIJ +

............

o (x)=32a,+4329,x +
put x = 0. we get

fl0)y=4a

{'(0)y=a, = 1! g

FM0y=2a=212a

F™i0y=32a;=3!a:

FP{0)=n!a
Worked Out Examples

Ex. 1: Verify Rolle's theorem for the function

kY . | g

w(x) = (x-2a)" (x - b)", m, n being positive integers and xela, bl

Solution:
Given function 15
wix) =[x =a)" (x-h)"

Smece wia)

y(b), wix) is comtinuous in la, bi

differentiable in (a. b), there exist a number ce (a. b) such that
wiic) =10

Now,
wi(x)=m(x-a)™ (x-5)"+nx-™ (x-a)"

or y'(c)=m{c-a)"" (c-b)"+nlc-b)""
or O=m(c-a)'+nfc-b)'

o mic-b)+n(c-a)=0

o {m+n)e = mb +na

mb + na

B

m-+n

El: - J-HI:U\.




. mr’”ﬂﬂpﬂ'" .
,gwc‘w int dividing the interval (a, b) i,

a ih
mvﬂucﬁﬁt‘c m,l;rm::&ﬁdmprgﬁ re belongs to the interval (4 h;
ratio min inlema

hence Rolle’s theorem is verified.

for
¢ Mean value theorem
Ex. 2: Verify Lagranges [

1
ﬁr}ﬂxt:-lj{x-zjfurxe 0, z]

Solution: |
Given function 1S “
flx)=x{x- (x-2) X c{jn 5 |
Here
fi0) =0

{6 -3 - |)Gq) 3

f'(x) =3x°-6x+ 2.

I-'-l oy - o 5 II i __~I|
Since fix) be continuous 1N [“'EJ and differentiable in 0,35/,

[
= | such that

there exist a number ¢ ('I'J.

- fliR)-f(0) (3/8)-0
te="npm-0 - 12

|

45 | Laa

e
or 3¢ -be+2=

or [2¢°-24¢+5=0

E_E411J5?’6=14U U] 6421
- =

2x12 6

or

6 £4/21

6

Clearly, the point 6-21

. aise]
. 5 belongs to the mt::rrul{llk.i
. Lagrange's Mean value theorem is verified.
|

Hence

|
.-"ll ’

; a : "“’“’ﬂm f(x + h) = f(x) + h f '(x + Oh), find O
S A0,

L e

T

"(x)=2Ax+B,
("{(x+0h)=2A(x+0hy+B
= 2AX+2A6Bh+ B,
fix+h) = Ax+h’+Blx+h)+C
Then,

fix +h) = fix) + h ' (x + 6Bh)
Ax"+2Axh + AW’ +Bx + Bh+ C
= AX’+ Bx + C+ h(2Ax + 2A Bh + B)
or Ah® + 2Axh + Bh = 2Ahx + 2A 0k* + Bh
or AW =2A 6k’

Pk | ==

Ex. 4: Find the value of 8 in the Mean value theorem
f(x + h) =f(x) + h{'(x + Bh), if f(ix) = %
Solution:
Given function is
!' R N— .!_
(X)= X

Differentiate with respect to X

: |
1't:~:}=-:5

Now, fix + h)=

x+h
f'(x+0h)= T
' " (x + Bhy
We have

f(x + h) = fix) + h f'(x + 6h)
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h e et
or __—r[!u-i-ﬂh}' = Tx+h
e, . 2
oF  (x+0hy X x+h
b h

o Tron Mxth

or (x+0n)}=x(x+h

or x+ﬂh=m

===

¥

Ex. 5: "r‘eril'} Cauchy's Mean value theorem for the functigy
X.

fix)=x and g(x) =X ! xell, 2].
Solution: :
Here flx)=x a(x)=x

fi2)=8, g(2)= 16
fil)y=1, g(l)=1

ID-

- W I S —— i —

L

Now,
flo =3¢, g=
Since fix) and g(x) are continuous in [1, 2] and differentiable iy

ce(1, 2) such that

flle)  A2)-R1)
gfcl g.(’]-g{cl

(1, 2) then by Cauchy's Mean value theorem. there exist a poinl

el ) | S

Ex. 6: Assuming the validity of evpansion, cipand the M
functions in ascending power of x.

i. Cosx, ii. Sinx il "
iv. log (1 - x) v. {1+x)™
i. Cosx

Splution:

Given function i<

fix)=cosx, {0} =1
f'(x)=-sinx. (=0
F*"(x)=-cos x F*{0)=-]
F"(x) =sin% F*(0y=10
M (x)=cos x £ 0y =1
ff(x)=-sinx f(0y=0
FU(x)Y=-cosx F'{0==1
We have
s = X X" X
fix)=10)+ T | '“'_5 i m;v; Rl { 1] 3 0+
= \_ T
oS X jl = 4| -ﬁ-! ..........
ii. Sinx
Solution:

Here fix)=sinx, fy=0

Differentiating it with respect 1o x,

{"'(X) = cosx. i {0)=1
f"(x) = - sinx "0 =0
[ "(x)=- cosx, f™0)=-1
[™(x) = sinx, " (0)=0
f* (x)=cosx, (0= 1

We have the Maclaurin's Series of the 1'{\": is given by

4

) = R0) 43y £1(0)+3; £0) +5; £70)+ 5 @1+
.3 g
"ﬂﬂ!’i "‘“‘:I_i +_:1 Bl T Y T
NepaliExam




f'h]-*#.
rx)=c.
f*(x)=¢",
f"{;]lf"
W:hntllwﬂl‘m
fix) = ﬂﬂj+ £40) + 5 3 D)+ a7 £(0) 4 L. £ (0 + R D Sty '
AN O may nol be numencally less than

. “nﬁ of the Iumtlﬂn f{x) 1s given by

=1 +Tx.; +§!' E % 1-_:_! Wisprmphes S . any definite conclusion from Lagarsnge's Sorm of
iv. log(l-x)
Solution:
Given function is
fix)=log (1-x)
Differentiating it with respect 1o

Here f‘lﬂ"’l‘l,-__l;}if

I'"[x}n'(-—“—l'rz.

(1-x)

(-1)1.234

(1-x)

_an
o0 =- s

or | >

ok 2 n[” Bx} . (1_B\J Thus,
LB
|R11. \L E\fl l

_:,--i . . l x n
.‘-_.{.' 4 *‘ T | M— |
il(l'ol)l Re R0 gu 0

Hence the Maclaurin's Series in infinite form is valid.
fi0)=0, {' @]--l f"ﬁiﬂ . A

"oy=-21,
ﬁi‘!. 2, fQ o NepallExam blngsput com
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- e form is
S v Machiiriats Series a0

X
ﬂx}:ftﬂh-—f{ﬂ}*mf O3

RE L
log(l-x)=-%-2"3"
v. (1+ )"
Solution:

Given function 15 .

fxy=(1+X form of this function is valig

Series mllllJ[E .
Since the Maclaurin's
Now, ffo)y=1,
fx)=(1+x"% £ (0)=m

Pl =mi "
£ (x)= - D™
rﬂ{x‘J:m[m :”{m 1J{I+}.}

(-2 (m-3) (1)
" (x)=m(m f* (0) =m{m-1) (m-2) (m-3)

") =m{m- 1|
i :{}} =m{m-1) (m-2}

m-

-

We lm*eMac[nmn'ﬁ Series In mf'nll:: ﬁ:rrm u

r {E]""ﬁ fll:u}+ rm {U‘] aha

fix) = ﬂﬂ']*‘

m  mm-1) -
“.;_”'T=I+F3{-r 5 X +

m{m-1)(m-2)

Ex. 7: Assuming the validity of expansion, prove the following series

by using Maclaurin's theorem.
.
4
i. log(l+tanx)=x- I+3I .

L e‘m=l+:+f+- X+

LAY

+—Z£-+

LTS

iﬁ-‘“h
splation: ; .
Gitven funéiion 15
fix)=log(] + tan x}, fily=10,
] sec X
) = Fanx ' (0)y=1
W (x) = (1 + tan x) 2 sec™x tan x - sec'X. sec X
x)= 2
I (1 +tanx)
2epe” X tan X SEC X :
= "flhy=. |
(1 +tanx) {1l +tanx)" £ ;
) (1 +tanx) {4 sec” x tan” x + 2sec’x) - 2sec” x 1an X. S&C X
X) = s
or | (1 +1an xy

f(1 +1an x)" 4 sec’ x tan x -

21 +1an x) sec™x)

(1 +tan xY"

We have

_ X e ' .
fixy=f0)+ T ’r'|[|]-i-2—!'1" (0} 1'—, R E %I (0) +
> 4
Jog (]l +tANX) =X -57 + 37X = e
ii. e'secx=1+x+x’ ¥3 i, e T
Given function is
fix)=e" sec x, fH)y=1
11s expansion 13
: : % ¢ X3
fix) = “{H"F f(0) +57 £ {{J.+—* ¢ ) i e
f'(x) = e*secxtlanx +e' secx f'ih=
= g'secx (1 +tan x) = f{x) (1 + tan x)
or f"(x) = fix)secx + £ (x)(1 + tan x), f"(0)=2

™" =4

or " (x) = 2fix) sec’x tan x + f' (x) sec’x + ' (x) sec’x

+£" (x) (1 + tan x),

t' L] ‘lﬂ'\l =

We have the Maclaurin's Series ﬂt‘ the funcuﬂn fix) is given hy

fix) = ﬂ0]+ +f (‘}'H

Soetseex=]+x+x + x>+

3%

“‘L_-'I_—J-- ". e ;mlll =

t'“ U;n+

f (0) + ..




—

. vl
4 Textion of Emgreorring M= 1 2

We have Maclaurin's Series of fix) is given by

. A T S
)= R0)+3; F10)+57 £'(©0) +37 £7(0)

e log (1 +x)=x+57 *73 G
. A |
iv. :“"I‘=l+x+§? +3r +'_Ex* ............
Solution:
Given function is
- | i
y=f)=c" ", f0) = 1.
Differentiating
f'(0)=1

.'-!_ +-'-‘|- L e
i elegarx=Ea ¥
Saolution:
Hﬂl} {|+NI r“]-'=u.
fix) =" log * oo
_‘:—+r‘|¢|g|‘f+xj, o=
X =T+ x
¢ :
N |
) ] jﬂ-"i
: ::ﬂ;i"{x}ﬂ"{ch‘"-{IH-H[-‘-Hih_!
or |+x”«{x:,=gn+x|~uf.\'_i+ﬂxl. ‘ e f"(0) =
. :l+x1f"-:x1+f"m=e‘+xf"rx;f"'_‘ﬂ_*l ().
. IIHJI“"'I'HH""H};*-“*Nr'“{-\} F200(%),  £"(0)=3
. ll+=:¢]f“tx}+.?l""{.'¢]'==:‘+xf'"lxl+31"'n}. " (0) =
or

(y2)o=1"(0) =1

of i]l-=X"1% - Axy 2y,
fferenialing
1 =X s = 5K vy - Sy D (v
We have the Maclaurin's Scries is ¢ :
= Y Eive
X} FCILRY == ¥ F , B
Iy
" I
o wr ! = Tor .
I\h:”} = i . = By ""1'-!.\ + Rex? 4
i X))y, =my

ii. (n+l)a,.,+(n-1)a, _—

and hence obtain the expansion of ¢™ "™

solurion:

vern tunctian 14
Lriviel FUTVCLICIE s

then show tha




Mmpgu.ml]
ik = Ffm'

Futting 1 = 12,3
(= (0) = - 2m,

]'H" _8m’
ﬁ-i}g I"H]'] m-?m _gm =m -8n

n.in(2)

We have Mac!nurms Series is ::n en tn.

X Fe .
"'“—ﬂm+—rrm t (0)+37 ! Q)+

m . mlll'l" e
TR e T
Exercise-3

Veerify Rolle's thearem for the function
i ) =xxe[-1,1]
i fix) = ¢ sinx, x&[0, n]

i )= (smn: Lnﬂh) NEE. "i_.H

- ad . h
v, fix)=log {‘%Jr—;‘;} yvX€[a, b)

@ fix)= —{?J xe[-3,0) [:”'E"/‘
.Vm& Lagrange's Mean value theorem for the function.
kA lix)=c", xe[l,2)

M X=X+ 3x

A nx)

'\'II.'[-I:"' L L:.la'Li'I:‘ll"- !"\-':':."_ﬂ] value thed
i HX)=5x, g(x) =3,
1 fix)=x giX) =X,
In the Mean value theorem fix +
¥. Inx)
X
1 Tx)
i Iix) logex
i A aan —_1 iy
In the ‘-_f.f vialue theorem, fia + h) = fia)+ h f{a + Bh) find B 1f
T |
X )= .“II R |

A i the wvalidiis ey i 3 i
ASSUITHNE Wie valldity of expansion, find the expansion of the

following functions very Maclaurin's theorem

I, og(l =+ 1l sinhx
v. tanhx

Vi, etsiny

Xl

Assuming the validity of expansion, prove the following senes

using Maclaurin's Series

'\. '-:1\ G

£
and hence cos' x ==
»
secx=1+4% 4

.- b E. - X
g1+ +0) mpn o 120 A

Nepali am..bgg&gﬁggm

-
W



(Chapter - 4

Indeterminate Forms

_then show that 4.1 Introduction

sl

asin

ansLon afe : PP FIEERIT h KT Indcicrminate forms are

ud obtain the ExP

(n+ (2] B 2"

It Ie =
1l
\ me 1orm 3% or . then 1Y FHlaenit 1
cl' - | 150 | Vall he T4 Pals ruse s applicable b’ CINE
= o " T
i i|- = |] 0l inc L mospitals rul 5as 1

[
| L Vs i
&n H i { Trneer
X ‘ )
T L SR R L i
16 Proof:
_‘1|| X Liven that s 1 - {
nven that {x) and g(x) are derival il X ' pites tha
X ana @i x ) are both continuo X
............ = sresas | m
I 304 I a) an
| Gx
1T ] 1 -
f11, Hm
X alal

X
T i A lm fix) - fia
h sinee. 1al I I_.\—:I III"I'

A=A A=4a

Using fla) =0

lim ff
I'(a)= ‘!ill

X=3a X - @

and g '(a) = \;u_:la Ii.\l: 5:;:1;1



If the limit of a function is of the form ___ [flx) gtx)}

lim _ . lim *- Vs
e fix)= " Xl zix)= m.ﬂmﬂmmhm- ol
li l
x:‘a [fix) g(x)] = 5% “Ei)_

gix)

e 0 -
This is of the form 7 and therefore can be evaluated by using L'
: Hospital's rule.
T U Form o -
-
v b
e 5 il the quotients cease 10 be 4 If the limit of a function is of the i'ﬁrm [ﬂx} g(x)] where

Ii 1]
im ™ a(x)=eand | L 4 2(x)=02, then this can be written as

dard Forms . (b
' lim (x) " fix)
o () -2 =

x—a a 1
e are two functions such that their derivative g fx) g(x)
(y) are J
= ﬁlﬂd f(a)=0o, (a) = - Which 15 of the h:urm 2 and therefore can be evaluated by using
lim f'(x) L' Hospital's rule.
“x—=a g'(x) Form 0°, ® and 1
him
ﬁm '_-%'} provided g'(a) =0 If the limit of a function is of the form iaa [ where
: lim G lim Ao
1. t{\} and .. g(x)=
,, 'Ilm l'm
i, ﬂx} e and E'.[\} =
hm fix)=1 and h .) = o2, then this can be put as '
11, i (x)=1 an chn g(x) = o, 1S 1911 B

‘J

hm

= I )

logA = g(x) log fix)
Which is ofthe'hrmﬁ medm':ﬂh

I.E I l',.‘.
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Ex. 4: Evaluate S

Solution:

lim /1 1
Ex. 5: ( o
. Evaluate x—0 ? sim

Solution:

Given

: 0
Therefore it is of the form =

d
(1 +x)'"-e lim dx\0 Y EIT
LIS s i
_ lim (s xy'™ X414 ) log (1 +x)
% (] X {1 +x)
lim K-(1+x)lop(]=+x) 0 \
T X0 x(1+x) \g form )
lim I-1I.-\;,I+\_-h]gl1-1.1
T maran I+ Ay
hm - log(l 4 x) |"D \
=5 =30 (2x 4+ 3x7) 'u(-]l {m}
=1
lim | +x | e
T T x0TveR— T %3 =3
hm (1 +x)™* . e
N=—>l) X 4 E
lim log sinx
—0 cotx
lim log sinx (o )
2 x—>3() col x I\::r_‘ Kok )I
|

%30 =\

oot
x—=0 \n° s’

0

—— COS X
lim sinx"

- e« TR
x—30 -cosec” x

log sin x

e e, ]

colLx

_ lim sin’x -’
X—30 X" sin'x



I.'U \
\p farm |
_Hnll."“-'”:

(0.
L0 h'.lr1|:|.|

Solution:
Let

fim
Joex
HmI bl Sy HOE
This i of the form 0 x '
fim o lim logx®
S0, 0 SR IOBE= 0 cosecy B\ :
' ]ITI'.I J!DE:\' [og) n _.'\._'_._'_f\. -._[__:

" x—#l) casecy X

SITLIN. 102 (eol2x

~ lim
o Sin '~: Al DQT?LE foix

N
lim ..:.mx Iim 1im~
| tanx

i=ll xeosy t-—;-ll]
=.210=0

lim: "
3 SI%. logx” =0

-

Solution:
Ex 'H Eﬂh.'r the "uwlﬂi "ﬂll“ Hin I “l
im Im
Le i
L tim x' [Hﬂl : "ol x=31 *
s v (OIS : o lu['.llhm x‘-. _lim  logx
2 VLY Rad S e
hm 1%

-4
i lim
L : :
Y
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el
{ Texriasal f Emyrrer=eg
- hm ﬂ 1.It.1 - |_:.“._“ 5
-.,..pl . ) XNy
1
Ilm :'d-:l _-_,:"
x—ol

lim eoshx - cosy
a1+ ix) - b si r w{i X SN
lim }_LLL’E%:'-;-'—-——h"'"‘__‘ £
that I lim Xcosx - sin
iyt gnd ¥ 5
l'ﬂ"r Ay > » X

Im xe =

Ex. §: Find the vl

g 1]

3 tim 3l £aeos )BT < | 0 form AL
X j :

(““!“ \.""'u' Evalumle t]h. Tokloy
lim 4x sin
o :—-Hi

lim a=b*!
or x—0
'l-h+ I‘a

:u+| +1cnn beosx _

lim log tan

" 5
. brat : e - lin
Snlhn'rmnt”hﬁﬂ"m () E 1 30 X log sin"
lim -axsinXx+acoss- { I |
x—+ 3‘ x==»() .
i i - || -
or ﬁ—':ﬂ' '“ﬂn{;‘j msx:i \ i form| tluate the following limits
X J .
. Hm
lim -axcosx-asinx+sinx o ]
A=l bix i L0
s lim axsinX-@cosx-acosx+cosx
] i =

a+l)eosx

farm |

™ -Ja+l=§ Houa= lim

W |

‘w.ﬁmﬂ} b=- Evaluate

lim

Exercise-4 ¥ xon

I Evaluate ; _
hﬁ"‘l"""i!u"l'n::ls» e lim r_t'}

N/

(smx)”
AT,

P !.‘.!.‘_'_E x—=()
l-m

lim
X—d»or 3




A

" ﬁ)m“.‘:_‘::
s |

lim

e 5.1

5 =

g)“

PRl

¢in 2x +ASI0X 1 finite, then find the value o,

iny - Sin2x
fim @8s0%
i M0 T
the limit |
lim E:;E“"‘J—"LEE = ] then find the value of '3 |
=

iit- My 4
and ¢,

be finite, then find the value of '3 &

Answers

' E; vi. |
1
il 6 %1l )
v. () vi.
L
=)
= 5.2
l vi. |
E:"" vii |

Asymptotes

Introduction

An Asvmpiote 15 the strmight line which
infimity but does not lie alt HRE

touches the curve m

ther & mifinity. It assens thut the
erpendicular distance of the s L] f
Pt e | & Sirmgnt me from a it

] on the
curve appraoaches 1o zero as

the curve moves 1o infiniy along the
curve -

Thus, the onlv unbounded curve has asymptotes

Since a straight line may be either parallel 1o x-axis or parallel 1o

y-axis; or neither parallel to x-axis nor parallel 10 y-axis. Thus
dsymprores may also be

1. Parallel wo x-axis (Horizonial Asvmproies)
1. Parallel 1o y-axis ( Fertical Asymptotes)

iil. Parallel 10 neither (Obligue Ax mploles)

Horizontal Asymptotes
A straight-line y = b is said 1o be a Horizontal Asympiote of the

1
curve y = fix) if \;L fix)=h.

The position of the curve and horizontal asymptotes are mentioned
as follows:

51
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lim gy -h

X—or

——

o S -

lim fix)=h-
Kb

'? 8]

A straight line x = 8 is said to be a Vertical Asymptote of the ot
1 lim
'..;J_-ﬂnj if fix) = .

X—a
e position of the curves and vertical asymptotes are mention

a8 follows,

A p—

ot
s =
§ =
"
-
d
-
-
o

i

. 13
5.4 Oblique Asymptotes I

A ,,;:_m-___‘]:l-sl||'n: ¥=mx + ¢i5 an fh’u}:guu Asymptote of the curve
y = l{x) where m and ¢ are constant which wi 1

; NSt ich will be determined
y = fix nined as

Let P(x, y) be any _pumt on the curve, by definition of the
asymptotes, length of perpendicular distance from (x ¥) on the
C lends 10 zero as x tends 1o infinity. '

lim mx -y +

ling y = mx +

R I =,
J
him
i S el
{ i mx-y+¢)=0
lim b
or tm="rr = ()
X—200 X |
lim
or m = il
X—po0 X :
lim v
M= A
X=360'% ~A 1)
lim
and e ) =
N inx-y+c)=0
; lim
= P et
e300 LY = T0X) iR}

Dctt:'rmining the values of m and ¢ from (1) and (2) and thus the
GM’?*-‘eAs_wuprme y =mx + ¢ can be obtained. .

urve i l f} .l’ §
" N, LI (1] l'fj'ﬂ‘e ;‘i-ﬁ}m are m-



)=l

[imy - > =

b

himigy
L

T < )
rl

. i}
{imiy - mi% =«

0

' I of Algebraic curves

i mpmﬁs [(x,y)=0isof degrec n then it has at
Hm.ﬂ#mw'?;:?:m't ]I;:I_'v.' have horizontal, vertical and oblig
el - We find three 1YPEs of
o the axes

[ Asymprotes)

Asymploles as follows

Hhﬂ:ﬂ-"mﬁfm&m;m i 5.9
= ation of any algebraic curve of n™ Geg
Lot flx, yl—{]'I:c the equa \

inxand y. .
So, it can be written as in the form.
|l T —
A T U o o
O T TR X RS N S
¥or the vertical asymptote, arranging the terms
powers of y
!p.'l"n‘i'{!,.ﬁ b)Y (. )I*.': . aX + Cy.2)
Ams will hiave a vertical asymptote of the type x = a where!
m‘m"wﬂlﬂd}'—ﬂﬂ when x—a + 0. or x—>a -0, must have a A
e oFhighest powers of y i.c. y°) equal to zero.
1 M, the necessary condition for the vertical asymptote 18

4 g"-i,i.;ihsm].

s !
in descent

.

We have

by .4
x=- o B elis the required an Vertical Asympsron

Note:

If 4. = Ualong with a,= 0, then from (2) we have
by =0

][,'-|'|\'|_' ITOIm (.2

asymploles parallel to y-axis

), dividing by dnd makimg y—o, we get th

3y.2% thyax to,
proi ided the value of x exists and S0 0n.
It shows that the Fersical
only when v is absent and
cocfhicient of iII&'|IL'-~: 'I.x':_.'| cClermsan y
Similarly, Horizonral

only when X 15 absent and

ablamea by cguating o Zerg

coethicient of gnest degrés ierms in x

Oblique asympitotes

Let [{x. ¥) = U be the equation an algebraic curve of 0" degres

_:|||,| W

S0 10 can e written i the farm

| X 138 v =X Y L e |
b ATh -.' bhax LY 1
L L b CaX \ C Y 1
where a,, 4 A Ty b Ciay 0 C re constanis
L1 T f
1 o 2 o
Qr X i Wik Bl =) i :
X L n

Y Y
Y By |:-. .I'—. |_'\.. =1 = b i
WX =AW U
A iy B
X C e et R o, ¢, 'I" +
e BTN E W/ W

AN
A :
or  X'h.=] +x

L%

Lety = mx + ¢

61 il

£

-'~_-, mpraile ol the curve Ol degred N exisis

btained by equating 1o zero the

Asymprore of the curve of degree n exics

ine

nx




vl

w*- .ﬂ#ﬂ “.nﬂﬂﬂﬂ e an
N #!
[ﬂ- . ). we g¢t LS
t ﬁ{ _.[1_1}_:_’__":-“1 3 I‘r». ) d}ll_ : ::" r““"h -\.lj M

EJ-EJ+:;"J¢" '( X /

Obligue Asymprote of the Cly

3-\*‘1! (IH*IJ'”" $n-z\m+T)3
:'#-(’“ﬁ :
Using Toylor's theorer .
L L & " '+Li-'—-;;;.“'u.:|u |
x‘[#-imrg &' (m) ﬂw" et x
: l.c
I ‘1 g m— it i |
c -—-, e aMm) 57 T Pa- (M) 4
=,. (M) * 7 ¥n X
""[hqr'-rmﬁ,\c'#"" X
X e " il | -I
¢ —"'r y (m 1 ooy B3 (i) |
o2 [ dm) # 5 - (m) £ 57 4o (M) 37 |

For making X Y ° my - ¢ tends to zero, we must have
ol ''to zero.
wmﬂ‘cltm 0
5 gm)=0
This gives the value of m.
and 08, (m) 4§, (M) =0
- () (m) = 0.
0=="0m) * $n
‘Substiftuting the values of m and ¢ obtained from (2) and (31
= imx ® ¢, we get the equation of Obligue Asymptotes 10 th
given curve,
108 (m) = 0 then from (3) the values of ¢ cannot be determif
N _T# Values of m oblained from $.(m) = 0 makes &, (m) =08

:' 0ie. Ihe two values of m are equal, then equating g
'Pf X * 10 zer0,

- -'._*11.'.' -ﬂhlamed from 1!',.{111] = 0 mi¥

A r——

b " (M) =04, (m)= 0and d_. {m} =0 ie fhve i
el e L N g R - o -
(e L e oquniing e coefticiey i K

C . C

31 #= (M) 57 @y " (m) + ¢, m}+ &, ,in 7

5.6 Equation of Asymptotes on a Polar ( urve

|
— = {3} 5
i)

\..'I-I_I'“_i. rie) U EIvE ii'h_ VELL
isymplote in polar form is ¢ «in(@ - g =
Worked Out Examples

Ex. 1: Find the asymptotes of the curves

X - 3
z ] - 23-3
1. h, | 1 i N
{(x-1)" (x-2) LA
X -4x+5 ' !
; Y=t - [ ¥ =
iii X+ dx + 3 iv. X +y = laxy.
= X
I. h, T 1
" ix=1(x-2)
Solution:

Crven curve je
kl.
T —

\ ;|
(Xx-1Yi(x-2)

For the vertical asymptote

Im fix)
N—»3
lim lim -

i"{':]'ﬂ ] - ——-—-——-ﬁ = -.i— = o
x—=1 =] (x-1Yi(x-2) 0
lim vy lin 2

and .. -—:—"—-——. == =
X=32 X2 (X-1)(x- 0

Therefore, there are two vertical asy mplm:s. x= I M,? g




0 lim X
Hm', im r——ﬁ'{"ﬁ i {x.l}“x( _:)
= H" L
Hm-#,-rﬂ =
1
- — =0

fim F__.-I-_-"a',j‘

= ; =
Xt (x - 1) (E xS

i l.r‘—'ﬂ =i .,;:.'I{IIHI}' =0
fotes areX = ¢
Hence the 3symP
2x-3

i y=-3x+2

Solution:
Given curve 15
-3

e = R 1
¥ Txtasx+2

For the vertical asymplote.
R (2x-3) L _
Here T (x-1)(x-2) 0

my lim _(2x-3) _+1

#
o 2  x2(x-1)(x-2) 0
Hence the vertical asymptote arex = | and x =
For the horizontal asympiote

Imy lim (2x-3)
= _'T__l_-
X—Ho  xw (x°-3x+7)

)} - {)

solution:

Anympreay
¥
Xo=dx+ 5
:.__’_-'—_
XT+dy+ 3
3 1_.;_: e
or ¥ (x+ D)x+3)
MNow,
lim lim b 941245 92
x—-3  x—=-3 (x+1)(x+3) 0 T
; lim o lim - 4%+ § 1+4+5 10
anc . T = - E——
=4 -] - x—=-l X+ 1Y(x+3) () 0 0
Therefore there are two vertical asymplotes
X==23,0==]
4 3
ltm im x'-4x+5 lim XX
Also, . N = ~ -
P O 7 X—r oo (K- A% +3) oy L. X
liFsid=
XX
lim
iy = '|
'q' - '

=0 illi.' |I-.'|]."'.':'.[L|| .i"-._‘:.'l'l]l‘il-.'lll_' i‘-. :l. I]
Henee the three asymMptoles are
¥ =+ | U.x+4+3 D.v=1 i)

- 1 L]
iv. X +yi=3axy.

Given curve s
By axy 0.
This is the equation of 3" degree. It has al most three asymplotes.
Here, X7, y are both present, so, there is no horizontal and vertical
-|‘~}"I'I‘J]"-1'|'Ei"~
For the oblique asymptote, putting 1 for x and m for y in 3%, 2™,
1" degree terms to obtain §is(m), §:(m) and §,(m) respectively.
diim) =1 +m’, dim) =- 3am, &y (m) =1,
dy'(m) =3m’
Now,
da(m) =0 gives

l4+m? =0 Som==]




—n—
4 Tesshonk of Einee i 'ﬂ'
. 'h-" ” =3

_3_! =l

'[ e &
C -"'}(l l} N

4 ¢ is oblique asymplole.
X

) e fm and € in this equation, we gel
i fues 0
Putting the v8
T el
Hmc: the asymptote 158 y+a
| he following CUrves:
mptates of [ . -_
EI.I:HIII'-“::*'”;,E‘.: i "'1-"':'-‘3""1} o
. xyt L
1oy 2o ;!Jr g
md !" -l-i;! - I i 2 =
a
3
L [1}’4'_'["":3
Solution:
Given curve is

3 ]
Ky+xy =a
This is the equation of 3™ degree, It has at most three asymptoteg
v’ and ¥ are absent, so there is horizontal and v ert ical asymptotes
For the horizontal asymplote, equating the coefficient of higheg
degree term in X with zero
ey ={.
For the vertical asymplote, equating the coefficient of highest
degree term in y with zero
iex =0
Far the obligue asymprores,
Putting | fw'x and m for y in 4", 3 2™ |+ degree terms to the
10.0b(ain s (m), §y(m), ¢, (m), respectively.
2
*’{m] i m +m 3 ¢:{n1} = [}_
ﬁiﬂﬂ =| +2m
#1(m) =0

dy(m) =0

e = 1) = | = ! e -1% E
-1y " e

Thus the oblique asympiote is y mx + &

y =i}y N
Hence the asymplotes are x 0.y =0, » :
ii. KV -Xy-xvrdaxtve ]l =0

Solution:
Cnven curve is
\_‘v--‘\_'m-'h__'l.-\_-\,-_ 0

It is the equation of 4" ——— :

o I.-I + degrec. It has at most four asSympioles and
the terms X and v" are absent. so there are horizontal and vertica
asymploles., . gLl h

67 tha | W i, - y p—— 4 -
For the horizontal dsymptote, equating the cocinicient of highest

= ' L ]
dg';_"!*.'i.' terms in X with zero. -

¥ Y © i Yy = [Ir. Y = |
= reh T e 3o -
FOr the verticat asy mpiole, cquating the coellicient

i ol haghest
degree erman v with zero,

X" =X =10 . X =0
Clearly, so there is no obligue asvmptote,
Hence the asymptotes are x =0, y =0.x =1.
Il T - I— = ]
Solution:
Given curve is
7

AT |
a b

or bx-ay-ab® =0

This is the equation of the curve of degree 2. It has at most twe
asymptotes, and the terms x” and y° are both present, there are no
horizontal and vertical asymplotes.

For the obligue asymprote, putting | for x and m for y in 2™, 1*
degree terms to obtain §2(m), ¢,(m), respectively.

da(m) =b" - a’ny’, lm) =0
§'(m) =-2a'm



Ry
R O=-" e
g i ) = () gives e +
pream =0
{thﬂ'}”‘z‘h‘en
n =

geba) .. ="

. ¢ =y (z wa)

since ¢

:mx'l'l:

sy

Thus the oblique 857

ihe gsymplote 3¢ ¥ i
f.—l!l
iv. 7"1 +x *

Solution:
Given cuve is

e

ion 1 .. It has at most four
i ™ degree equation In X and y. It |

/ o m:mﬂ‘ is p:::m so there is no horizontal asymplot
; otes and X _

pbuty' is absent so there is vertical asympiote. | |
For this, equating the coefficient of highest degree term in 'y with
2ema

e, &4 =g,

or  x=fy-x

This is imaginary, so there is also no vertical asymptotc.
Far obligue asyaiptote, putting 1 for x and m for y in 4"

an o
g

), ), respecively.
] . _:l.l ',I." :-_m2- ]'

I
R I -'i_.:i,. =
4 (m) =2m
"

- 5 2
$a(m) =a'm” -&

$;(m) =0,

$:(m) =2a,

S m=x]

¥

and 1 degree terms of the given equation to obtain ¢y(m), ¢:(mh

Since  §'(1) =220, c = 2240 _ Ju
(1) - P

and $il=1) =-2 20 c .__—t'-lil - 1—._
$0-1) 2 -

The obligue asymplote is v = myx 4 ¢
le. y=lx-aandy =- | x4 5
Hence the asymplotes are y -x +a =0, y + x - 2wl

Ex. 3: Find the asymptotes of the curve ¥° - v+ 2x 4 S

Solution:
Here, the equation of the curve is
XKy X +2v+3=0 :
f i i (1)
Which is second-deeree equs
uls 9 L“F.ltd'l..:-i'l.l. Cquation i x and y, so it has &1 most two
asy ['llr'h“'..,-h. Since x “nd v h_“.lh present. there o
and vertical asymplotes
~ar the obligue asw it e
.’ur. ¢ If' ﬂ'f{m asympiote, pit X = 1 and y = m in 2™ and 1"
degree terms in (1)
go(m) =1 - m"‘

horizontal

diim)=2 + 2m

¢:' (m)=-2m

For the values of m, put ¢:(m) =10

or l-m =0

or (m-1}(m+1)=0

S om=1l.,=1

Now, we have c=- @y(m)
$='{m)

Whenm=1, U='M=-i—“
$(1) T2 T

c=-2
Whenm=-1, C-__Mf__ﬂ__ﬂ
-1y 20
The asymptotes are y =x + 2,y =-x.

Ex. 4: Find the asymptotes of the curve (a + x)° (b* + x") = 3y
Solution:

Given curve is

(ah X) (6 +X%) =y
Or a’h” + 2ab’x + bx’ + a'x" + 2ax’ +x' -V =0
This is 4™ degree equation, so it has four nsyn;m
Here, x* is present, so there is no horizontal asve )
absent, so there is vertical asymptote. \poo {2

T

r—
e



4 . "

S for x and m Tor ¥ In 47, 3u o
P'"ﬂﬂs, 0 obtain (M) @3(m). hs(m)
1 of the curve Ay
20, b:(m) = b'+a’, ¢i(m) = 2app

M: _‘..-".._ﬂ: d
oy O
sinee Spleibhy 2d._
r'#ti“-”."-’zgu i - 2
A e mptote
| @'fﬂ?ﬂ."ﬁﬁﬁ"?ﬂhig equation, we get.
}" = - ]"L |

fere: the equation of the given curves is
e xt2y+2)=x+9y-2
DG (R (x 2y H2x +Hy) =x+9y -2

BE (i # 20y +y) (X + 2y) + 25"+ 2xy + ') =x + 9y - 2
'ﬁ‘ K427 +4xy 4 5xy" + 267 + 2y + dxy-9y+2=10
’mmmuu degree equation in x and y, so it has at most three
“Symplotes. Since x' and y* are both present, there are m
0 and vertical asymptoles,
~ Forthe ablique asymprores,
=X + ¢ be an asymptote,
l;: Ly =min 3% 2™ and | degree terms of the

: Solution:

$" (m)=12m + 10 and ¢’ (m) = 4m + 4.

For the value of m. put §s(m) = 0
Im’+5Sm T +d4m+1=0

o gm-‘+2m:+3m:+3m+m-rl=u

ar  (m+ 1) (2m*+3m+1)=0

or (m+1) (m+1)Cm+1)=0
n';:-l.‘i.‘”E

e g(m)
Als0, € == $1'(m)

242m" +4m

ofF C™ " 6m~+4+ |0m
1
When m = -3.,1_'—'- 1,
Here, m = - 1 is repeated root and ¢ (- 1Y =10

So using

[ i . C 3
21 %5 (M}H97 62 (m)+ gi(m) =0

Ir—
i

or i (12m + 10) + c(d4m + 4) + (- | =Im)=0

e

When, m=-1

or -+ 8=10
c=3 2
Hence the asymptotes are

X+2y+2=0, x+ }-:E\JF.I = 0.

Ex. 6: Find the asymptotes of the curve x(x - VY -3 (x*-y)+8y=0

Given curve is
xg.\- -¥)*- 30 - y)) 48y =0
X -2x‘}f+x3‘3-3:{:+3y3+3y =0

This is the equation of 3" degree, it has at most three asymplotes

ﬁgd ¥’ is present, so there is no horizontal asymptote but y' is
absent, there is vertical asymptote. 3

For the vertical as i nt
ymplotes, equating the coefficient of
degree terms in y with zero. _—

or



| for X and m for y in 3™ Emk
ing m), respectiy

e asympro's r::Imll. ga(m) and ¢: ( R Vely
N-ﬂh]ﬂm .:.htimh 3 3T, y(m) "'-EH.I

or 3 A
or. l:z"i'ﬁﬂ"'s"_ﬂ =P 4
It ="
Thes, the obligue asymptore 1S
r—.-mxi’t

Putting the values of m and ¢ in this equation, we get
y =lx-2andy = 1.x -4
Hence the asymptotes are

x+ti=0x-y =2, x-y =4,

ﬁfal’luﬂthuqmpmm of the curve (x* - v) - 2(x™+y%) + x - 1=l
' Hmﬂlenquaiinnufthe curve is
-y ) -2+ ) +x-1=0
L R T
g . Which i fourth degree cquation in x and v, S0 it has at most#

i "

mtly‘ are both present, there are no horizontal #

- =
Ary
Then,
®udm)=1-2m +m’,  gym)=0, 4, (m)=-2.9n
P (m)=-d4m + 4m”. giimli=0
d:"(m)=-44 12
Now, ¢4 (m) =0 gives
1-2m +m' =0
m=l,l,=1,=1
So, we have
LI: " 'hl i "
a1 By (m) + F o1’ (m) + da(mi=10
or :':_1 (-4 + ]3m‘++ CO+{-2-2m =0
i af
Whenm = # |
1:.'
5 .8-4=0
or -11.:" -4={
or: ¢~ 1=40 . =%
Therefore, the four asymptotes are
¥y=Xx*landy=-x=x],
Exercise-5
Find the asymptotes of the following curves
- 3% 4x’ +4x - 3
1, T N y=—7———
K=z : X -4x+3
e e : X
., y= - =
= X V. } X !
(x+2)* (x - 3) N, L -
v, _,-'1"_.__ - _."'_ e .,
g %=1 \Q X k. 3ax
Vi Yy - 1) -xy=0 vill. xy*-a’ (x-a)=0
8= b

—
fE'

&ty =]
¥i. x4 N}’j~a}':=ﬂ

Find the asymptotes of the following curves

'1 }’:’-N:}'+Ef+4y+x=ﬁ

oy +xy 4%y gk 1 =0
XY - d(x-y)P+2y-350
v, x"_[x-y]z-f{xHr‘):u EIEE-'*

L‘P "'.lIH

-

y Xo(y-a) (- =x'+ o

(Xi) Xy =a' (F+y)




"')' "-I'3 0
hr.. = rnnzwnﬂﬂ'”*
B Pd gyt ray-y* 10

fthe following curves
(he asymploles O ) Y
:rlﬂd peosh =3 sinfl i r=a

E_"'ﬁ:' r:lﬂﬁzﬂ

Ij ‘yh-ix'}" |

Answers
123, y=3 7 A
Ry +2=0 V. Y
=il \
y=0,x+y-1=0, 7
g=yhi=0
x=tay=b o
Xii. x=fay==a

a=1

vi. s
ﬁ }r:iﬂ

L
.&_
V.
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Curvature

Introduction

The rate of change of direction of curves with respect 10 4
W 1 10 th 5
called Curvature at the pount P along the curve i

o AP be are of the
Let AP =s be an arc of the curve ¥ = fix), and the tangent at P

L 1 4a ¥ | ¥ il il _im:
makes an angle W with x-axis The slope ar a Poimt 1 the carve
; =1

T P R

I.E‘L.I.-\.:.!'”]H- the direction o { the curve at that po il b thie MEasyre

of the rapidity with ul.| h the curve is rungs ing or bending -,‘.- i
sl IRE

Yot 15 g1ven by the P

!ll I| e e il ol ohanee Ol y with respect to s, the arc-

length :

Let Q be near to P on the curve so that the tangent at @ makes an
angle y + Ay with x-axis.

30, AP=35. AQ=s+As PQ=As,
ZQTX =y, ZQMX = g+ Ay,

Then, the rate of change of w with respect 1o s is ﬂu&%g
dy _ lim Ay Nepali
ds A0 As v Fia il
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For exampk e with center (0 ) and radius ‘2" is
The tion ol eare
| =ay
| Differentiating
g =8
dv
Curvanre of the circle,
by
oy @
[t shows that the curvature of a circle is the same at every poiy
its circumference.
Due fo this reason, the reciprocal of the curvature of a curves
point P is defined to be its Radius of Curvature and denoted by
ds

and we write g =E

it with respect 10 8

6.2 Radius of curvature

The reciprocal of the curvature is called Radius of curvature.|
can now derive for finding the radius of curvature p to the g

curves,
Radius of Curvature for the Cartesian equation
With x-axis, then

dx

et the tangent at B(x, v) of the curve y = fix) makes an ang¥

=y | =W
i

= )
C

ML we can denve the formula

i N i

l ) ! Ll'\ I.I X
i v Where X, = s X3S #4
Y . Yy

Radius of Curvature for the parametric equation

Let x (1) and y ¥il) bethe equation of parametne curve then

dy
l.jl " ct di i,
dx " dt dx T dx - x
dt

Mhoere dachee dases i fferentiat
Where dashes denoie aifierentiation with respect o 1.

£ i}-‘ —‘..E |. :'\_I-I L:. I.xl . L1] 1" 1" 2 : "‘ I 1" ]
Also, . il = \5lz = =
ax dx W' dr \x'J dx %' X
l‘._i__a_ X'y
dx* x"
We have
@7 (@]
: dx/ X
P= F i - M i
dx i
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shere ris radius veetg,
r=fl0) W
of the form

Ea’n

vis is catled Polar Equation,

rd
mmr\l.ll-h}" , 3
the radius i Cartesian coordinates, let P(x, v) be - any

Toams Wg’ﬂ“ PM Pfr]‘lr.ndn,ular to OX so that,

| +— X * v

L y=rsing

Also, OP*=0M"+PM’
o r=x+y

o r=x+yand

. ““"“GM

= "32"‘.'1’"?1. and t:mi}=}é

e
il ““"ﬂkmm the "ﬂ”gfﬂ.f and radius vector af
ﬁa).' f-"ﬂ'ﬂfﬂﬂﬁ r

Th:ﬂ“'“"“ the point on the curve ang @'be the angle pd b\

L ey
Let ¢ be the angle between mdiug vector and tatigens 5 p ' the

given curve r = f[§)

From the figure, we have =i\
L ! I
y=g+d \ .I"I
ar any =1tan(8 + &) .
- Pz @
lanti + and 9
¥ lanyg = -
o | - tan® tand AR /ﬁ ﬁj
LSRN
Also, we know thal /
i"_ f i 'II"I Y
(g2nw dx |./ Jl 'y
I'o change polar coordinates, we have the relation
X =Trcost, y =rsinb,
d
; (r sini) reost + sinl—
dv/di df’ did
S0, lanw = —
;_|_'-_'|_!|_| '.J ar
— ] = Al = rocl —
10 LTS5 rsint cosy 4
l.'i'--
rant R
(ar
:"'I\III 1anw S l':!I
df
I tani
ir
Comparin nd (), we ge
do
lanag T
1

Radius of Curvature for the Polar Equation
Let PT be the tangent at P(r, 8) to the given cquation of the curve
r=1(0) and the tangent at P makes an angle w with x-axis.
Let O be the angle made by the tangential line with radius vectos
and @ be vectorial angle.
We have

ds ds d0 ds fdy

o N |
dy db "dy dB/ do Al
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: 64 Pedal Equation of a Curve
The equation is of the form p = fir).

the anigin 0.

=) be the cquation of the curve.
Bt P, )10 the curve is

Upespendicular from the origin to the tangent al any point P ‘on the
“eurve e v, the mdios vector of the point of contact P from som
m'ﬂ moalled Pedal eguation of the curve with respect @

deduced from Cartesian equation

1"4_-]..} Lnilll'-:f-'! dedueed Trom ravhar 4‘“_.“...-.-

Radius of Curvature for the Pedal Equation

L&t & be the

We have
do d
obmry  w=g
v=0+4
We know that
p=rsmé
Dufferentisting it with respect o 1,



'
Fragooerins !

. 98, sing
ﬂnrﬂﬁiﬁ'+
dr dd do
g li.-ﬂ- = "'r:i_.
B s
d do d (p+0)= rﬂ‘IE
! o=l WEIT )= :
: -r(’&f+ ds) ds g5

ﬂ =T g =1
| o P
4t
p=ldp
# ¥ ! =
B vature for the Tangential Polar E-.quaﬁnu
polar equation of the curve is p = f{y) Wheere
ndicular from the pole 1o the tangent g P aps
line at P with imitial line,

Radius 0

Let the tangential

th of perpe

E:!fr;nfngle made by the tangent
Then, we have
dr

— —

Cosy ds

Radius of curvature at P(r, 8) to the curve p = f{r) is given by

. dr

P rdp
Also, we have

p=rsind
Differentiating it with respect to v,

dp _dp dr ds

dy dr ds dy

d

"E =‘£ cosd.p

|
RIS T COS.
$.p 5 ¢.p

LG ) e T _ =
p+ (ﬁ/] =r (s + cosg)=¢
Differentiating it with respect to P,

2 :-‘*ﬂpl'I'I—:E:“"r—"""'=':nﬂ
P %4y dy’ dp T ¥ gp

&p _ dr

o p di,'l'_ldp
.9

or po duf' =P

p d'l-.lllh'

o

Curvature at the origin

The radius of curvature at the origin is

; obtained by using the
following methods

Method of substitution
We know that the radius of curvature for the equation of curve
y = fIx) 15

Vs T

The curvature at origin is obtained by putting the value v, and ¥ 18
the origin (0, 0) in the eguation (1)

If the value of y, = o or y> = 0 al the origin (0, 0) then the radies of
curvature at origin is obtained by putting the value of x, and xs mt
(0, 0) in the relation

(xR

X3

In some cases, the method of substitution fails or become laborious
10 find the radius of curvature at the origin. If the curve v = fix)
passes through the origin then the expansion of fix) is used 1o find
the values of y; and y; at the origin.

-

So, y=fix)=f0)+x£(0) +% f{0)+ ...
Since the curve passes through the origin, fl0) =0,
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ot A BT e
,"w*ﬁq ﬂ] :.i
=10 =7 i
-r“}]-th A ms of p and q in the
where P e valie “rﬂf,nmu:ﬂ"'“g coefficient of like po.
SubsiONC e ey B lues of p and q. After substituting
¢ ] *
ax %¢ MU e ol
values 2
aep)
=" q

e gettheradivs O

's method
i g fundamental
o ﬁr: ot the origin but has 3
' jven equation I
::d p;;jl::'u F:;dmchail either x-axis or y-axis
Let the equation of the curve
Maclsurin's theorem, S0, We have

By,

cur\’ﬂm e at Drigiﬁ-

method of dclcrmin.ing_ the Rad, o
a limited application because jj,
f the curve must passes throy,
as the tangent ap y,

y = flx) can be expanded

. R] " 1
SRR =R0) g £1(0) 37 €°(0) + v
Since the curve passes through origin, f{0) =0
X ..
So, }'='ﬁ“ FY0) #55 £7(0) + covcisneoreren

If the equation of tangent at origin is X-axis, then
p=f(0)=0.
S =7§‘: where g = "(0)

2
=

s

lim
X
-rl—“. e

g ¥
y—il
Instead of axis of x, if the axis of y is the tangent at the origin, then
lim
Sy
p=A Ml ===

=

W
wi—gl)

MNote

If the equation of the curve is polar for

m, then e Hu’hi'l'l."'-
Crrvature al pole 1s

lim = cos™B

¢ T

st B/

Chord of Curvature

If pbhe the radius of
curvature of a curve at
point P measured from
P along the positive
direction of the normal,
then the point C is
called the Cemer of
Curvarure at P.

The circle with center C
and radius p i.e. (CP) is
called Circle aof
Curvarure.

o




pord 4 The chords PN and PM are parallel to the eoordinme
Any d‘h ' ’ the chords PN and PM are Charg o Curvorure Bues Ths,
an.' Mmtib" Curvarnire. coordinate axes, parmlle] the

ﬁ' . W o i & i
In the figure: P ¢hrough the pole (origin) Join PC, produce it to Q, and join NQ and MN The wngens & 3

3 lmc T e of curvature at the point P oy t mﬂkgs.mls angle y mr§h :I«-;u.ia, 50 that
wﬂﬂc‘“#fﬁar PN is 8 Chord of Curvature thrnugh the ZNPT =y, ZLNPQ=90". W
urve. chord = ¥
origin O (he tangent at P which makes an angle v with injj,,
be
Let PT :
line.

0 | A

Chord of Curvature parallel to x-axis.

PN = PQ cos (90° - y) =2p siny

" 2 Chord of Curvature parallel to x-axjs = 2p sing
= Chord of Curvature parallel to y-axis,
; PM = PQ cosy = 2pcosy
in PC and produce it to Q, then :
Join s Pf:d NPQ=90°- ¢ ~ Chord of Curvature parallel to y-axis = 2pcosy.
.‘H" = N iy 3
We have o Worked out Examples
In the right angle tnangle ,
Chord PN =PQ cos (90° - §) = 2p sing Ex. 1: F;ind the radius of curvature at the point (x, ¥) for the curve
d i ¥y =dax,
=xa Bapplt Solution:
T Pdp Solution:

Given curve is

5 Chord of Curvature = EPS—;

y' = 4ax,
At Shows that the chord of curvawre through the origin can b Differentiating it with respect to x,
easily obiained when the equation of curve is pedal equatiod dy

ture parallel to coordinate axes
t of cir e of curvature and p be the radius of

e give squation of curve y = ¥

¢ - -
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Ex. 3 Find the radius of curvature of the corve ~Ja

" poimt where it cuts the line v =

L
solution:

Here, the equmtio

point of a circle is constag

2: Show that the curvature af any
Ex.

;
Here, the equanion 0
Cry=r.
Diffecentinting it with respect 10 X

f the circle is

Radius of Curvature at any point (x, y)

32
X
I+ﬁ) - 2, 3/ 3 \ v
’M,( F‘ _[N_+Y-'I1I L:-ﬂ. =Lk l%ll' a —f 4
ar= ,1 a ™~ }_3 ‘g WOX T i (::) 2 “g-q]. \
- : ==

y
e

_ (a a)
Radius of curvature at (5. =)

43
b AEHE s
da 4°

2 =
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Coerruury
¢ 3 = 4a
¢ the point (r, @) r.nr! i

s of curvature 2 IT_\\‘
LTy Find the I'illl:“ui ﬂf curvature at any i
K Ex. 6: F1 y polat (b, &'of
I eguation ™ =a"p. Py ) of the peds)

Solution:
{jh'cn CUrye Is .

-1 it

- = a"p,

ing it with cespect 10 0, Differentiating it with respect o p,

pifferentat o dr
o ot a = reo! (m+ 1) = "

n = ) 6, dp
; it with respect [
Again, d.'r‘famm"“E : dr a”

= r-;m' a d (m+ 1

e ; ) to the give 7 i

. EIVEDN Cllrya g

fure atany p-?ITII ir. tn
mdn:wl'ﬂ"“"“

H+r|

P+ -m

i
i el a”

r BT i T T )
b Lnt uj o fdp ~ (m+ 1™ " (m+ 1)
5 col” @

We have
F+r cot” We have the radius of curvature at the point (p, r) is
¥ o ighic
L_EE’*:E’E_—“- = 1 coseca, gk
e < cpsec” O ! dp
ril +cota) T ;

. = peosel O — —II nel
A o P tmy 4 1™
Ex. 5: Show that radius of curvature at the point 8 = 0 for the cury
= a(6+ sing), y = (1 - c0sB) is p = 41, Ex. 7: Show that chord of curvature parallel to y-axis for the carve
i y=a log sec !ni-'l is constant.
Given curve is Solution:
= : =all -cosb : -
x = a(0 + sin@), y=a(l - cos 9) Here, the equation of curve is
Differentiating it with respect 0, ¢
. alog { I
x =a(l +cos ), y' = asin0 s ' L andl S
Ah g i y" = acos0 Differentiating it with respeet 1o x

(X )ajo - 0 = 20, (¥ 6= 0)= 0 g{' =8 _i“'\— CSEC [:\I tan L}'

(X" )uig = 0y = 0 (Y Do -0y = 2 v (EJ L .

We have the radius nt‘uwvalurc at(x, y) to the given curve is dy x

i“!ﬂfﬁ +09? g8 o gy =tan [}ﬂ
i&"wx'f i'a? 2

A5
Vs |

Again, differentiating it with respect 1o x,
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- ﬁ = H—r——...: L.“"\Eu i \ G-
oF B “a sin2p ~ 00 = mp (? 26|
- x 2 ol ¥
o N m
| & tan” [T.] 1' . p=7+20
—-—-—'_-'-_-_-_. =
_J. MJ"-': ('\—] A lgn, we hove
.ﬂ \.I
p = rs5ing
'_".. ar pi= l-‘i”-.?l ' :-IH_I recos 20
i
I
ar  p=ir T
or  ap I
Difterentiating it with respeet 1 P
Ly dr
r dp
. dr 2pa
U=£ o «p s _‘..
a | I
: dr 21
‘ survature parallel o y-axis M or Tn— iD=
The chord of curvature parallel to Fop r 2p g, =3
Xy (X) 9 '
= -Eﬂ sCC \a./ el ) L g Sin't Chord of curvature through et o dr 2
. ; i “Pdp o
= 2a which is constant _ _ :
Ex. 9: For any curve prove that
Ex. 8: Find the chord of curvature through the pole for the cypy o T E d
P=a’ cos20. P de
Solution: M d*x\  rdh
i, —==l—%| 4 |=4
‘Given curve is p ds’ ds’
r= & cos20 ; L] dé
L = Sino | i 4 ..... |
— L s . I J g 3 =
Differentiating it with respect to 0 _ dg L2059 BE |
solution:
3 -d-{ Tor
2035 = - 207 sin20, H A BT TN i |
Vpg i 1] T
et D i.|'-l_|' = SINQE Sing LT“ l—“ i rﬂ L
or ﬁ = [ dy as ds df
7 - — i i
" sin 20 40 do 4
e s *Tds = g5 0+ 9)
e S dyr r r
: I ™ = =
¥ E &5 p
dyr
93 |
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A Textbook of Emgincering Methonstics-]

o simp(1+8) =5

il o8
. ;,!! (::1) i (':_5)
Solution: s i have
% = cosy

Differentiating it with respect 10'S,

d
dlﬂ: -siHlII'EE

=
E gs) = . siny

and % = siny
Differentiating it wnh respect (0 §

H = Cﬂsllf dﬁ

S5y -
dy (ds*) o
and adding (1) and (2),

3

@& @]
« (&) ()]
=@ (3

Ex. 10: If p; and p, be the radu of the curvature at the ends of 8
chord of the parabola y* = 4ax, prove that p, " +p,”" = ("

-,
¥
e e |
_} I'.t:‘\
dy =3
— -
or d‘- W
a . ls
of 1'_\--:’;-.. &) _:_., e L TH I:' la n Nk = E‘- B
=R
Again, differemtisting with respect o
d*y 2a dy 2a 2a :
fy  2dy _ 22 &
dx ¥oodx Y- 3
- & l -
&
(ys) = 3 = 2 4 (Ve — = —
b Ba 2a
Let py be radius of curvature at | 1)
i " '.'I-" i 1
o L LS .
¥ | wral r
and p: be radius of curvature at (a, 2a)
L+ r (1+1)" .
py = = 932 4
y =) :'__: - aal
Thus,
Pt p " (2a)7 + 27 2a)** = 2™
; -3 i 13
[uf P (2a)™

Ex. 11: Find the radius of curvature of
origin
. L] ] -
1. s '|. — ".1'!._'1

x y A-
L y=——
- a

,.I,,

=

iii. r=asinnd (at 8 = 0°)
L x'+y’= 3axy
Solution:
Here, the equation of the curve is

3., 3
X +y" =3axy

the following curves at the

WO | |

Since the curve passes through origin, we use the method of

€Xpansion to find the value of p.




J
Let Yy ‘#J},mﬂmtiuniﬂ

il J.,_.)'_Jm(m* i)
p .

-
Pelet? L
. |LE I-“.“ffs of X, we have Wi e T LanEe

e =

Ja
P2
Alternative method (Newton's method)
Since the curve passes through ongin, so the
Jaxy=0 e x=0.y=0
When y =, the tangent is the axis of x
We have the radius of curvature is defined as

[ M ¥
langent al onem s

Solution:

m Qince 1l
ptx—iD;—\l S~
y=
Here, the equation of curve is Putting
I‘H”""Jﬂky it

Bividing each term by 2xy and taking the limits

ar

ap” = ¢
and - '|'1" 4

¢ -

Equating the coefTicient of x° and x°.

ar - | 7




=l
' " a 3 .']!-_.;%.lﬁ = T-A4
wehe el ws3 (=

J - 2
P q *a

r-.jima ) r:]
N . : - a lim smn) _an
o o f“’i;“ﬁ =3 80 ( T
e 7 -
Pt

1 2

r%;?=l

X
: tion of the ellipse .~
. 12: Find the pedal €G /

. - r
Here, the equation of the ellipse 15

54-5:[

Differentiating it, with respect to X
o
%*?’m g
A
Any poiniof the elipse is (a cos6), b sin)
Slope of angen at (3 cos, b sind)

ffﬁ =g o2

sr 3y sin@ - ab sin"0 = - bxcosB + ab cos"0
‘ .

¢ bxcost+ay sin@ = ab

o 4

ifpbet

ab
- S - 0 ¥ e
P ‘\.irh' o5 0 +asiny

ab’

or P b cosB+a sinQ

Also.

_\: T _\- =T
or (acosf)” + (bsinB) = r
or atcos@+bisinB=r

Eliminating 8 from (1) and (2},

From (1),

=h cosB+asin® =b -bsin® +a - acosd
r‘
a+b -(bsin@+acos@) =h"+a" -r
arh” S . 1 g .
—— =b" + a" - r is the required pedal equation

Ex. 13: Find the pedal equation of the curve ¢’(x” + y' ) =Xy

Solution:
Given curve Is
L,_~|:\_' ; v -.'r =%y

Difterentiating,

% dy 9 dy 5

=1 %5 ] ...-] - Ly [ g | =
C (_‘.-. 2y =x" 2v oo+ AXy
\ Y dx/ < ax '

3 il

dyy xy -¢x Xlc-y)
= £ B ] -
dx cy-xy ylc-x7)

or

Equation of tangent at (x, y) to the curve is

r-:;s:: -y°)

y e - x".'{}r'ﬂ

Yiy=
or xll::-}':'l}{*'}"[(!:-N:]\’=E:l!ﬁ:*3'z1|'

99

ke length of perpendicular from orgm 10 the tangent. thes

LA -

(2)

| 2060/D62 B.E

L] a
XY
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Ex. 14: Find the pedal equation of the curve r = ]"'m

Solution:
Given curve is

2! Zaxi (3
{mﬂ zm.l:m} =acosec” ()

| [m(z")m( )]

Solution:

df !

or Tdr = acosect (0/2)cot (0/2)
0 [ 0]
=-wnl=] =tan|n-|3|
or lan g 1 {.E | L 3) _:
= tan l - [Fﬂ] l
ar Han p=u =l
||'{'.1
== 2)
Also, we have
p=rsing
{9} n~
ar p=rsn :kﬁ | —"}.'ml

}-'.;p.u!ri'll.'-!-

1-.: = a r is the required pedal equation

Ex. 15: FIIIH.{ the I:H-“Ii'ﬂ '-'q“i”.iﬂ!l Uf“:l{" curve l': = ﬂ_-: cos28

Here, r" = a” cos20

Differentiating,

L|.|

Iron =-2asm20
q.ll-r

ll'\..l.lsrL LT
 acosec’ (82) cen Ih z)

d8 I
i T ==
: dr a-sin2g
i, do r a” cos20
r — - - . -
"dr 1~ sin26 a” sin20

i \
or  tlang=-cot20 =tan|5+20 !
L

o+

L §=7 +20
We have

P=rsing
Using (2),

1N

ey

wdd)
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= g0 +smB), vy=a(l -cos0) at § =
e
x = acos0, y = h sint
i
cind the radius of curvalure at any point (p
o |
f vies whose pedal equation are
RS

e liminate £

I on the iu]hmin--
¥
cu '

F=2ap ¢
i :
r=4ap

=M

(1 n

Find the radius of curvature at the origin for the follow INE curves
- _:1, =1

: h

L + by L}

1 ~

= » radi “curvature of the curve y = x* (v . = -

Find the radivs of curvature of the curye ¥=xX" (X -3} a1 the points

Exercise - 0

i any po!
s of curvanre @
pind the radivs

at (x, y) of the rulln-.ﬂng where the tangent is parallel to x-axis.

e F 1 '_' Y :
Show that far the ellipse b L. the radius of curvatyre ol
”J.xi the extremity of the major axis is equal to halj the latus rectum
o P /" Find the chord of curvature through the pole for the following
E ? : d curves
i Hadel - Al
: ¥ I. r=al + cost
xg'ff}:.:'j Ii r.' L'I!'hjll 4
v,y =dxat the veriex (0.0) i p=getow
| il
1 oo+ Ixa (0, 0) i « 5 | .
W y=x i 5 (0, : 8} for the curves 1L/ Show that the chord of curvature through the pole of the curve
Find the radius of curvature at any point (. } for the | -
m _ ;|I } cosmo c —
i r=acos3l _
E r=tﬁlﬂ? 12. Show that the chor ol curvaiure “""-'i.l:.__'l‘, the 1‘1-.1:_,_- mr - e

r

i I':m!:ﬂ'a! ) . ; ey e R
p=1(r)is given DY
v, r=ecos20a10=0 [(r)
v. r=a{f+sin®jmb=0 :
Find the radius of curvature at the point (r, 0) on the Cardiode ¥ =¢ cosh — l'is double ordinate.
r=afl - cosf) and show that it varies s\ . ‘
Y =4da(x + a)

| @/ Hm’“ﬁmﬂmﬂmalmy point (r, 6) of the curve

1,
- " ; i, :
". ..wkwl I',. II:;,!" Y =4dax.
ol [ - i 25 4 }.: 3o a2

Filld the pedal equation of the follow INg curves
L r=a(l - cosh)

Show that the chord of curvatre parallel to yv-axis for the curve

Find the pedal €quation of the following curves;

=Y T al any point for the curves 15,
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Indefinite Integral

Introduction
Let f{x) be differentiable function and nts denvative with respect 1o
x 15 F(x)

=
« — [f{x)] = E(x), ther
& 4 [ ) 1
the ||][1;:__5:';i!|{~|1 of F(x) with respect to'x s flx)

i.e. [ F(x) dx = f(x)

Also, we have

Lt
= [fix) + c]=F(x)

[}-lx!-\!.\ fix)+ ¢

where ¢ is called the constant of integration

The constant of integration is usually omitted in general practice
but it is alwavs kept in mind that this constant €xisis in EVETy LEst
of integration

Thus, the integral JF(x) dx is called Indefinite Integral of F(X) with
respect 10 x.

Far example,

d

SINX) = cosx
dx (SINX) = €
The integration of cosx with respect 10 X 15 inx,

e I cosx dx = sinx

To evaluate the integrals, the students must be IIM Hil-_
With the following formuloc. These formulae are known &
 — NepaliExam.blogspot.com




A “M“'J

7.2 Funda =) 2, il dx = log x for x =
. I:"l‘*":-r#'l'm" : a"
I'd =c' fi Il X =Toga
¢ dx
l I dy=-co8 X ff. J cos X dx =sin x
?. 10. I' csec X cotx dx COSecy

9. fs:m.' tany dx = SECN
il I siphxdx = coshx

|2 r coshy dx sinhx

7.3 Standard Integrals

/11’_"%? dx = log fix)
o
b fmm )
/f. II:HI X dx =|[J'_l-_.! SeC X
16, jm:xdx-—lugﬁinw.

. M
I7. jsm dx=log(seex+ tanx) = log tan =

-

18 J':de =log{cosecx- cotx) = lop tan| =

d
19. JLzl tan”! X ) |' dx I R
Frix g i 0. P 5a log T+
7 . e J=-X
dx | ]

3'. s X-3 l,l"" L

r-ﬂ' :.}a I“gx+a :2 J _-_—-—_ = \if] ' hFa

d = :'0"- i

i o e |
I'ﬂ'ﬂ--ﬁr =!U'g{x Py "*) = sin Iy l

i

& =Sk
1 IW log (x FVX-87) = eos 'S
TR TIRNs a

T, - n I 'v_,rdx] dx

7.4

= = A T X a
= [-. 1 Lt Ix - * "f"';l...l'. = y
33 o - "'"1""‘1'1
I
™ Iy -
| i 8= X a X
i 1\.|r" N = ~ SN =
e e - i
fio o
I e NN -8
- & F
- [ q° —_— —lon ——
2 ' Eliete y 10RAX +4Jx" - 5°)
¢ {(asinbx -k B
4 | “ein bx d — UG OX]
¢ 2 a+b
L DX + b sin bx)
70} ¢ y
Y
10, ) X dx = = Ix)dx, 1t fix)isan

cven Tunction
P ¢
1 10x) 15 odd function

Some Standard Forms

Standard Form |: dx

) JJx" TqxX+r
Let] i T ax

In this form, if i

factors, then 1t can be

vritieory a4
WITTLLGTY @5

I g C

\ (ad - be) |'_.=\ b cx+d

I px= + ay -
cian be written as
. ] I !

1 = —— P — ——d..
Jprax+r ™ Tp | S a 2 ®

- can be factonized into twio

bitjosar
l-tl:\-l.l-l

r can nol be factorized as two lincar factors then it




[/
el Fianphy: ""-"ﬂ'ﬂ'

'EL]_ dx it LJ" be solved by putting either ax + b = O ex 4 dmg
) l: (Zw [fpx’ +qx + rcan not be factorized into two linear fuctors, then
. |
] = l‘_' — g%
i w.l'p.\ TN t+¥
= dx
= “-_[1 dx
ard formula for
1 L 4N
i p ; = II_-—f Fn 3 X
\/ ™) 2x.5m+ () 4L ()
.-E‘] L _!':I r_| L1 151
| |
el e e
*"-,"III:\:-.-T:J'I '-‘“.-
NL =P P

dx
—_—
Fprmﬂ.-'ﬂf- fz:.;‘ +x+1 This form is reduced to the standard formula for
- dx Y S : :
A W S 1 —~— dX if 4pr <.q and
11 el [ e
Gyx+s])
e if dpr >«
dx ax . I 1\\'Ir'\ o | |
.I_x'l- 'I.I 1
X 4 | _1 _.-I i __LE\
For examp —— =
WX TX=a4
i dx T dx
JAx +x-2 ) Ax-1D(x+2)
Pt x+2=r,
dx = 2udt
.]* 2tdt I di
(" = 3) o x||t'~3
:if b ‘Fi *+ 1 can two fine®
W‘J be factorized nto = 2 log (1 +J7-3)

2 Iﬂg(-\fx+:+\!x_-_l)

]_,bp' s




4 Tetibook of ERgisaT

.n..-mm-r“"'

'___!E!.t-ll-‘dx
x+qxtr

Sgandard Form 111 Jp

gl Y
Let I’J.px--q,\'*r

al

]-.,—ﬂ'-:ipi £q)+b-7p

= ph‘"i'u.i.\.' ;o8] §

dx

1

'.I'-\_

s (2px i q)
= _E-P J]_m- Fgx + I

Jhp - & e—
Lf\: T :F ‘I !'I_'\' Hgx 4

2hp-24 . ‘
—'J‘-E'—'J (Standard Form 1)
2p

o Ty S
== log (pX =R ET
2

3x |
i X
For EI!‘.-FI’”F;". “2.‘1:'. S +3 d

7 log (2% - 2x + 3) ie
4 R R

¢ be derivative of denominagg

S AN 1

= Tlog (2x* - 2% + 3) + = dx

4 '8 X+3)+5 ' U 71\ EW] 1
X' -2.x ‘-;-"r[:;Hll '—2-_1

wd

& . "

T g

__#x+ph

e |
—
b } 1) M =
- | e —
TN i t - A nx" < |_,'-_'_'
Ut Pa ! I
¥y 1 N I
(2udt _2bp-ag
e 2 (Standuard Form 1)
=0p - aq
(dandard Form IT)
gl (standard Form 11
N — 0] di} =i
2 px S "':__P (Standard Form 11 )
} ({x-3)dy
| |.:1. 8% +5
e 5 (4x - B) dx
E o (X -2)ax N
et | R e Y=g :
\J2X 8x 5 WIIX=8X +23)

l'LI[ .-H‘.' -ax + -\ |.

(4% - 8) dx =2t di

I (2tdt o B4 l ] : ;
=y l [ _EJJ! 31=E\||2:~¢'-$1*:~

Standard ~ ax’ + bx + ¢
S i F1!+qx+r’_"

logspot.com



~(ph -aq)
| | =84 3

b LT T T
\ r ————— e
I:' **-ih”dHJ px-

=2 Idx + (Standard Form III)
P

x+ { Standard Form [11)

i s 4

=,
Faremmp!f.J S 3%+ | dx

This form 15

e

(Standard Form IV

4

ap

dx

—[mdx

For example, J

X +x+]

B (77

dpr-q
Ll B
-cri"

if 4pf < q’I and

if dpe > q:

CA = Siamadandd Form 1%

{ Standasd Form IN

reduced to form of the standard formuls




" ox B

a+bsinx  Ja+ bsinx

1

4
n - L\'
2bsins coss

x
Put sinx -

Multiplying numerator and denomingtor by see’ =

Standard Form VII1 : |— dx =

\ Jacosx + bsiny *
= | !
i: -5m 'y - :

= .Y dx
Letl= |

Jacosx+bsin*
i: 1 SI“ +'._{ :

rcostl and b = rsinB, then a= + |

uta =1
]""i L ;

| © cosx cost + rsinb sinx

- Ths I-'j'smx-.{xﬂf 1 -

—————

|- dx

+ b7 (cosh cosx +€inl sinx)

- - : .
Standard Form VII : J ; (dx - o 3SR
Sy a+bms.\ a+ lnlm 1D Joos(x-0) NEao seo(x - 8) dx

log [sec(x - 8) + tan (x - 8)]

H' :J_;:' + b
\ 2 X = Fa E|:\ mn"Eh'I +tan | X - tan
Put ﬂ—uf -sin'3 W e \ a \

Jl-r e, Sandara Form 1X : [ {50
hﬁl “»JE = sin 1) Here,
plying nut B p'ﬂm\+qmsx-!{Dm’]*-m{l):t‘fmcﬂal‘ﬂm’]
B w04 o minator by sec’ 5 5 and put tan %":V. = Ka sinx + b cosx) + m{a cosx - b sinx)

. . lhsinx-rgmgx I (a sinx + b cosx) + m{a cosx =9 SRS
ey 3$il’ix+hoosx J a sinx + b cosx 4

'NepaliExam.blogspot.com




~Jx+mlog(a sinx + b cosx)
ined by equating the coefficje,

s 1
o5 of the above identity. ol

Where [, m are dete
wﬁ“""‘“mm

worked Out Examples

Ex. |:1msﬂf'f \/E’édl
Solution:
Put

I“fiﬂ:j Adi=2 f[ﬁj{\ﬁ}j - E:J di

N S (V)
= Ax+a) +alog (Yx+a++x)

sin 2xdx
Ex. 2: Integrate jm

Selution:

Letl= [—3in2xdx _ _  2sin x cosx dx
asin’x + beosx ) asin™x + b cos-x

Put asin’x + beos® x = ¢
(2a sinx cosx - 2b ¢osx sinx) dx = dt
or  (a-b) 2 sinx cosx dy = dt,

or zﬂﬂxl:mdxg—-d—[_.

(a-b)

¥ ’_'1.
o o V-
= < o
1 e
. e (a-b) log (asin” x + boos x)
x“"l.-t a-0
' (x4 1) d
. ; sgrate | A T, OX
Ex. 3: Integ Yidx - x)
Splution:
1
E i \ =4 =2x)+ 4
ix+2l) 2
i - iy || =
% = = X —— 0
Letl ‘\.‘IJ.\_ ) "'I-h-x dx
| |.'='I-"\ - Ix) dx o du |
5 | t4 | —= L
= WaX =X .‘i_]h_._q," 2
I 3 - 2x)dx
Mow
| nfdx - x7)
Put 4x-X |
(4 x)dx=2d
L di -
Then. | L_'I_" = th 2U=2Jdx - %"
and 1 [ 1;-» L-l-:\—
JN4 X W= (X - 4x)

' . X=2)

I=-5 |, +4l;=-+4x-x" +4sin” —5
Ex. 4: Integrate —r
V2+3x-2x

Solution:

" dx

I..El,|= _L_:
\Jlﬁ-ix-lx' (1 +2x)(2-x)

Put1-3:=l‘.r, =dx=21dt

A



dx
Ex. T: Integrate | sinx + cosx

Solution:
dx i T i

LetI= JSinx + cosx \2

|

|

| == e —

| /SN s %

= -y -
2

a2

dx
- it
| SINX €os 7+ cosx sin 7 |

: d R ' K
—\" ‘Q_F' [ COSEC '_\\ + ‘:‘1‘ Kix

4/

{ bl
= log tan 3

1 (2. E)
—— e L —...'-'I
- Of tan 278,

cosx dx
sin"x + 4 sinx + 5

Ex. 8: Integrate I
Solution:

P cosx dx
Let 1= |= T
sin°x + 4 sinx + &

Put sinx=1,
cosx dx = dt

SO, 1= |'+4[+5 jl[j]‘i-ill*(ﬂl 4*3




.|"+3}nun"h|nxw 2) g ————
% J sInS - COS S = —J__
. : : Y
| sinl = =
|._ N e e
AVE. NS oS - — o
v | X ®)
| BNl S -0
’.liit" ;?H : _ a2
| yi-snx -y logtan [T+3
l"‘hu J_—-—-——-‘d\
- + sInX .
L!l ’ f]*'im: I N 111. -
- Ex. 10: Integra “_- a® cos™x + b® sin®x
,_——-—-—dx
+8inx 'ﬂ’j + sinx .
N e e T
. Lt 1= [ seedx
o 'H‘I"'_-‘_‘.--_r-. sl { 1an
Put b tanx
I. dx P |
—_— DSeC X O i
| ﬂﬁ (1)+cm L)}j 'K 1 X ] X i . .
f sm" + COS5" T' < SIN5 0083 | 0 dl i d
o F i g 127 |7 &t
J & i | 1 |
L 1 "
g ax . .
I dx |
= .2 cos *28n |5 [ m==——tan 1 Lan Lnx
(3‘.]1:-'.; + 005 5 | : a
d = b o I
X
-.'(ml‘m_) % Ex. 11: 1 “2sinx + 3 cosx i
ix. 11z Inteerate T
(5’“1+':ﬂ5 ) - | 3 sinx +4 cosx
Solution:
dx
(lh*-ml) i 2 g
R < B b 28t D oo
,\.l'ism‘ﬁ+_\j?,'-“hg ) 3 sinx + 4 cosx
We have,
- I dx Isinx + 3cosx = J (Den”) + m (Diff. Coeff. of Den’)
o 1 2 i B = (3 + 4 cosx) + mi3 cosx - 4 sIax)
7 Cosy+coss siny FSSIRK 3 Cabhy
e

Or 2 sinx+ 2 cos x = (3] - 4m) sin x + (4 + 3m) COSX
Equating the cocfficient of sinx and cosx, we get
2=3/-4m
21

'Nepali blogspot.com




i
el hmrgrt
] I al 1 7
= : 5 75y vz =3 1}———;—9.;.__:__‘
B (s i vy IR B | (A 0 1
: - & 16 I\ _l‘-. = .-,"l
3 3 . %
{4 '3 | -!'d"-'-'?'l‘]
s — log g =% log ___:_"_I J
o S : |
s - "4 ethis” RS '-_1,|r|:*.;J|
"'ﬂl‘}‘:"15x-4 ?-l".\rd_.. | 3 g
Fy X
'f : I [ Zaan 5 |
| (3 cosx -4 sinx =% '-':—_'| N |
: N A 1y g e
§ [BanX 41:3;‘ dx * 1'-2J 3 sinx + 4 cosx dx \ = 1an3 y,
=2 |1 giny T4 0¥ B
Ij‘ -! . v I
('x §in°'X
arate | —=—5dx
- | naewe 4 005X ) Ex. 132 Integrale |~.’ e
nzl—_g‘fdx fo logd Siox )T -x
8 | Solution:
I8 L jog (3 sinx +4 cosx) s
asz X ‘:'-_r.f' Li“-‘ rit (X sin 3 .
1235 L Let1= | TR
— +4 cosx) "
B IFE!‘ '35 s s0x Put sin nt,
d |
1] 1 T —
——— : -|I
E’*Ihn"g""_l4+$5inx
Ca, | [ sint.r d
Solation; )
dy : dx |I'Ill.::__'f.l|.5.l'._:_ by parts
L.-.-n=f & —
4+ 5 smnx X N ) “
4+ 10sin 3 £O5 5 | -tcost + | costdl =-1Ccost T Smi
' J.. - sinct + sint sin” Xy l=x" £
X * X 3 L=
sec” 3 dx gee” S dx =x-5in" xyl-x
- —d £ - | .‘\. _ -:I.! \I I. ) "
13‘: A . X X /
"lSI:C j,"-']“[ﬂﬂi -.1[:_”1':. 10 tan=+4 - : W o
| & 5 Ex. 14: Integrate | ———— = dx (203t RE
J (1-+ |IIJ'E_‘, X)
Solution:
F. logx 11+ logx-1)
Ll.f'|.|_ - a—-—.."l " LI.:'\. il == dx
(1 + loa %) (1 +logx)

. % dx
- '[H + In_;_;\.]' ]'-j'i‘Jt'[ + logx)

Integrati ng by parts to the first integral,
123
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T

A
1= [T hog)
d
#_'__—-'-.
Ex. 1% lntegrat fmn-ﬁm
' d sinx dx :
ml.f—.—r&?;; 3 r-,qu{:' £ifx COSX = SiNX)
§IN=X - e

: sinx dx_
- sins dy =
'J sin’ x(2 coss - 1)

Put cosa=L
~ginx dx=dt

di dt
hl#vﬁrf:il:l'” ='J"li +( -0 (2t-1)

Now,

| _[ s C |
gEn0=n@-1) Lo+ (-1 (2t-1)]

P A - Rt- 1+ B+ (2t- 1)+ C(1+0(1-1)

|
Poti=1, 1=1B L B=3.
Putt=-]., 1=-§A 5 i 'EI'

m'ﬂﬂ‘ !:_IJ',._TB_‘!_(_. . (_:

M‘ | ' ilx
4 l £ X d!( - {I | + lo |
B
=l

SRR R —
l{] - C0O5 X) = CO5X - 1]

Ex. 17: Integrate

Solution:
I.CIE - ‘—_.i'_l\‘ —
JX-1Yix-2)
Pl.'ll:\'_j_.__l 1~:.-—I +
L= |

.l..'. _

dx

- !
(x=1)(x-12)

-




colutio’ R —

i—K
___.-—-—Jd! | | =
___,__.’d.l—-'-.' ” 'Jll +1) Let _{ ane ||'I TR
- = -I 'L+_r IJ U o4 \

.70 L 5,

IFI'I1

' FTey —H-.r--,,'_-“
gt y ] -
waw 7 |ntr‘£""f'[ fan Iﬂ'u-'ll] +_1: dx \
[ S .
m--}ﬂ .
|
\

Put | #t1= % .
=il - | - cox20
== 7 ljf [ ~

| @n o A= 2 5l
_1:“’ I-____---n—-—' dz ) \/ 1 +cos20 ,
I sint -

- r 2 | - 5 venshl
1 J)d = —i37-3logz
1.2 4y =

= f[ﬁ{"’?*" 7 : F .I| I ;

B =- 2 ) 'simival

1 5. A1+t -3log(l+0) Inteera by pal
=.;1|+:}'-'——|+I*JE - e ]
: / KN i - £ o
L R T 0.5 : - cos2
= i B e .
'\.: kL Al - i 14 '-.',I
3 Fa o 1% '.:
_J .t_+!.-) ‘.E—E- ;1[‘}-—l|.;|nulx_—_‘| . .
S k-2 T T -2 X oot
Ex. 18: Integrate J R
Solution: Exercise -
. . Integrate the followino:
'h.,‘l.:lm: \,[J [HNX S8C°X : =
Kbt fsm.\msx = ﬁm\cmx socx O _ ‘ %
| - i
(] T LY -
3! “sec
J dx
\,I'lﬂn :
» 5 (X
Put mox=r, 3, T 1
L |

sec” x dx =21 dt,
di B A
9, I.J‘h-_!& 'z'lldl'H:z Lanx Tff\m'—"‘dx 0.

AR B |
=2 fianx

£
o

4

=

[Mda

127
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COsN dy
B e

3 Siny ."\
(4 5 cosx

[l;l COSX)

sinx cosx 9

d
1 [T

dx

_iE”-I:_-Ed}.' ; _ll Franx

15 | +x
9 (3>b) eeTan Answers
17 Ja T cosx an” (x') 2. tan” (¢%)

a5 x X
Lﬂf-"‘ L
5.._5{',1,15?‘

-
3
|
=

SCWJ"E' dx
3 . A
2L |Tcosx #sinx +3
. . oqe oo (T ) -3 V4 8x-5x
COAX ] L T SINX) L ot A 3

: X £ :
2 ginx + 3 cosx F COS T i W e ol
sin"x -4/ - x ; . 18 -65-%x" +8sm’ |=

i,

2.

)
11.42 |

& F d iy 4 sink o+ 3) _ (X =
5 s o [ N7 042 2 L T ; 75 Sinh J77 s log tan |5 +% )
2 fsmm‘.:l-?cnsx} © )5+ 4cosx 2 A i

77, f i sinxdx 2, = 3. = tan (2 1anx)
5~ dsinx e —ru : 3 - s
8 cos™ N .

- A o e : Ay, LT | +x)

(29 _(___L_'Hsmx dx sin (X - @) tog Iktrm X180 2 (tan"x)"=3 log
== (]}

{1+ cosx) sin (x +a) X .1 atm‘l

[ . R

5 log (cosx + sinx) m" L\,;

-L '_ fﬁﬁm . -. «  =2cosh (\!2 —::us%) . % :mn ( "3 )

-|ug(1+m[§) 1. 2x + log (2 cosx + ik #3)

logspot.com




= log (2 sinx + 3
: I."-' ” ”’“5’4} ' 8

3 x ] =
; —— 7
e L g (1 _cosy) + 5 log (3 + cosy) Deflmte ln'“i*!ll'al
4 +"" =
5 1 jog(1 #0970 : [| (s1an3 X ] g1 Definition
. = lﬂl.'l a: '--:I 4 = - Sl AL iy = u H .
X §m"G'm':' 27.3 ¥ - The umg.ﬂhhm ing the lower limit of x from X=ax=phi
: - | o O O .
. E e oo ( b‘ﬂ “’ﬂ) 503 PESID T 4 See o 13“':: defined by .[;. [{x) dx and its integrul is F(x) so thay
8. . ] 7 . y b
. . sinat log (5"1_-.; +AfsinX - sin“r ) ] : L
3#- mm tm“ma} I —[I. fix)dx = []"11.}"4..‘]. __“"hi_".‘-!'.lﬂ}ﬂﬂ
' |+un= 32, 2log (1 + V%) 2

3L '?-I*ﬂl by
I.-. fix) dx = F(b) - F(a)

It shows that the difference of Fix) at x =band x = a
] "'F‘;' I+\|’.“-T -
. .- [x} -l'hS(x X }] .
~E] 36. 2 log {-..h co+fx - [;) Le. Fib) - Fia) is the value of definite integral L fix) dx.

Definite integral 1s also defined as by the means of theorem known

3 c 41y 4 4 oo (v +9) P - -
-3 log (x +1)+ 4 log (x+3) as Fundamenmtal Theorem of Imegral Caleulus.

8.2 Fundamental Theorem of Integral Calculus

“If fix) is integrable in (a, b) and the function Fix) defined on

]
fa, b] is differentiable such that ;.—1 Fix) = fix), then

/“' Jitx)dx = F(h) - Fla)"

Proof:
Let the interval [a, b] be divided into n parts by the set of pomis
[Xo. X1, X9 v Xp ) Where 2= Xg <X < X205 niseneie <xX.=b
with lengths
X = Xg =8, Ny = R) =8 e K= Kped =0
Since f{x) = F * (x) is integrable in (a, b)
S0, by definition,
ogspot.com
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el g

distinction between Primitive and the Intepral

X n ided th | TII-::EI.’_I'“'E‘ can be calculated but primitive can e : n e “
* Tl im 55 F (a+rd) provided Ine limit o inteE alculyted

. S 5 3 m

= le—_u L e

E
| L2 I
. e

i ".‘HE-I];{&'K:-HF"[H+:E]
k. ’E‘Fln*rﬁ], Xe- 1 <8+

Worked Out Examples

/2

- 4
- Lk sin x dx
%y arate : I .

' gy, 1. 1Ii€E

n
n 2
' - lim 5 sp@+d) = X [Fo-F g solution:
-.‘-.I: F () dx 1=I5"""‘}'|-:‘---|‘§-"I r=I !
i

- [F (x:)-F (xg)HF(x2)-F(x )+ F(x3)-F(xa)+...,

* Fxa) - Fx,
= F(x,) - F(xo) = F(b) - F(a)
it 2c0s2x + cos® 2x) dx
f y I: Fix) dx = F(b) - F(a)
- :

b

' :
= | +cosdx’
}

A | - 2cos2x + 3 ) dx
i ]f fix) dx = F(b) - F(a) -

.

P

3 SIN=X l z

|
X :
F. b

=N
1

B s .
83 Primitive and Integral
KB integrable in (2, b) and the function F(x) defined on [2, ]

| - differentiable such that -&% [F(x)] = fix), then the function Fix]
. i ealled Primitive of f{x) and the Integral of f(x) is

R - n
= gm-&- b0 8 X Ratd)

9 | . Solution:

Ex. 2. Integrate :jn x tan” x dx

1
L"”=L. x tan” x dx
Integrating by parts
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dx

J’ dx A
Letl=J o J5Tx+5cosx

=2 i
I secx dx

=40 sec’x (4sin” x + 5 cosX)

-

‘J' sec’x dx
U (dtamx + 5)
Put Elln.'li:-—-ﬁ[,
2sec’ x dx =45 dt
Whﬂll=ﬁ.l=ﬂ.whmx=m‘|=m
i

3

So, "%‘;Iﬂ "1]"—'5[ d:-]}""'l_* [lﬂ!'l'I l]

5

= 8

| L
N -

h

Theiomarg.
o e
j’ dx
4 fntegrat€ s J 0 2+ cosx
Ex
5“'“ tion* 2 =3
= I X =I - dx
Let 1=J0 2+cosx 1] (- axdh
P 'I_cnﬁ 5 T sin ‘|1
= =4

.1
Whenx =0.t=1, whenx =%

2dt. 2= ll-l_)__ﬂl__
l-LJ LII;_"\E\\[JH '\J[_;.L1“Mr3'ba“‘~ﬁﬂ w5

=
&

| L ——

"y &
33

/1
l' dx
Ex. 5. Integrate: ) o 35 4sinx

Solution:
= w2
Let | j ) — n
el = T__r__':'_-_ (1] .y - X
0 5+4sinx 5+ 8sin7co8%
s X
i quc:};dﬂ /2 sec” El-h
=Iu y V.EI" d‘rs"“i
+ X : o B " 2
Ssec’ 5+ 8 1an5 >TSS
Puttan =1, 3 sec’y &x=dt
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2 -
‘_}:[s - 41un" 3-tan”
3

e i

4/5
B :
5.3
9 5 2 1
=§un"—__,;“3“1" 3
14353
e 1
o I=3Im 3
B .
Ex. 6. Integrate: ] o 1 + cosa coSX
4%
1=l | + cosa cosx
-,!I:z__ dx
- Ltcosa (205’5 - 1)

X

Puttan=

When x

A
sec” 5+ 2
in
i
L[
" |
tHN =-an' =
Py 1 i
an=s lAn-5
0. 1=10, when X
i 1=l
|
] _'\ L)

5 Lt.
2sin [‘.,'

i

—|
)l




"

3, I-’w
dx
Fx. 7. lategr ﬁﬁﬁ

mtﬁl: .

3
L#-I"[-’{x-ll -1 :
j=sech, 0% = socf tand d
X = = X
Whenx=2 8 =0 whenx=3: 073

sech tan® do

sectl tant

J X sinx €0sX dn.\ L
Ex. 8 Integrate ]y 5700700 b sin’x)”

Salution:

% sinx cosx dx
] ¥ PR | s |
{2 cos” x + b sinx)

el
r'.' )
4 SINX COSX
. x[[f 008" X + b sin"x J @
Integrating by parts,

[ty

sinx cosx dx

n'jﬂ

cos x + b sit

-

w2 w2 .

» |

O g
= Sinx cOSY dy
I . B e e
where: 1 ™ | (a” cosx + b sin'xy’
_ Peaex b sinx=1,
]Ju[. a %
(. 24" cosx sinx + 2b° sinx cosx) dx di
2(h° - @) sinx cosx dx = dt
| rdt | £
. —————— o ; s . el S
so. =3 -a") J1 b -a )\
3 Iy i 05" + b= o
e 1 hid L mx)
X =
. S SR PYRFI S, [, B 1|
Thus, | 2(b” -a") (a” cos x + b sin"x)
| I dx
S5l - X
=AD" -3’ P (@ cosx+ b snx)
- - _'I__-_ :-._-. dx
1 ) b -a’)” (2° + b tan®x)

bsec” x dx=adt,

Put, b tan x

When x=0.1=10, whenx=nl.i=o

W P _I[ __d
~4b° (b- a*) 2 -a)b <0 a (1 +10)

“4b (b -

,|] ) [1;{11 : 1]':I

a’)  2abi(b

" 2ab (b -a)

" 4b {'I\T. -a’)
It i1 “

R e o P it [ -
4b* (b -a”) \ab b,

= ik |Lh - E_l" - 2 "
“d(b -a) | ab | 4ab’(b+a)
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r , {1'%).;37

&2 -
.J:n <in®0 (1 - sin"0) cosgqq

Put -7 =X in the first inteers]l

I R -
Ty Al

f : | 1
l'. ] + C _.l dt dx

Put t+7 =y, in the second integral.

P _i__-'|
\1-g) di=dy
| &

£+

['hen,

Thus, Z_k,.

I
tan® do T - log

—_
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4 Fexshosd of

Inregrate the fallowing

LS

I. Il] u. i_\

i

3 ﬁ gos ' 0¥

#
5 f:-\ e

dx
T

f dx

ﬁi syl - (logx)
1

I1 _r *‘d_xr

e | xf]+

o X(1+X)
I [ g

- =X

AL

3

i |
5 —_—r
.'-} f’ (X + !nfx--:dx

L
f o Veash sin’ 0 do

_.f:ﬂ sin’ 0 cos0 do

WH

EX

o

eﬁlﬁf -8

16.

I8

20,

F
o

ﬁf,

-

_ b
For L fix) dx lFlﬂ* J‘.']

Tt

3+2mnx+max

F(b) +¢-Fla)-¢ )
143 eal_

a

N .

B
{sinx + cosx) dx __ =
[. (9 + 16 sinx) el BE] 24, | U .'l._:-_uh
j |n \ | = ——— y | -~ )
L \fi . o 1 05 X | AT . i _:_
I Answers
jll ‘U'IH. =0t) [ - x) dx | = . )
[ = DB 2 A ) T
r dx
J"I - [ ::-T_ {?\-_'\_T-‘E.\"‘ﬂ I ( 3
2l X)X X ——l ] r
12 m ! —
I’ l.i\ = P _., = 1' y }
U 1| \..I'IH|'| '\“
| 10 " e
| -x =y
[,, dx e :
M L ) . a. 3 L
I ;
[ L s, 16 BT b, €
' A2 - X _
i | |4 | __ o ! | -
. |
- — X
0y +afa y 1 gt
I & i
J.U tan X 25 da h-"_ 26, logs
i"‘" 8.4 Properties of Definite Integrals
J o € (sinx + cosx)dx \
Property 1:
2 b I
dx I
-[ T fix) dx =j fit) dt
U 1+2cosx " a
b

ogspot.com



FﬂrJ: fix) dx + J.,: fix) dx

¢ b
= an}JJ + [Fix rJL
= F{c)-F(a) + F(b) - F(¢)

= F(h) - E(a) —i fix) dx

b c h
,[., HLJJ.‘.=L fix) dx + [ fix) dx

1 F’ Property 3:
)

i L ﬂ”d“'.ﬁ. fix) dx
)

¥

== [F(a)- ()]
= F(b) - F(a)

o

B jh fix) dx

1]
L fx) dx "-[: flx) dx

i

U a :I "F

f ﬂfl.l'dl“_[: fix) dx +L. f(x) dx, a<c<

f‘:ﬂl""“ "

4 |
' .(r- fix)dx=Jg Mfin-x)dx

Fll-ulj,.-j'{\ . 4
-1.1. - |

Jo 1!‘”'\-1.[.. Hx) dx  if f{2a - x) = f{x)

L irf(2a - X)=-Mix)

a %

For -l- ‘“'~‘-‘~‘J..~ 1M|._1'~-.~_i_1 fix} dx

Put x = 2a - L in second integral

dx
E';’“'-v{-:l lix}dx = [ fix) dx +-|.. fi2a-0)(-dn
3 0
” ,l t'l\']d.\;-L f(2a-1) dt

= .L. fix)dx + _[; fi2a-t)dt
d 2

= Iu ﬂ.\.]di‘*ju H2a-x)dx

- L, ﬂxmmL fix) dx if R2a=x)*=
145
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o

Jw ' I’ i 2a-x)s
= X) = -
' fix) 4% f ; ) -
._ﬂﬂ#iri' 0 ; So. I fix) dx =2 I ) —~
- Iy a e o Mx)dx |1|',“"‘.|5
& f : }:[h*J’“ fix) dx iffi2a-x)= : ! r_ Chpm
x e -
ﬂﬂ#'ﬂ R g and J, IxX)dx=-J, fix)dyx <
-'d!o o, iffizs -9 fix) . XVax+ Lo i) da It
o, | T I-I""""-'i.h_' = <Ry
Famchion® . ca)
EIH ﬂd d = o |r r{- )= ﬁ\r and Ol P
A function fix) 18 caid 1o be Ve’ ol Worked Out F.xa:uph.s
_x]"ﬂx]' = = S X i dx i
e CC Ex. 1o ST 4
For exampies ,,,:.q}'t, fl- x)=cos (- X) il
fi- x) 1 = coS X Solution:
=N 3
%)== fixh {=%)= ﬂ‘} . Letl=j, = L:'-ll:.__,
A . is even function. S Xtaja -a
3 function, and cosX is even J "
v is odd fu Put x=asinf
ﬂ-ﬂprrl}‘ﬁ: - dx =a cosb g
s 4
‘L ﬂx}d:l'-'z.‘; fix) dx if f(x) is even Whenx=0. 0=0, whenx=4a, Q==
=0 if f(x) is odd E L
I a ¢cost
. i a S0, =] = L5 |I_"‘— 46
Far.L fix) dx = .L n-“'-"d:"‘*-[i:- fix) dx e L
Put x=- t in the first inlﬂgml. 1= .,| 0 s df
sin@ + cosf
dx=-dt, : '
By using properties of definite integral
a 0 a : W
I.' ﬂx}dx 2= J‘ [I. L=di)+ ]-ﬂ- ﬂ"ﬂ dx 1--" : cos I-.E‘ G|
0 a | = < ) (s % A . dé
f J sin|=-6]+cos|5-0]
=-J, R-0dit ) fix)dx n = 2
5 a a - j i sinb)
,[ fix) dx I =)y —a.cmdd TS
4 =)y R-x)dx+), fix)dx S B e
Adding (1)and(2), we get

a
3 Ly r ﬂx}dﬂf fi : ) 15 even "7 (sin@ + cosf)
0 ! x)dx if fix)1s M = ASinU +COS7)
ﬂ' ; & J- U {cosh + sinf) =
ie f{- x) = fix)

147
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"ﬂHdMM
r o= fﬂ]n

-
:]#J.

E
H‘mﬂl'_r

r sl Idl=,r1ﬂihnhh
Ex, 2: ], x fisin®

Soluthon:

E

Let 1 -Iﬂ x flsin x) d¥
 of definite integral

By using properties
K
| =1y (m-%) f{sin (- X}1 dx

u
“J” (- x) fsin xj dx

X

= ﬂI“ ﬂ&m ."i_] d_'l._ - j" X ﬁﬁ']ﬂ ¥ dx

ar | ==1'1.“,j fisin x) dx - 1
4

or 2I=nj’“ fisin x) dx.
]
: l=%fu flsin x) dx

E-l-Jrﬂ’i“ﬂEx s

1 + sinx cosx
Solution:

uu-[m (snx - cosn) d

I+ sinx cosx

salution

] = [
COSX +yJSmXx
21 J NCOS X+ "

"'..'IL'I.'H. X 4 -"n,.l\‘”'l %

T
| ==
4

Y

M
« I

dx =

Ix]

"395 pot.com
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4 Tessbisnt o Enginecring Mathettt

Ex 5: m;-l-tﬂ'-“

Solution: -
= v
Letl=Jp secx + COSK

By using properties of definite integral,

}' (m-x)tan (m-x) dx
I'=Jo sec(m-x) +cos(m-x)

j“ - (m= x) tan X dx
- 40 -secx - cosx

n
j‘ - (7= x) fan x dx
0 - (secx+cosx)

T

J’ mlanx dx
= 0 : . e

T
J' X tan x dx
secx + cosy "0

SEC X T CO5X

T
- J‘ lan x dx
= W0 geex x

SECX + CosX

2x(r2)

N "I=J- tan x dx _J' 3
=N ) secx +cosx *0

Put cosx =1, - sinx dx =d,

L 0
Whenx =0, 1=, when, x ==, t=(

0

1= T
4l

=~ [tan(], =

'!1.1-.-,"|

Sl X
COs X

|- 1[\1]

2
-~ i1 SiNX COSX
——'_"

X ==
fox- h'—ju cos X+ sin’ x 16

Golulion:
[ X SINX COsSx
Letl=J 0 ¢os' x +sin” x 9%
By using proparies ol définie integra
: 7 (&
[ - ] X150 = =% .\_-.l:.-'.‘._ x|
| ) | - = = =4
| cos{= - sin | —- x
|-_ | = =% | Sthx L i
40 cintx + oot O%
y -
T | L.-‘-_‘: _'_||__ i X SINX O0Sx
=il e =5 dx - Y e e -
3 Sin X +Cos'y U osmixTens %
n [ sec's cosvsinx o
; i lan” x + | b=
=
it | tan X Sec™ ¥
or =5 s T
. Lc] i S ] |

Put tan'x = 1. 2 tan x sec™x dx = di

Whenx=0.1=0, whenx=

=
1]
3



‘ rﬂnh:._ﬂ of Eriinearing [T T
o ]
o2 [E 5
g = log co n
u&sltl'l.‘-'h J gy logcosx dy = 3
Ex. 7: Show rhnlj- o 08 2 log
>

Solution:

Let 1= J i “'E sinx dx
aral,

properties af definite mnicg
-

By using

at | o (1 4 - -
g Show that | , g (l lant)db = log?

=% | dx | h | M COS5 X ds
Ex

-y

I= f - g sin |

Adding (1) and (2}, we gel.
o golutinn:

2l= .[.. (log sinx + log cosx) dx

-._|' o log (sinx cosx) dx | log | — : dx

= J o (log sin2x - log2) dx

- 2 i

j « log sin2x dx - | = log? dx 2
Pur2x=1,
dl
dy == i

. J8 | lfl 3 :
50,2 = _||, log sint - - log 2 [x]
_-l— { . . : s | = lant
=3 X log sint dt - log2 | = - () |
'.|1. 7 A | |-
¥ _';I o Te sl |
L T
3 4 log sint dt - = log? |
7 log2 orl =log2 |0] ; -1
|.II.'-'I ‘ I |
| [ -
R o T | -I :
v i fin i or 2l =log2|—-10
5 logZ sin {5 -1 -
IIIQ i L
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A Texthanl of Eny imowrimg Vatheinaticn -1

l'
Exercise -9
-"‘ﬁ.
Show that
xi2 _ 2 - |
e SINX n A | [ .
¥ - + .
L Vsing 4 . "
WA -
- . } . A i
= _ i )
Ii'.‘ ,’-,, X 5in® x dx 1 4 [ log (1as 3
LR

B &,

%J: +ya-x
S | If fix) 1s A | MOLLS 3N sanel i u
- ""H{L log % T | | were o and boar Tl
2 T TSP B . b be divided into:mequal et sk g

-]

V-

= | =

Lﬁ l -__‘1\ _| ; T 14 | ] L the | § wm b
P S aftanx ¢ ' _ . h [fia) + fla + B fla+ 2k

!
L log(l+x) =

"‘.’. = i ¥ e . =1
) jex Ox=g log2 BRI | \.
{ X lan dx i :
> 10, J-n..,._, == (rt=-2) . !
( _ seox+ianx 2 it f{x) d 2.

wi ]
H

T I sin” x ; | \ r T |
! . 3 1 Vi, 18] A\ =t ] s i v £ ' 1
0 sinx +cosx 9%~ p log (V2 + 1) J. fix) dx g e o Y

] 7

R .
2. -[u | :_I::"“.‘ dx a- 8.6 Geometrical Interpretation of Definite Integral .
as the Limit of a Sum

n
I 4! | n I If f{x) is continuous on the interval (&, b] then the anca boundes B
p* 08 {Sm.\i] dx :T I”g 9 the curve v = X, w-axis and the ordimale X = & -

—
-

X = b is represented by the definite integral

Jn fix) dx.

dx *5% log (V2+ 1)




1 ?'r:r.*‘--.*.i: (35 f'l'rlg.m'- raiti M W

{l i ] .JT-II J"r:'|l 143h

Let y = f{x) be continuous function defined on lab]. Ty
. 2 b L B L

fa, b] 15 divided inte n c¢qual parts by
a : p I e
a,ath a+2h,... «at nh, each of the length <o
150 (h

b~a=nh
Thus, the value of y at these points
amaelia+2h a+3h,..............a+nh are

f(a), f{a+ h), f{a + 2h), fia + 3h) ... . L
Cnlnp]f!ing the rectangles as shown m the figure such
mner rectangles and outer rectangles are formed :
The area of all inner rectangles are

hiffa), hifa + h), h fla + 2h). h f(a 4 3h)

. h f{a+n-
and area of all outer rectangles are

hita+h).hfla+2h). h fla+3h), ... hiHa+n
Let 8y and S, denote the sum of the areas of all fnner and &
rectangles,
Si=hfta) + h fia th) + hf(a+ 2h)+ ...+ h f{a+(n- 1)k
=h[f{a) + fla + h) + fa +2h) + ...+ fla + (n - 1)h)]
n-|

=h 3 fla+ rh)

=0
Bd S;=h fla +h) + h f(a + 2h)+h fat3h)+......... +hflate
=hll{a+h) + fla+20) + fla + 3p)+ ... + R tT

n .
S2=h ¥ fia + rh)

i

, ¥
U Oflhct;;tm between two areas Dﬁ”’ﬂ

L .
1o Hx) dx .‘\_.l'.tl 1 I
f—l
| special Cas vhen | 1h
S0, fix) dx : his firh) where nh | [
v I'I .1' "
I L Mo I
AT G e
i ¥ T n
1 N 1
F
N=—> n [
im <1 1 [ .
Hence, Lt Voo fix) dx
N—ka n I .
It shows that the series represented by Definite Integral as we
I lim .
te v Fope— Iy £ —l | the ¢ '-.k ¥ 9 |
Write, X for =, dx tor— and the symbal i 107 )
I n ‘ n—s

8.8 Some Important Formulae

|.
L. J fix) dx =

n-1
Y fia+ rh).
h—D h 2N

=0

_ lim | ';-l fla + rh), wherenh=b-a
“hso M & N :

r=1
NepaliExa
.|'m.

_.gﬁpﬂt.cum



Evaluate the
o B '

Vhapmsttic3 /

I

im '2':[ 1 ’(}'U =, ftx) dx
: n

."""'F| |

fem ‘El [{r\] =I“ f{x) dx
-1

s

LE
..“F‘!
» n
i L Axpds= X flz)o
i=|

nnt )
RS e TRE T
. nin ) (21 + 1y
T, | TR } —_ e )
6 | ¥4 4 I 7
! [n(n+1)
s A t,+2}+3"-' ........ Pl = | \ "l
8 tosa  ooslath)tcos(at 2h) + ... ot COS (o iy« by
1
= __h g085 [Angle of first term + Angle of last temm)
my

) :im;m{ueh}win (et + 2h) + ...
*ﬁ-

= i P I
T = A g
ﬁ% MZ' [Angle of first term + Angle of last term]

i

T S (ot +nh«h)

. Worked Out Examples
.ﬁduh}'using I

N
i N

R

ntegral.

[
————
&l
[The i — st i
I =2
lim I == R 215
*‘-:,, y0 o (nt 1) {n+2) = Bn
solution.
Here,
— " X N S—
I i -
B Nl AL L = DN _ 0 N ?'_. LY Ly =k
| e o e 1 -
|.I i .I‘! F . I
i T n k|
o= —' T LS4 ]
N—=2ajin (n+1) (nraij -
Ex.3 lim [ 1 4 9 -
———r X T ) sassssssssmT 4
Do \l+n B8+m 2T+N -n
Stlution:
i lim 1 ) L w “L"
ere T e G T i P
" s Ll+-n g+n 2i+h 2/

am.blogspot.com



A Tethoot of Exgimocring Meathgrenaticsf
r herer=1,2
The ™ tenn = 75 77+ where ri= 1,2, ..ol
So,

e - -
: o e o = ) T ————
Given senies = ., Z r+n “ =
r=] =] n' 1 +=

— n \n [.‘ ~ 40 il \fbifx;
r=1 L
n
| |
== [log(1+x)]; =73 log2
T A 9 I\
T T S 12 5
—x (I +n° 8+n 27+n on /) log2

=
ae
o

Exercise-10

Evaluate the following:

T o

)
n—x \n"+1° n +

bd
i
o

hm ( n+ I n -+ 2 E :
- w = §
]-I___’:x_ nz_._ I— n_ ¥ : ......
lim
A

8.9

|i "~ Nepalil
N e —

[mproper Integrals

[he -II[|_'21=|] 1 . fix) dx 15 called an Inifinii Jriforg

F il the imtégrand ({x) becomes infintte

FeaF g eIl :
fHTERT i 1 11 the mtery al
b i.e. the limit of intesration ; :
. weeral a or b bath :
: " become
|||:-|::|:.'
For example ——
i 1
1 .
| d
. M
l S I 2
[o evaluate the 3 flue of mnfinite inteorals, the ntes sn b
e HCETE: o5 Y

defined as the [ollowing

PN wded the lomit exists:

[ lim >
7 | i fix)dx
o N =,
seavided the limit avicte
P 1EEL C Ml CRISL
3. %) dx | [{x)dx 4 _|,|1|-.'..1\'
[ (™
| r I :
lim [ o lim [
(%) dx +, 1 fix)dx
e ) = = Bi—h o0

i §la s . ¥
provided the lmil exXsts

4. Iffix) =, agx —a. then

h h
lim

b1 J,, Iy fix)ydx. h=>0.

,|.~_ Mx) dx =

3. If fix) = = as x—b then
b g -h

lim ;
a HX)dx = hm fixydx,h=>0.

() 8

6. Iff{x) —w as x—sc, a<c < b, then

logspot.com



'MMJMM-!
L] ! c-h
I ) dx =" I fxdx+ o
a l'l 0 4 h'—-;u cih qud o nﬂpm
h>0. h's 0 ” dh‘- lim hm I X lim lim . d
.I-_.: = h—l a—»et e L h'—s0 bedom 0= 57
Worked Out Exﬂmp[es E% b
Evaluate, if possible, the following improper j i i [ o (T
;‘ S SERAGHINE, ¢ E MERISRE P Taper mmﬂl"-il,; - h—+la—x *4 % T h=a0b—w T O
. : . -h o}
- lim lim [_I._"Il lim fm (=17
ot 0o X e dx = h—0 a0 L 2X° ] h'=0 b—sex ITL
Solution: lim lim ‘__l-r'__[_‘ o lim Bm T4 17
Here, = h—0 a—e= [ 20 227 | "0 b |26 E'|T'_'_
5 li g lim [ -l 1 lim [__i_:*
_[ et J- \.:{.«d\. = h-s0 (2] -0 | 20"}
(1] h_}':r {1 i e wist ifTh =4 the inal v -
The integral does not exast it h =14 the principal value
_ lim lim u" - lim :tl' ?1_‘ ud 0
=l E ) b—poc “ 2X 7 dx h—0 L 2h"  2h]
(Inteeratine
: 1 . < CEraling by b L, I: fhl,
_ lim [- h‘:| ~lim J — % S EF B
byooil e T Solution:
- , : A b . i = _ b : = B
L hmi =2b  lim. [ e_“’] lim I ot dx lim J’ dx _ lm 1[  x- 1)
3 b—x —l:h_ h-—}!'.r‘.'l ]_,u F bh—ar 0 25 -_'_l‘l_'_ Here ] 4 x- = T b 2wt baw 2| =X+ I
(0 1 lm b-1 liarl
g fom = 7 b BB+ T2 3
_ lim ]:;E] : lim [ﬁ hm [2e J (0 1"i_ :
b= e b—ox | e - L 1 a0 form _ lim hm_il : !; Jos 1:1 ~lop | % log 3

lim lim [ 2:[ ~ lim . b T

-==l 4 S et
LT h—}:.r["'" 2]
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Put x° =1, 2xdx = d

Ty ey ]
T\ |
| L

'.:ﬁ i

R ] L lim
"“"']n = 2hso BT
| K

X .-!- "__ﬁt___ =:[ tan™ 1 -i
b
" . lim % dx lim
xdx _ 4 | Xk
MI_: ?—:r T g '[4 ol b—sx Ju \.."-\-\.i_
lim | lim
=1_.*-‘: 5 {I.lﬂ X ] h - _—I_ E.':[| -
fim | > lim |
= s [0-tan” a’] 4 s
L
R e
- x dx =0
% ' +1 :
1 o 4
n’x
'EI.S: (1] l- dx
Solution:
|
- sin” x
Here |, ‘I - dx
« af
. sin'x
Since fix) = 398 X—
fix) o — mas x—1.
! sin! | h
Tlﬂﬂ - X 5 Im g X
1] ’ x"ld‘i h—}UJ‘H ‘JI_—;CI\
Put sin’x =1, r—-qu d
l
R ]
d‘ Ildl =3 (sin’' x)°
I-h

ﬁ.-
H1 -hll

Ea o .[ir log * dx

The infinite integral is defined as

Splution:
Here 2 lll‘:-l X ax
Imtegrating by pans
{-|,_ dx = logx. X | Ix= x log - x
lim [ lim
So, Jo logxdx =y o logxdx = Lo xlopx-xly
lim
b 10-1- hlog h+ hj
Iim
R %o hil - log h)
Imm (] - logh) 4]
i . = form
h—l) 1 ¥
n
lim =1/h m ] E_
h—l) | h—*{l n ]
0
1+40 |
_1“ logxdx=-1.
8.10 Some Standard Improper Integrals
Ex. 7: The integral I“ ¢™* sin bx dx (a > 0)
Solution:
Hmju ¢™ sin bx dx (a > 0)
‘.“
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= |
lim
fl“.'?'rj b
{—o~U n bx d?'i

o
Iﬁ eSsinbxdx =
lim [c,“{-asinbx hcmh i

= 2 |
= a +h ,_J ‘[“”—IL [ﬂrn
lim [ o (8 5In bt +b -:u:-. 1 Ul
"t | © a+b° J
lim _jasinbt+bcosht b
Sk a+b" L uh'rv_Tr
Y im |
Since amt - (hand a sin bt + b cos by je boundeg
. lim _ asmbit+bcosht
= © a~+ b =
5 ' o b b
| 0 +3 + b! = 1 I b_
r
J . b
e e‘ﬂ =
It Jo sin bx dx ey

ia n ] cos bx dx (a 0
. A ; f ) 2059 B F

] .-f? Sk ek

L €% cos bx dx (a > )

=0+0%3 (a-ib)(a+ib) I-h-

B
Ju ¢ cos bx dx = m
£y 9: The integral J" %
.9

= j“ ‘;.\: dx

acine X
Replacing
]-I

|."‘I. % -
| = ;J“ c dx

Multiplying both sides by ¢*

3 | :
[* = :1_[” e™ 7 M dx
lmu_r:ﬂuu_ with rcw'[u'-;t to'a on both sidesasa =010, ]

| (at+ib+a- ;

by ax, dx = adx

= 3 2 ‘l
= ( | _(“ e %) g dal dx

J' lim SN I
= o ——— d
g—ro | 2(]1 +X7)

. lim 'LL" ©) | g
= 40 E—yo0 \\:':1 +\_F-.| = "_H_] '.'K:}_.d_\

o | 1
= _[U [u ¥ m] dx

.p%’lf_fﬁ%amfblngsput.cnm



db
o kT

1 i
tan” b+ ¢
a+b =

b - i .
u=tan’ . + ¢ where ¢ is constant of integration,

b
| Whenb =0, u = I"“"“ = dx =0, c=0

‘ﬂmu-m"s
'
* ¢ sin bx b
Iu, X dl=tan';

Lcttinsl=0mboﬂ15idcs. we gel

ml:xr:
ﬂ;""z

i

b
lim {t_xtr]':* lim nj,,

_ ¢ ™
Ir! © b -
b
[ B0, Hm [
) = l+n Jope X%
or " poxol €1 by
M OW, N : X
im [bT] _ lim b (=
paol ] bDInE ~, Torm
B
lim b =
h—aa -3 = form |
lim nin-1)b" 1
: My ot
Y o & form
By continuing this process, we get
: lim nin=1¥4n=-2}. 321
| ]
t "
| "
Iim : 1
gh [= 0 T = A N n &R TUX= 1
I.=nl

Exercise =11
. the following Improper niegn als

¢

[ g dx A i dx
# = % Ll bl o g

Evaluate. if possible

. ]
-pti'.':n } log x i X0 14
Wy 2. | : dx 3 I (1 4+%)
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mﬂ, respect o b under the intepry) Sign

% Iﬁwdx I e™ cos bx dx

§ “Te0

db 1
"n'l.fm =a.7 tan” b+ ¢

u=tan"’

b :
= + ¢ where ¢ is constant of integration,

e“‘ -
mmﬂx=ﬂ. Soe=0

gy

lim a1l lim
= b [e™x ]n* b—peo ﬂ,[" e x ™y

lim [ h'J lim

- I ¥
or In b—w| e h 2o d0 € X" dx

MNow,
lim [b"] _ lim b

haole | b-oe’

lim ph™!
b—s=n g

lim nin-1 jh"2
b—ser e

By continuing this process, we gey

im  n(n-1}n-2y .. . 321
___-__'.'f"""‘—-——"—'_

[ e

Ir'r W i
lim

= [} 4 P s L s J A e
”|1 por = 0 ° X dx = rlﬂ‘-!d‘l

Exercise -11

= n I1|-I

Evaluate, if possible, the following improper integrals
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3 . e .
P e dx NN G BT . pifferentiation under Integral sign
- II"H'"".F ! ",I i the stronerest method which L
'r_ = onc of the S Nec NEtnoas, whach hf.';“ Uk 1o
n I'-'-'h_r‘ Thi which are not easily ntegrable  Firsth L e 1

» the INCErung of
FErspect a quantity

|”1-:-”:.'r‘lli. ire -'i.'-'R'i“l':-'.||L'-| || CHn

1 oS, ¥
10. f___q_sm! dx [J0ssvsl BE = A L 4 [3:Xx “m-",l:u integral is differentiated with »
0 pops” X N ox dy defimiic ¥

o which The
calculmed i the

b
- 1t

j 13,
0 u-x}'

I petdn = Lo g
I" d\' >’ "'{Df,”f‘ﬂ' Py

= 1%
fallowing o

Case I:

T Thie

f we Knd C Value can be casily obtained |
rerentiating both sides with respect 10 a

v acertmn mteeral ((
s : then

on dif Ccriam quantity, we poe

. new integral in left hand side and its value on the right hand side
L. ~ase 11
" log (1 +x7) R o S
15. Show that | +x° dx=mnlog 2 . If on differentiating the mven ntegral with respect 10 8 cenain
. - r H 1 farm o ' § 1
' LB A gauantity i takes the form which can be casily integrated then we
Answers integrate with respect 10 the quantity with which the original was

differentiated

- t
l- “ '?" 'E j : | | F :
If the value ol the a detinite inlegral J5  f( x.a) dx 1s a function of &
| I
4. 1 5. 3 6. Does not exist |'I
. 2 e, Fla) =Jg J(xa)dx then the differentiation under imegral
7. Does not exist, principal value =- 2 8. Does not exist R i ;
n ' sign is the differentiation of e ) 1.e F'(a)
A an F
93 10. Does not exist. 11, =

1
b ]

) > 3.11.1 Leibnitz’ rule o
Does not exists. 13. does not cxisﬁ principal value =3

8 : : 5 £ (fle) h

~ be continuous function of x and a then \

12,

A xa)and ——
14, %H I a

. .¢_¢_‘¢_ k![ ‘ledxl__{ d i x.a) dx

do L '~'- I8 3an | Té da
Proof
b
Let Fla)= L f(x, a)dx then

F{G+Fiulﬁu}=j f(x, o+ da)dx



A4 Fisdod o EqrmeeTint Mathgmentics -/

_!I - "
_|~ ' @) ryifle 1 1 ek > 8 under rh!”'n
F{ﬁéés:l-l-il}l 3 J - A% & 1_'._-.{_”. . oir o
it ’
oy ek
Tuking the limit Ao = () on both sides, we et
im Fla+da)-Flo) _ . lim I [Ax, a+5q), | !
ba =0 oa O =30 "4 -.:.‘-._";l';;"
: - _ " ix
%L 3 J-.'l M dx . Proved Ex.2 Find the value of }, a+beosx where a> 0, )i a) and
a da .
dx i
. T deduce thal '[" 5+ |“‘ % X (a° I_.h 2
8.11.2 Rule of differentiation under the integry|
.y v . > e Solution:
when the limits of integration are functigy,, Es
the parameter i -
he himits of the definite integral are any parameter. then i
dilferentitation under integral sign is stated below witheus B
Of( x)
Ifﬂ ."..ﬂ:'ﬁnd - he continuous functo {x and a
O a LLI
i 1 c I
d[ IVEU]' |
dat J6(a) J(x,a)dx | \
Hllt”.} " . e —
=j L) D0 Ldw e
#“1:' 3o i -d” I I“'Ilu;'l'.llll‘:.,: iy -
. e, o) — L I - h
Worked Out Examples N @ 2N\
. -
| =1
. : Pros I : n! g B S T
SliRm it g oo gy - 0L 5\ ub
Y ._|-T . "~.'|I g =b
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n
i I dx 5 n
"0 a+boeosx a” - b L i
: i , - - i g | =— dx
Now differentiating both sides with respect 1o "a” | we ge 4: Evaluate _[u logx
— - . E'.\_ .
n . |
o (ED(atbeos)?dx=3 Ty — iy A
J' dx na
B —— L, e - v H ' . I
Hence Jo {a+bcosx) (a -b" ) pifferentialini; t .
x 2 4 -.;r_“.
E F [ h J. [l:"- ¥ ] __F'[__l:_ii' +i—'1] i1 [ b 1Of X ~u
- ] ¢ PR | i I 3 ] - LRl L - et A
B LRIVESREN 0. (a'sin” x+ b’ cos’ x) da’ ' ja ogx
Solution: -
"2 7
J’ dx L.
] = — < -
Here we have | 8 et b os & k
/2 3 - nil . ._- ]
J' sec” x dx 1 1 [ t a tanx o
= g = ) tant : : T A
o a tan™x b b a . h | o lﬂ'll-'f-'"“"?':' it both s1des itl respec
I i n | = it il B i
e r?'“ =n :
ah 4 2d b - - o il =
From (1) ,when @ LY
_H 3 § L %%
[=7ﬂh L'binE |_ = [} swihen & UimLis)
xi2 0= 1 =)
I dx m e
e T | ) w —= i siice () gIves
0 a'sin"x+b cosx 2ab Hence {2) ¢
Now differentiating both sides with respect to “a” , we get I=log(a+1)
x2 o e =
I -2 asin X dx -n I fan’ (ax) .
0 (asin"x+b cos’x)* 2a b bxS: Evaluate Jo —y(74xf) @
%2 - . i
I sin “x dx - ; solution:
e I | T T = -
0 (asin"x+b’cos’x)” “4da b o i
Agamn differentiating both sides of (1) with respect to b, we get Let = l“ —\-{—1:—:—
R/2 . g gt -
£os _ x dx n A Differentiating it with respect 10

0 (a'sin x+b'cos x) ~ 4a b’

uk 44
ll W i b
’

o, wWe gel

4 under the sign of integranon, We

get
(21“ {3}lﬂ.ﬁ| pl.llling Si_[l!:{ - CDE: x =1, we gel L
e g M sl gl -
= e n n n!a]+b_! TR :['L'I ! ‘-"-' l1+a :3\:
| XD cos 2 -4:“-: b+ 43_-?' = 5 b ‘ da x(1+x }

IV ey [E—

A1
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x 1
__I l Detleene btegrat "
O (IED (T+ax) X . 04 T =l . |

(1 +3 ) . l+b  1+b \

a0 “
1 J’ | a2 el I
= — —— = — - 2
I-a® <0 i o <al \-‘ dx -db ~ 1+P
l ] [negrating it both sides with respect to b, we get
¥
=¥ 8" f lan'lx-;][mf‘“,x:,j | = tan 'b+c¢ @
i R v
1 . - b From (1) swhen b=0,1=0
— =l pLs n n 1-a - I _ b =0 in (2
"2 f a- q = s [ = ‘J‘—'r‘ S Using = {0 when b =4 1n (2)
z Rl e SR 120 ) 4 250
o
mn
,E[_ [ ] u—_.—_jlngﬂ*-ﬂ}‘-\; oo =l
di] i : I -0—1 - - —_ -
] o (2) ZIVES
1 Ly e, T Hence L :
ntegratng it both sides with respect to a , we get st b,

]

l“t.:th'#g{_&a-r]e-._- 1+ ax

[+ 4
- [
; £ Evaluate _[“ e dx and hence show that
From (1) whena=0_]=0 L=

Using [ =0 whena=0in()

|
los (1 + X x
-[ll —--L-—-!'_L =glngl.

18 tx
{}-.—_-5—](,5” +0) + ¢ . ¢ =0 1+ X
Solution:
Hence (2) gives a
- Lot 1= ), “EALE@ 4 AN
I==log(a+1). i
- - b under the si {1 i B
By e sinbx Differentiating it with respect to b under the Sign 01 INICETALI0N,
Ex6: Evaluate .r[] X dx using the foraula
Solution: [ e ) e | .
d ‘[ o rh—""“.l -ﬁ e 3 gy 10
o X 'du o) fix a)dx sa) da d\"m”ﬂu\#] I:‘;f[.i(.ll-.u!-.“tfﬂ
¢ sinbx
Let 1= [, ~<-sinbx

A Al i o :
ik 4 _J, ni[—*-‘-*—-—ll“'l':f”“ ]dx 0+ fla@)
Differentiating it with respect to b under the sign of integration. ¥ da da X
el = : :
g ) = I — dx + .l‘L“-_(_—.—L]_"‘f‘
e” i da ~ 70 (1+x)(1+ax) 1+a

x Xcosbx dx =_|-ﬂ e cos bx d Converting into partial fractions, we get

177
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4 Tantheond of Expimecring
(= o

dx 1 Ty
dl L= — TS j =Ldy
B = e 0 Thax AT+ T

a d |

X OF( 1+ ¢

- = ¥ [-.l ey + { '\.“-J

o 20 T |+

L] |

+'J,[| .IJI“}L{I

a | .
= s —[log(1+aXx)
or | l+:'a[L‘ I

0
u log (1 +g2
p— [tan”'x] + —=——0)
| +a 0 I+ a
I{lL{""ﬂ ) _h‘JEIIi""'*’ﬂ, e tariu log
= 1+ 2] +a’) | +a~ L
af |+ : ’
log(1 -:11] 3 s tan’'a
1 +a7) | o
I+a’) .
dl _ log( + 5 tan”' o

- E ] 3{!+{13} R

Integrating it both sides with respect to & , we gel
Ja

| =E!Iﬂg {]+u-_: ). tan’ ‘a -EJ. |_+u:' qan I (i | drr.---J 1 [_;u;
= :E'imz(iﬂx ). tan” ' @ +c¢
From (1) .whena=0,1=0
Using 1=0when o =0 in (2), we get
0= 0+c = e =l
Hence (2) gives
%‘Im.l_!ﬂ: ). tan” ' @
up 1+ )
or Iﬂ i]+x(“ d:-L'“"IDg{Hu ). tan" ' @
On putting a = 1in this equation, we have
1 +x I | 1
1+ dxﬂ'z"lug{H 1).tan" " (1) =3

Td
A= \FA

Lt S

R |
Exercise -12

le of differentiati
yy USINE the nle
1,_].3[1. I

5

1 {"{
| A= e dx
! X
> Inx : 1' SIS -
| -5 dx also deduce tha dx ==
2 v . 5
1
[ )5 ek b [ N X
3 j = = I - ) OX L { i I.i‘.
1 ) logy
Jo £
S — b
i i loe( a™ chOs™ B+ b* .-;.'.1. Gy de ( a=0b=0)
- ] -
||_ lop )
fi v E B
o {1 I v
! [ loa( | + cosa casx) ;
) [, des() toosmoosd)
= 0 COs X
.-'-I
log ( 1 + & cosx)
9 J i 4.1-\
| cos X
B 2 _ =
Ill!" J log/(a + b sinx)( _dx
\ . el ! '
1 0  (a-bsinx J sinx
—_—
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Answers

I"‘“ ] +ﬂ:| : L'I:'Il I[f

¥ b +h° i+
3 lo H_:"‘ }._‘ 4. log ITT

b

lnga 6. nlog (a +
n

b log ( a +b). B.-ma
wsin’'a 10. « sin” 2

|

b

Reduction Formula and

Beta and Gamma Functions

0.1 Reduction formula
The formula ol the given integral which is connected with some
ir:h:umh‘- of lower order 15 called a Reduction Formuda, It i the
simplest Torm of the given integral. In most of the cases, the
reduction formula is obtained by the method of integration by
parts.
g2 Some Impertant Formula
J " i g "e" n :
M dx =" =
1. x € - ol S
Leva l, = _l " o™ dy

Integrating by pars

[,=x" :_:' . El_[ ' e dx

d
L n
=13 -=1
a G
e N
.= - "
a a

sin" 'xcosx mn-l
— % I..:

1 Isin"n dx = -

Lﬂlu"‘jﬁiﬂ“xdx Egnh'l ™ LT
Ly = sin™" x(-cosx)-(n - H]sin": x Cosx {~cosx) dx

= - sin™! x cosx +(n- ljlsh‘zlcm:r.d:

16! ‘NepaliExa
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.-,.‘n"’:msx-!"[n-IIISi"""![I-sinl X) dy : Betis oo Gt
I . | _ cos™! xsinx -(n- 1)l +in- 1) 1,
= -sin™ xcosx +(n- 1)) sin xdx_[,,_”‘l'&in" ..H“PI}I“:_tmh.lmmxﬂn_”lp :
1 X il "+
;ﬂ-smn-lxmsxun-tl:-iw-[m!][.. ! _ cos' ' sinx (n-1) 3
xcosx +(n-1)1, o Prests n n

(1 +n- 1) Iy =-sin™ i

tan X

s
sin” xcosx (n-1) iy abeas = e
I =- n h I 4. J-”‘"' x dx n-1 bz
! 41 = Jtan” X dX
For example, l.,=I sin” x dx . Let s
H'J',«E . L 3
By using formula [ = [ tan™" x tan” x dx
"
. sin’ xcosx 5 3 :
I" gl 6 +EI* . _[::m - x (sec” x =1} dx
sin’ x cosx .2 [ sin’x cosx i ;11 -| I.= }- tan™ x sec” x dx -jl-.m”"‘ x dx
£ 6 6| 4 4" : |. I
L Al - -
sin’x cosx B - LS == d (tan™ x) - Ij.1
=-""¢  -33 SInxcosx+g I
] tan X
in' . 5 5 T 'sinx tosx i T -1
ShiEXcosx: 5 .3 3 | sinxcosx | . n-1
B o4 S xceosxhg |- o+ ol
= & co .
5, j-.:ut"xllh.-—--*"_l -la-2
But I, ==_[{sinx]° dx = Id:: =x
LetT,=]cot" x dx
J'.; sin’ xcosx 5 . . i §
< Jsin” x dx =="""§  ~2g SIM'XCOSX-Tc sinx cosx+in : _ )
3 ' = | cof™ x col” X dx
wil -
J - _cos”  xsinx m-1
3. cos" xdx = > = ls.: b jcm“"'xm‘r:wct‘i-Hd*l
Letl, =I““5“1 dx | I = _[ cot™ x cosec” X dx - ,[-:m"" x dx
L =1
:Imsklxcmxdx = _E'—-]" I d{uu[ :\":- !'I'n"'
Integrating by parts cofx
G Ig=- = Ap-2
: e . " n-| ]
I, = cos™’ x(sinx) - (n - ]}Ic«us"' X sinx (sinx) dx F
or example,
= cos™ x sinx - (n - 1},[ cos™x sin® X dx l j ?
1= Jeot xdx
i 8 n-2 . 3
X - (n I-)Im % (] -cos” x) dx b coltx [ cot'x
dx T Y TR [

*x dx +(n - 1;[-:05' X
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6 == =L

B
= S0t x  cot'x [ cot’ x ]
-

-

Cﬂt“}; CD['I'\; e B
Lot X col”x
i ‘—ij-cui.\-dx

6 4 =
L 4 ;]
= SOoUX cot'x cot’x ;
AT g log sin x

sec" ! x tanx
+

n-1 n-1 e

6. .[ sec”" x dx =

Let I, =Iﬁec“1t.

— L
= [sec™?x sec’ ¢

Integrating by parts
l, = sec™ x tan x -J{n - 2)sec™ X secx tan x tanx dy
=gec"™ xlanx-(n- IJI sec™™ X (sec” x - 1) dx

or. I, =sec™ x tan x - (n-2) fsc::" x dx + (n - Z}Iscu":m
or, I, =sec™ xtanx -(n-2) I, +(n-2) 1,

or, (! +n-2}l..=scc“'::~:tanx-‘-m-f_‘}ln.z

(n-2)

sec™ X tanx :
(n-1) n-2

(n-1)

For example,

0 h=

LetIs= ,[sec’ x dx
Applying reduction formula,

l,a,=i' 5c¢3xlanr;+% Iy
1 o 3[secxtanx |
'I“‘J"“““'I['_j_}""*'jh]

3
Llanx + 5 sec X tan x +%J secx dx

ﬁﬂuwc' .
- V iy
5 - 3
e anx +5 seext -»'—j.
= 3 gec X lanmx 5 X lan x % seey dy
| 3 5
= 7 SEC X tan x+g secx tan x+ 3 11_15_,,;5_,,_.‘_.“%1}
. gy 080 " xcotx wi3
1. .[“'“"'" R n-1 F oot b

Let

m-2
[ COsCC

[ntegrating by

.= cOsSeC
I

" 5 |
- CDSEL
o o= cosec” = % cotx + (n- ._;"-,l coseg” xdx -(n-23 E cogsec™ ™ ¥ dx
ar, 1,
e = cosec” x cotx +(n-2) ;- (n-2) Lgs
al, Ay 3
o (1 +n=2)1,=-cosec Xcotx+in- 2) 1
Lh
\'!'-:-\.;"._'“ w COlx ' in - EI I
=~ in=1) (n=T) 25
Far ._"L.un.,”.-i:'.
|,_|,_'i ! j -.,'LI!-.-;."\.. . % x"
Applying reduction formula
| 3
le=-= cosec” xootx : I
-
] ; I3[ -cosecxcotx 1 | |
3 3| =COSEC X COLN |
== COSeCT X COlx - + M ]
4 4| 2 244
i ‘ 3 : --i-:“j‘wa;:c\ii\
= .= CcOSec’ X COlX =5 COSCC X COLX ™ g 2 LUSLRS
g e .
i : 3 ORI e -
= -7 cosec’ X COLX - COSECN cot § + 3 Jeoseex dx
L
= 3
| - Y -
1 3 cosecx colx + 8 log (cosecx ot x)

B 1 EHR;:L‘JH COoLX -

I

t 1a" jt.‘-u:'xut"' X dx

= xcotx +i(n=2) [ cosec™ X (cosec” x - 1)dx

X cosec” xdx

parts

TN COW - [ (n - 2) cosec™ X coseex (-cotxYcon: dx

cos” X sin nx
m+n

x cos nx dx =
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[ lne™ _[ms'” x ¢osnx dx

| .
> £ boo— e : - = 5
Integrating by parts L ane’x SINSX g COF X SN 4% + 35 comx sindx + e ] &
in nx |' . ' 3 4 coaly
Lo = 00N X SR I meos™ ' x(-sin x) -—T—‘-'-‘_‘E.Ll_*; | e 2 & —
W i s | ’ _ ~ ¢0S X SIN0X Fe COS X sindx+ 35 cosy sindx + — ginly
& 8 32 64

Mdﬂﬁmpm

(11} -
cos™ X smnx | m : _
—_-———"'—_'_hﬂ:' e e j[ﬂ."f*i” % SIN X SN nx ™ v cin nx 4% = _(‘llh xcosmx _m
mn Xy 9. cos™ X Sin : e s S
But. ¢os (nx - X) = COSNX COSX ™ sin nx sinx 1
cos (n- 1) x = cosnx COSN = sinnx sinx et T I o TOS X SINNX dx
cos"xsinnx.  m _ting by parts
e cos™'x [cos(n -1) x - cogny Integrating by 1
n IO gy . (-cos nx) [ s (006 1)
M l cos X - Im gos t{=sm)— X
cos X sinnx r_.n_ [ = ) ol | n
- ———=——4— |cos" xcos(n-l)xdx )
H 2 cos Xxocosnk M [ a1y ;
- —_ = ROS x{cos nx sinx) dx A1)
m l n n
- " 1"" > . )
n- COS ~ X.COn nx dx But, sin (nx - X)= SN nx COsx - CO5 nx S1n X
(:1.)5”1 X _"i.iT'I nx m |' m ] o5 Ax sinx = -\_E'I'I nx COSX - 5 TN - b |
or, e b Lot
o n V] it | gubstituting mn (1)
n cos™ X Sin Nx cos™ cosnx  m | oy
or, (1 +‘_]) L = : LU I 1 . ]l cos™ ' x [sin nx cosy - Sin{nx - X)) dx
n g n ' : it n
in & %
J . 5 1 15 C nx T1m - m [ T 4
. T GR IR ! | CO8 R e = F.:m' x sinnx dx+ 7 Jeos iy sin(n-1)x dx
m++n m4n mehaed n n I
For example, cog™x cosnx M m |
E 1 = T no
Let Iy =,[l:us" X cos5x dx (D cos™x CoSTX M
oL, | T = ¥ 1]
-.,m xsindy 3 : \ 1 n n
3+3 2o e (n+m) cos"x cosnX | M
] - —
I 2 - 2 - -y 1 n n n
= = cas'x sind 3 [ cos™x sin 4x = 9
8 T R 2+4 BT | i cos X COSNX m
] 1 {18 N n 'I.'I.‘I TN
— A .
=g cos X sindx + 73 ag cos” x sindx + 3 Lis <
: 10 I o n-1
3 i il sin X dl = " l‘n.l
3 L3
A '*'43 CosX 5indx
i b W ’ : ﬂr‘
1 cos sin3x
it pocos” x-9x =20 B

[




‘_w'wm-‘inmf &

=72
tees,=f , s’ x

%
Bl

.:I'I sin™" x. sinx dx

Integrating by parts

_j_..-]'“n' X | w:ﬂj:.- ,[, (n
“"III-]F,“, sin"~ x (1 - sis
L.
- m-llj., SN " xdx-=i(n
L =in-1)) s-(n-1)J,
{l+n-1)),=i(n-1)J,

5
J, m—]

For example

-

Let J, = I., sin’ x dx

53 @-1), 53 |

64 2 hg33loa
n 3

=16 ]y =3

n'2

. [ m{m -1)] .
1. I.JFI,, cos"x cosnxdx=|—r—1| I, 1
m-n" |
T : n !
Letl, .= L, cos™ x cos n x dx ' -

niegrating by parts,

n2
m L
¥ T;Iﬁ cos™ ' x sin x $0°
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Exercise-13

n'2

l. Obtain a reduction formula for ] ; cos"

xf2 " ang b,
m'aiume!u cos'" x dx Tein
iy
2. (Obrain a reduction formula for _[ sec” x dx and henge i
:"\1
_Irs,cc" X dx
i

It L= J’“ tan" x dx, show that [, + 1., = n-1and fe

ld

deduce the values of Is
2

4 Ifl,.= J o €os” X sin nx dx, prove that

| m
— o l
m=+n m+n

IFILH
e oy

i = ]

5

3

Prove that j g ©€Os’X sin3x dx

L

- T
/2 | 5t v
6. Prove Ihﬂlju cos™ x sinmx dx =5 ( 2 + 5+l

7. Ifm, n are positive integers, then show that

nib - a)
m+n+ 1

b
lu:nz.[a{x*a}"'{f.*-x,l" dx = b=t

1 i : e v o - dx and het
8. Obtain a reduction formula for _[ cos” x cos nx dx a

2

X
‘show that ) , cos "x cosnx dx =357+7

- ,

Bt g
] fr—
- - '
Answers
Han
1 512
cec N lanx n-2 ( SeC X 1Ny S SCCTX tanx ]
2 n- | n 5 15 *Te lumy
1 | Ccos” X sin n
e 2 I  m
. = - m+n '

g 3 Beta and Gamma Functions

The integrals

dx, m =0, n>0and

are called First Euvlerian Integral (or Beta function) and Second
Inteeral (or Gamma funetion) respectively and denoted

.‘I:..‘In'.l.'-"-:- It

by B(m. n) and 1 (n), we write,

1
-

] TNk im0 n=0

[} {m, n)

and [(n) .I-. e

0 respectively

X' dx,n

94 Some Important Formulae
I B(m, n) = P(n, m)

n
]:Iﬂ.l.'!'ll nj]= -ll._ \" | ] _ '\'F:.I | 1.1'\

By using properties of definite integral

=
—
_—
]
—
=¥
—
-
]
-
—
i

Blmn) =

I
Jo et -nm! dx=gom)
' Nepali

I

or, fiim.n)




A Tsttusink wf Emgoocering Wt siifl wl

= p{m. n) = Pin. m)
2. =1

o
x

ﬁ”*h et x' ' dx =.{.| e” dx

=[-e"}:; =-0+1=1

ren =1
3 [in+1)=n[(n) forn is any positive number,

" ‘ lg,_+J
" N =7
Fintl) = ju e’ :"F‘I-Jd“:J‘w e X" dx ¢ &% T
=[x"e"] A +n.“ﬂ. x""! o™ dx B(m, n) Jo x™ U (1" dx
=] 0 -
[ntegrating by pans
=0+ nl'(n) = nl(n) (o 7 ;
X—vm g [T . (] syl = oy li 1 Y
fHm, n) | L1 m k Ln 1ls (1 -%) = dn
. in+1)=nTl(n) .
4. I'(n + 1) = n! for n is any positive integer. _ o DEL [ PPN S
m <Y ’
We have,
. Again integrating by parts, we get
I(n + 1) =nl(n) for any positive number ABRININICETALING T P ‘Lll‘“'
- - - m-1) (n=-2 [ g
g kin - 1) B{m, n) T w1 (1-%)""x« dx
=n{n-1)(n-2)I"(n-2)
: By this process, we get
By this process . s
|
{n+1)=nln-1)(n-2)..... 2.1I(1) _ _(n-D(n-2)(n- 2.1 ( (1 - x) " 2 gy
(n-1)(n-2) 2.1 (T p(m, n) = m (m + !Hn.—--1..m1+n-3}"~'
= AN - | p A [ L=
|
r meh=1 =
* I'(n + 1) = n! for n is any positive integer. = (n- 1) = Dt :
o m(m+ 1) (m+2) e (m+n-2) L{m+n-1)ie
I g " (=T L2300 e (M= 2) A= L)
4 g™ g 123 (m -2 (m -1 ymm* D+ 2) edmtn-2)m+a- 1)
n-1)!(m-1) [(n){m)
(m+n-1)! [(m+n)
m) ['(n
mm "-.-_l._l.«-s—l
(m+n)
193
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= -l 4 LEN |
X X
i A ﬁm‘"]ﬂ 0 Wd!‘fﬂ il_'_.l'__;l-l_li_;‘.'d'x
1
We know f(m, n)=Jg x™ (1 -x)" " dx

1 L
Putx="55. dx=-{Tyy ¥

When x =0, }'=-:c whenx=1.y=0

e el

+1'r:

X

l |'_'_o,"j"| yoe
= m+ | aeT dy =
f.;. ()™ (L+y) T Y j” (1 + 775 dy

[+ =
el

X
ﬂ{m. n)= ,f.[] (1 +x}m-n dx
Similarly if we write B(m, n) = (n, m) .then
me=I

: X
B(m, n]=.[n W dx

m- |

o x
X xis!
B(m,n)=], Wd-\‘:—[u de

0=m<1

I(m) F(1 - m) = SmLL( - m)

I(m+1-m)

=fB(m, 1 -m)

A
xm~|
i -[u (T g T dx

s |

‘I "'x_-n"-i'd =t . I _.i-——:':"#.
O (1+%) ™ “sinmr \ 70 (1+x) sin of

_.
e
e | =
S
= |
P
td =
"“-.-—"’
—
—
[
il b
S
[}
| I—
= -—
fh_ll-—
bk [

: {1-%) '--'m.'

Put X = sin’0, dx = 2sinfcost db
Whenx =0, 0=0, whenx=1, 8=nn
J‘u ’ —1 g
=J0 ginBcosd =" 8 cosh do

p— o |
|
4

= 3.[ o di=2 w]ﬁu‘ =
5)-rG)

P |
il
A

.'l'|—-
I

'1J|=-'
]

or \

|.

A .’EH)]_(QH‘\
10 I-"‘E 99 do = : 3 J >-1
; p SIN" Dcos'odb = ot +1) «+ P q
2

2 n\

a2 nll

I{. sin” O cos'0 db = j o (sin® @* (1 - sin"0)"* do
dx |
Put sin®® = x. 2sin@ cosd d0 =dx, d0 = =00
When0=0, x=0. when8=mn2,x=1
So,



ot l
e r g
I _“"I'Ecos"'ﬂdﬂ— o X (I ?\]"T dy
: ; el D
4 33 g1
=5do X (1-x)2 3
X
| +
P
| Byt ¥
=Y e

2 I E——:{ i_(‘l-——11 - ])
) -[u sin” 0 cos*0 db =

putx- =1, 2xdx =dt. d :

+ IJ WVhen X = 0,1 0, when
- Hiew | \
g sin® 0 d6 = |

2 r{E;z) ol e _'

I

Ifwe put g =0 in the above result, then we get 1" g oL .
+l I i +i J s 1 Gl = o0 ™ i 1
B ) ) e
o Sin" d@ = = - 5 N3) =3 A=,
i) D)
y 2 Vi 2 ,

- . 1 -
. o S | = ."

A W 1T

I_L L1.N " y Ih

Worked Out Examples

M (2
{9) 108 : B E@I;'Q‘in_-

EX. 1: Show that i. FG = S =
108 |
16
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NS W Caprnewring Aotfenvntics -]

1%2x]

—_— et
2x4x3xIx] ~ 24

=2
o i cors oy -
24

1
 function to evaluate Ig x*Af1-x? dx

-

put X =L

When, X °
TR e, M e g
X o -
Jr "L"\]I X i 21 -:_.-.] I] 1|'.11
| .
| l B = E
32 49 ¢} (-1 di==g|= 2
Y {3} 31 /M1
I[ f."]-f.l |EE:II_: 513
2 N 10
i =
5 3 |
S5-5 - ARXSNE. o !
= I x4x3x2x] 256 VENR=SEER

Ex. 4: Use Gamma function to prove: I 0 cos’ 4x dx = 3

Given integral is

Il r(ﬁ} =IIH
Solution:
7 3 5 3 {1 £
e IGrG) 3333
ere . = —~ = =~/
£ I (6) [(5+1)
T ]
Fxdudiiday
. - S n
5 x4 x3 %] '"l__ﬂ:‘
7 3
rGr@ |
ré =28
=2
Ex. 2: Show IhalIu sin’xcusﬁxdx:%
Solution:
e 3+1) (541
H J‘ a3 s r(ﬁjr(“J I'(2) (3
ere. J sin’ X cos® x dx = T e
:r'("":t )

: | 1 L
j o cos 4x dx =7 I g G0 Br.ll]—_‘ El‘q

j" x"af1 -x* dx

2xdx = dt,

dx = =
i

0, t=0.when x=1,1=|

=N
1

18

j o ©cos” 4xdx

Put, 4x = 0, 4 dx = d6,

Whenx =0, 0=0, whenx=n/8. 0=nf

)
i+l

n'd =id ) 'JT"II._H\'_':_

5




d'-r*lfm Aderehemsntios-i

,

'J:t [2) An |
N R B s
Al© S AR

w4 !
;- Iu cos’ 4x dx = 3

2" 2n + 1
B.S.vaethat\{;r( 3 J-

Solution:

Given gamma function is

'J" g — r
( 5 ]} ( T!‘J = ¢in207 sindl)” sINOU™ sing0®
25 | : Fa :\.'I'_: sin 207 (251n40% 5inB0=)
= = (n+5-t)r(n+-5-[) 4r
9 | ] 'x.-'? sin207 |cos(40™ - 80%) - cos(40° + R0=))
=T (n—;) I‘(n-';) [ b 4 -
i - .,_I_ ain 20° (c0s407 - cos 1207)
-1 ™ - d
=;(n-%)(n—iJl"(r;-£} U Ax’
n 3 3 =l HE 20 YO, iy \J3
0 Iﬂ_ ] o c y ¥ COsau” +35 | "\|:-f cing 207 ecae 40 = cin N
2 3 2\ 3 i -
= [n-':;)(nv;‘) [nﬂ;]l (nq] .
2! 1 3 5) | -(I“'. \/3 (25in20° cos407) + 3 sin
:Tl': ﬂ'?) ”'?J ------ 5 5] 81
FId 4 o s =t \=/ T - =
2" (2n-1) (2n-3) (2n - 5) 5 31 4N \/3 [sin(20° + 40°) + sin(20° - 407)] + 3 SIN20°
8 2 2 2 -2-32 ) 8 _16
§ ~A[3 5in60°-4/3 _11 U “q'j mi B
7 SN 15 SIN T 3 SNy =" ) ”
2% 135 .......{2n-3) (20 - 1) ¥ : V3.5
= -';:I'I '1
% 3 [-"]' - 2 . gy 16
= = (%15 lal=R7 &
=].3.5. .(2n-3)(2n-1) 4/ \J \J
|
N(In - T T 5 dx _E
...... mnese (200 = 3) (20 1) B 7 Uge Gamma Function to prove that L, {_l L
Solution:
Given integral is
|
I dx
u [1 = xf'l -}i L]

" \ 13\ {4\ [\ /6
II{\EJ ”rfﬂ r"-u,-* "fﬂ "3) M3)
il o = | | _Irf! i "
g5/ 5 '”w‘ PExGE)
|'.|.I' Jf .I!. ;I:| ELE .' i il
=114 Il g/ l.,”l |':l'|'|.3-"':1-'. &
\9 / / 9) o i g '3
. £ I -
G SN . SO
Sin g 51N g 51075 sin )

3
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Putx=p 6x'de=di. dx- a

—
o

Whenx=0,1=0. when, x =1 .

(|

|

- dx |
S0, g T =

1!-".F}:r !

L]

Ex. ¥ Prove that ¥x [(2n) =2 liny 1 0+ =
f dx ,
]

o Ll Y Soluton:
(I-x") :

1)
Wil

o
Ex. 8: Prove In "w‘r': e’ dy *

Solution:

Here, f{, \I'{; e : d_l. » J-t.l.

Puty’=t, 2ydy=

Wheny =0, 1=, _ __ = | . (1-sin'0

ime)  2sint cost) oY

H H:;'_' i = :-I['II' cosy d_u_

-f_i i cos™ 'O sin™ "0 db

2 . i
- —*—'-..Z.-:J.‘, (2 sin® cos0)Y™ " do
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5
=3%-1J o (sin20)""' 4
Put 26 =, do = dl

. [(n) I'(n) v Wi - .
o .‘-.; {sin 1) I ;

. I-[:n] 1_'1:'1*'[ Il._?' :\:'_-.:\l_"f"jr (5i
: = 310 1yt
m)I'tn) | ft
I2n)y 27 2J 5 sin™ 'y
. I,
Again, putm =73 in (1), we get
]'\h
1 ?,I [(n)
_B(,,—, nj= '—-——i-—
I'L n+s|
{1
I ;‘:' ["(n) _ ' |
1\-—.-" Ilr r 1| [ _.'-
or, 7 = B{5.n ) _I,, (l-x)2 s
ﬂ\n e =) ’
Ly

=,f,, (1-x)2 x™'dx
Put = sin0. dx = 2sinf cosH do
( [(n) &2
| J-n (1-510°0)" " (sin-0)" 251int cosh di
F(n *-;)

-t

1]'“1]
r(n*)
‘-il-r-("— fz- sin™ "'t dit
"*2)

|I (=4

"0 do

This formula is known as Duslicarion f

- VL=X] N
} | o S = |I| il b %) dx
i- | |' I'- II";
- d L )y T
Il =%
VIl. Jq T . VILL Jo X 185 =X) dx
§ e I

By
Minl Iind J Ve [N T C—,
a2 B I
r2nj £

|
Min+=
1

Ve T2 =2""" T 1 r,--{-.

[ Llg

E XEercise- 14
- W .I'
find the valusof i p[2 )2
I —~—.T__1‘___L
" L)
Evaluate 1 in'x cos™y dx
11 ‘l I \:“'I.I .L.'“\LI'-:]I]

Use B Camma function to evaluate

Using Beta Gamma Function, show that

L. t cos 30 s 60 di 190
1 J q cos 60 sin” 30di= 197

1 . l‘-‘lt?l'
i, ,[._, sin’ = cos - "'_1.-|

o | o
-G-'
fad | £



‘ w "’w .mw:ﬂ'.\ '--!t

4 -
X 2 = A4
ey I: sin’ X €os™ x dx = 7oo=
= e
- e f 4 .
6. Provethat)y % ¢ dxxJg ™ gy !
W g
(@) -2 &
7. Prove lhnrl"(l I 3] = \'ﬁ J

8 Show that B(m, n) B(m +n, /)= B(n, /) pry, 4 !
1!'” =
& 1 o+ 1™ J 10.1 [ntroduction
LS| : .
9 Showthat); ¢ X d-‘n‘j ||i 2 J We are familiar with curves of the equations
iT'-if~'t'-‘~'1~"- ellipse and hyperbola which are shown 1

Tracing of Curves

Wch s cingle

10. Prove that 1 the following

figures.

h
et KM+ 1) Cin 4
Il e --_“ =~ ¢ m+n |_--_—___\_\_‘_-_|_£
LII a)"(b-x)"dx=(b-a) [(m+n+32y sms

[Hint: Putx-a=(b-a)i] ' - 3 /"\

Answers o |
= ==p ]
i in fl
19 | | PR | &
L 1672 ._i__.-r"f
4 ?l."'. a ,IJ;,I.I.:: |
T: v =2 o b
3ma’ 2y
s VIL 6

el




Quadratyre

(1.1 Quadrature

is the method for finding out the area bounded by,
o e { any
b ; L

Lo

Quadrature

portion of a plane curve. The definite integral J_I]\‘] dx = ] v
nts the ared bounded h:.r- the curve y flx), the \;.“.:_,1_“

.¢..¢h¢ n:prrsu
the two fixed ordinates x =aand x = b,

(1.2 Areas in Cartesian Coordinates

Iy =1 be single valued continuous functions in the interval

(a.b), then the area hounded by the curve y = fix) the x-axis and
|

the ordinates x = a an dx = b is defined by _/;_f['.'t'.r dx
Let the curve AB represents the equation y = f{x) and ABCD

represents the area bounded by the curve, the x-axis and ordinates

x=aand x =Db.

o }
il =l

)

v=h
X=a
| l —
0 D L M C

Tike : uch that the variable arcd
tike P(x, y) be any point on the curve . he v, i

- ADLP = A, which is bounded by the curv



Thus,

When
Sa,

]
I 'MIGF"}:IL “x’d'\

g e By

Tike o posnt X
pcremenls of X
AN = the arca [ ."*!':-.;"II|

Fpom the figure, We 3cC that

Area o T
willk € BA <(y + 0¥} O

o,
8A "
. }‘E'ﬂ ay

When) = P, ox = 0, 0y =

i lim ﬂ
v 7 ax =l Bx )
o ix)
o Al

A jd.-\ i JI'““_!,'
A=F(x) +¢

But A '““hﬂ]" : 1
Tllﬂ‘l'ﬁ’n‘:,

0=Fa)+c

% = Fa.

A=Fix) - Fia)

A=h the areg A becomes the required Area

ur ‘m () =a &nd

+ 0V ) mear b

oot LMRP < Arca LMOP

.Hh!- ¥ AA ke [he INcremcen

|I\'\'||'|I .

14 Area in p

'I-I'.' [

o

=N b

Intgyy Wl o <

qw ﬂ = ﬁu lef-rﬂ h}.f

a

Uryes

olar Coordinates

lis funchon Jehmsd Fu‘h

1 bounded by the curve and 1he rai

~ Nepali
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f) be a curve APB where ZA0X <, % ea of Closed Curves
grea AOP. if we take a point Q(r + 8 EU]{ = IE‘S ,d;.l‘ i fr" ) and y = {{f be the equation of the closed o
Ve @) then : 04 ﬁ“] ' Lel Im ric form.. then the area bounded by the curve T d“““ﬂ
I A n, ] o » : A I
mﬁ@@z,&_ + 8A, e r'flr 101 = 105 defined by
1 .
Area POQ=A+0A - A =8A s ﬁ
i 4= J-l,(" dt~? t.l".l’) &

" Draw the ares PM and QM of circles with cengr .
D the _ ith centre () B p) be the pulnr coordinates of a point P(x, ¥) on the curve
Let F 1 |

, we have

&.m of circular sector PON = -]T 50

A" o X = -1-4;1‘.1513. y=E sint } Plr. &
J s - b i 0 i :
Area of circular sector MOQ =% (r+ &r) &p uuﬂ'cﬁ-'““mmg i MFLH: % i
- i - 'J“ : r !
. dx _ 5 T T eost Sy
From the figure, we see that e TR

0 »
Area PON < Area POQ < Area MOO 99" oosb dg Gron T L_,\/
4+ and T dt di

s . | >
- 0f, 5r06<8A <3 (r+ 1)’ 50 dy. dx
- E. Now, ¥ 4; ~Ydi
T ‘
OF =r<— <= (r+ & ; f d
g' 24 S5 <3 (r+4&r) e easn [rcuﬁﬂ% + sind '[i)

| 00, 50 and%g 1 :dj'z_} B - rsinf [ rsinﬂ‘%?‘ + cosB %E)
-g;:ﬂ%ﬁ =§[ P "‘“;:’-"‘“" = r’.,-u,u;:f-?-% + rsinf cmﬁ% + rlsmz{?r%— rsinf cc-sEl%i
(f %-*I-r’ iy =1 (cos™0 + Hii1?ﬂ1%% = T?%?
e . G : o dx
8 «%cﬂh[a}ﬂ:ﬂ " % i =S Yar

- We know that the area of closed curve
i "-ﬁ* OFA when 6 = B) - (Value of A when 8=¢) i

. =l

A ofsector AOB - = Area of sector AOB | !

08 Sector 4 : IID J‘u i I == ( oy = At="Jisas dt
T Eﬁi » ﬁdg:z-l- . [f(0))°de 24 \ Xt Y 1'[ dt

Taking the limits of t from t = Lot=t.

¥

I+
r'f...-',;..' and r; = f3(6) and two S’“ﬂ I'e ""':ELI (x dy - y dx)

"n_‘ l‘ .

. T W

B
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ot o g M

ﬂ.ﬁsm Important Formulae }
' 1 1f the region bounded by the curve

4 ¥ = fix) . x-axis with two ordinate
i’l]ﬂd x = b, then arca is defined as

L6 ]

h
A =L ydx =L f{x) dx

If the region is bounded by the
curve x = iy, y-axis, with two
linesy=candy = d, then the area
is defined as

2.

d i
A= L xdy = L fty) dy

3. If the region is bounded by the
curves ¥ = fi(x) and y = 1:(X), x-
axis with two ordinates x =alo x =
b, then the area is defined as

b K
4|dj*=.|‘n[i'"|[1\'i|-f:{.‘*&,)] dx Ol 3 e

4. [If the region is bounded by the curve r = f{6), the two r
vectors B = ato 0 = B, then the arca is defined as

on is bounded by the two
I [‘B} and Iy = I';{H} with

]
1 -
A= :J{. (rs" -1,") dO

Worked Out Examples

d the ares of the parabola ¥' = dax bounded b - ik

I: Fin
B ectum
: "'.;m: _ : |
Bt Equation of parabola y~ = day
e P:"‘.lmm hmmdfd by s latus rectum into two symmetrical
parts by the x-axis

. 3 ary =1 [ fo — '}j q . | '
Required area = =Jg 3 dx =2Jp WHax dx I

o [2X0] e
J4a - ==-— sguare
) 175 & square unit,

Ex. 2: Show that the area lilj'!lll{h"cl by semi-cubical parabola and a
double ordinate y° = ax” of the is 2/5 of the area of the rectangle
formed by the ordinate and its distance from the vertex.

Solution:

Here, y~ = ax’
The area OPN is bounded by the curve y* = ax’, the x-axis and

two ordinates x =0 and x = x4

-5 2
Area, OPQ =:?E 2 = "'__'}_\& X2 ——

30, the area !
LY x|
OPN = .[n ydx = J,, yax® dx
| 2,1 | S
L
i"““ of rectangle formed by this ordinate and its distance from the
erex ig o

& T 1\‘:\
Ny \ﬂ[ Stlps S
FQ' GN.=' ?'Fl'x'l




At =1

-' I -N_IJH X = N;I 'A'.|".:
. From (1) and (2),

. . i 2
mﬂw -% (%xr"-) e ‘§ {Arﬁa ﬂrthﬂ reﬂlangl[e-]

b o _ FIA n
Ex,3: Show that area of the hypocycloid G) + (';-) <13
§

‘Solution:
The equation of hypo-cycloid is

3 !;;
;‘53+h, =]

:h'::‘ 1w
nr.}r=b(l ;!'T‘) :

173,372

y =;b|:ﬂ:3 - 23

X'
All-a, 0) ™

The curve meets x-axis at (£ a, 0)
and y - axis at (0, £ b)

i
Required area =4 area of OAB =4 L., ydx
N a3 32 41 a
x_- D 2 N A
= 4 uh(] ';ﬂ) dx ="E!"'J-“1;]'J'. X t}hd'l.
Put x = asin’0, dx = 3a sin“Bcosfdo

Whenx=0, 6=0,whenx=a, 0=

=l b=

(241
\

)

J

()
21 (2

paa | 2

w2
= 4.3a h! g cos' Bsin” 6d6=4.3ab

+
2 s
+

Sl 1
4.3a b—i-g*ﬁi‘\ﬁr e
2321 m

. 3
The required area ='§"Eab square unit.

=

ab

. i

-""---.42!

Gaudils
;o nat the ares common to the two m§+§_ s
e -;;4'.:; _1.a>b, is 2ab tun";}z'%%s.
E,glul' :;U crves arc E
i" +:‘g =1 A1) "
nnd’i;: *‘E% Tk £ )

qolving (1) 5
ommon point Pis

( ab ; I*'_Jh ]

the point Q 1s (b, )
rea = 4 area OQPB

= 4[area ONPB + area NOPN]
‘» abAfa b’ b
= X

fy from (1 )dx _[ Jhm tyfrom (2)}d

the €

Also
Reguired &

gbAfa’+b g b
2 Aa® - x"dx + -lj T o (% '\||h' -x')dx

f_ab o 08 (e )
8 |jarror N7 e At 20 \fateb
_4_2 l}:Tl: :l]."! 3 a_h L= | a
e LR T~ b T e




Ty
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a ni4
Lf s ST e
'“WL"H EARShEaRIO = 4a I{: sinfig

Ex 7. Find the area above the :-uis included betweep the ,
" y* =ax and the circle x* +y’ = 2ax aly,

Solution:
The equation of circle X+ y = 2ax

and the parabola y” = ax .

.5 Fin

i |
B o], v

Put x = 2asin’0 in the first integral, «
dx = 4a sin cosBd6

‘Whenx=0, 6=0, whenx=a, 06 =7

: 9
),
r/ 1/2a.2a sin’0 - 4a° sin’0 .4a sind cosd do - -Jﬁ[ T b
r i B
=l Zhinﬂcosﬂ.dasinﬂmsﬂdﬁ-\ﬁ[ 2 L

= 8a’)  sin’0 cos0 d6-+/a [E%J“ﬁ]

Solution;

yoareil
The required

d the arca of twa

+

2y I=g'x - X

A=4lp )

Put a™- X
-xdx =tdt
Whenx=10,1

ata U
e ale
25 3
_ 4 a
a3
4g°

Arca=—
"‘

ired

o the required area

ax

- cosk i a—
4 hcmm] 2 -‘[ sin2g TV L 2s ,( (2sin "
- 4.1! (—_1-— dﬂ 8 D = '—'—‘-?'—._] E.J
g 1 4
( ) ( .1'.' i 2sin” 204
m~-
472 L
L o] -2
The required arca = l:ﬂ 2) square unit. —of hl. -

\ o

. BT I|Illl.f'h'll:ll"l'.l | W the curve 1
Common point of the curves isx =0 and x = a. o Here, the equi ation ol the curve 1s
The required area gy =X -X
a - Since y v anishes 1o X =U- and x
. aese on TWO l00ps are lonne
= Iu [y from (1)] dx -_L, [y !mm{l}] dx hath axes,

squarc Lt

T-'hﬁmlnrey’ {Za.x] =-x3

»Uane

loops of the curve

1 1h

Lt

LUTVE 15

| » 1
3061 BE |

>YMMMEINCca: on

S18: Find the area of the curve v(2a - x) = x’ and its asymplotes




Y }

.-;rlﬂ o 2asin’0

2a sin"0 )
2a(l - sin’0) 2 S0 cos6 dp

T ( :
nlﬁa’fﬁ sin'0 do = — ;
2r (57

‘\Fx

2 I =3I|.'H-

[he required area = 3ma’ square unit.

area included between an arc of cycloid
) ¥ = a(l - cos0) and its base

= a(l - cosB) passes through origin
_“ﬁd B is 1he maximum point whose coordinates is
.--I- _ Mm

] . | R
Ea: 0 (I-i:m-ﬂ-r———-

| sin2f
2% [g - 2sinbl 'E'ﬁ + -TI.

T 1 :

The required area = 3Ima” square uni

Iéiﬂd the area of one loop of the curve r* = g’sin2g
l:
g

fion: ] .
i The equation of the curve is
r= a sin 20

. f = ;g:l 2sint) cost
M.

rcosl, y=rsinth, xX™+

Pt X<
Sothat,

* =32 2r sinf, rcosO

y

or, (X +Yy) =axy

It is symmetrical on the line y = x
and tangents at origin 1s X axis and
y-axis. So, 0 varies from 0 to /4.
The required area of a loop,

w e
T | F

3o ks I iR
A =2_[ g 5 do= ﬁ_l-“ 5 @ sin 20 d6

4
3 !_‘ ﬂL]Rl[]—l

- a 2
The required area== square unit.

" 12: Fing the area of the loop of the curve r=a sin28

L

H"Mhemwe r = a sin 20, Since 2 is even so it
¥l loop Themqmredmnftmw

i ]
¥

ﬁ - Jl-—ij’ll
.
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p=a(l+ cos@)
and circle 1S

l-.l=

. . {3a
,mmon paint P is (‘T
T'hc 1:1.” o

'Mﬂd .."'ll.n.a OCP + Area PQQO]

34 g |
:} do+= ,[.,121 (1 +cos” 40|

b gl L 3 (1 + 2 cosB + cos?) db

T 1
a J: -"l 1 +2cos@+5(1+ cuslﬂl-\ de

. 3 .?TT E:I 3 X .
The required area = a’{ 75~ -~ ¢~ | square unit.

3 ATy 2 2 — alll
Bx.15: Find the area of the curve r* (a° sin’0 + b cos" @) =a'b
S'Jl.llllnn:

Here, r° (a” sin’0 + b” cos” 0) = a’b’ ¥
R0, b}

" 2 sin'0 + b° cos 0
Since r = 4 g forB=0
"ﬂﬂt=tb for 0= n/2
e L

| P‘h -

NepaliExam.blogspot.com




-y
: G

- F ah’
= 4 e
#.“EE rda g I o :f‘ 5“1-” =+ h_ Cos :E"} d“

| &b’ of it
T 5 in 48 =2 + M 860
Izr—zﬁin-wh-cmﬂ ‘[ & tan’ < £ dg
nulllﬂ'b" a sec-0d0 = bdt
When0=0, =0, when6=n/2, 1=

:a.’.' :_dl o dl
=260 o 7 =20 [

Here, the equation of curve is
-t Xt
xnI+|"3'_|-|1’

) x(-20-(1-

d! (1+1)

JAC-Eo1hd)
“+T'] = (1+1)
!1 (l+6)x2-2tx2
.ﬂ +rr
L4c6-26) 201 ¢
(1 +r) =.“ +U)
-‘5 L-€ 2(1.8) 2 - 41

‘--—Fﬁ{‘f‘_ﬁl L+ (1+0)

adl <20 + ' + 4r)

e

[ -

—'I;']_.," I__*:h [11_1!..'] -3

X
r
The required area = W square unit

Exercise-15

Find the ared bounded by the curve y* = x” and the liney =2

how that the area bounded by the curves v° = 4ax and +& = ‘s
She

[
—1a

Find the arcd of the region bounded by the curve v = sinx and x-

i
_,x,hh.,uu,l.n v =) and x=2n.

%
SR
b

Find the area of the ellipse =
Find the area enclosed between the line y = x and the parabola
y = 16x.

Find the area bounded by the curve x™ = 4y and the line

y=4dy -2

Show that the area of the astroid x**+y™

Find the area bounded by curve X'y = a’(a - ¥) and the
A=ax15.

Find the area of the loop of the curve y = X (x+a)
Find the area of the curve y* = x(x - 1y

Find the area of the loop of the curve j':l.a'. +x)=xla-x)

Find the area between each of the following curve and s
Symplotes,

L Ylax)=x
Elf le==},3lai_x:]
ﬂ!'/ Xyl + ol = a’y’
V- = 5 + ) o
_— - NepaliExam.blogspot.com




"5 Findthearesofaloop of the curve r = 4% ¢

_-ﬁ._; Find the area of ihe entire region boypg,,
BT = acos20 "
! 3 Mﬂ“mbﬂmm by the curve r = (1 . €os @)

.. ' l'-,-egly Find the area of 8 loop r= a sin30

b, Rﬁﬂtiﬁcathn

':'JH--\
— i
T

{'_ o 12 Find the area common to the circle r = a and g, cardioig 2.1 Rectification
T p=a(l+cosd)

n , : % The 1'_""‘"‘:"'55 “!—_ Illnd'“'-s';h”‘"""_s".“‘lfﬂglh of the plane curves w
18 Find the area enclosed by the following curves equations are given in Cartesian, parametric or polar from 4 Eﬂllm’mdﬂ

Rectification.
2.1 ATC Length in Cartesian Form

Let AB an arc of the curve y = f{x) bounded S———
gM where OL =aand OM =b and

i Ina“-sﬁ], y=at(l-r), = b2t <]
|-t

Bt o, -l1<is

. Let P(x, y) be any point on the curve such that
Arc AP=8S
Take Q(x + 8x, y + 8y) be another point near to P such that
Arc PQ = 8s, KN=PR =5x. QR =&y

v @(x+2)
'y

~ NepaliExam blogspot.com




x

1 ) 7
JE dd - 128ma _[,,mn' 9 i

L oot fysaS o

-ﬁgﬂ,ﬂ}l‘ﬁ'm

T
' =0, B=n 1=

rain

~ Whea =0
I“.' 22 | :
ﬂ t.'ﬁujfﬂ Za-il‘lt'-"“ IIJ! l_"H:.".,L _[ \ -., SIN'T e o

_-,'.‘!‘]-HHZI 24y (3}

T

| o 2T(6) 217
- 331 128 :-3:.;
=mil 5432 05432

i 32) [

Ex. 10 Find the volume of the solid formed by the revolutioy g the
w x=al0+ sin@), y =a (1 - cos8) about the tangent at g,

(20575 E]

™ e tangent at the vertex of the cycloid is the x-axis

The required volume = 2 times the volume
revolution of the portion OAX

!I:I.:}*“dx :

'hl:a:{l «cosB) . a(l + cos0) do

renerated by the

] = -
{_/Flnd the volume of the solid formed by revolving the cyclord x = a

r
{
[}
|Hxa ! - a
L1
i - 1
.\_' - T
i

4 2
L0 an ~ v 1IN i -
en 1l ! Wit LLI=g LA il aky
the iatu
Find the volun 1 : he soiid g A evolving
he astroid of »
The part al the parabola v dax bounded by the latus rectam
revolves about the tangent at the vertex. Find the voli and t
area of the curved surtace thus erated
Find the volume of the solid formed by the revolution ol the canding
r=all + cosB) about thi initil line

Find the area of the surface of the solid generated by the ey

of the cardioid r = a{ | - cosB) about the imtial line.

Find the volume of the solids formed by the revolution of the Curve

¥y=x(a- X ) about the x ..t‘-.i.H

Find the surface area of solid generated by revolving the cyclowd x =

48 +5in0), y = a(1 + cos0) about its hase

{H+5iﬂﬁl. ¥ =a (1 + cos0) about its base.

i

logspot.com
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-f

red of the solid generateqd I the
r=all 4 cos) about the initig) line r

the x-coordinate of A is 2,
: 0}
The equation Card _M

]

—

We have,
,;:rmr,{imuﬂ + cosB) cost -

y=rsind= a( 1+ cosfl) sin

The required syrfnce area

ds
5 =2::J-ﬂ:.fgﬁ de

T
y  fdrY
=11 ﬂy’\}rﬂt(ﬁ) db
b

=.'!n,fuyﬂn: (1 + cos0)’ + a’ sin” O dO

"
=213 Iu-"" W2(1 + cosB) db

-znf;au +cos) sinfl. an/2(1 + cos 6) db

5
2 II A S ]
= A Jy2¢0s°5 3sin5 coss . 2coss dO

; 0
= lﬁna'L m54§, Ein‘g‘ 4o,

pad o, |
Pz =L 3 o=

Hm,
i~

= l“""'"l-hh

el

a= |ona" { o 2 cos'tsint di

 gqurfnce are

=
['.T._.| ]
= 31md = -~
1 (=
"-.
l 1
-31\3 i
|6 ma ~ T __{— -
S :

| the volume of the solid generated by the revolution of the

g: Find
; 1 - cosB) about the initial line.

" cardioid ¥ =3l

golution:

Here, OA = 28 S that the x-coordinate of A is - 2a

The required v ume 15

L
.

v -':‘._i I
5

Here, the equation of Cardioid 1s

= El{l - £OsH)
Pu.x=rcosB=all - cos @) cosh A Q
andy =r sinf = a(] - cosO) sinb

Differentiating,

dx =(- asin0 + 2asin@ cos 8)de.

Whenx =0, 0=0 and whenx=-2a,0=n
]

B V= j-:;. a*(1 - cos0Y sin’0 (- a sin® + 2a sin Bcost) a8
{i

=na’ LH - cos ) sin’A(1 - 2c0s0) dO

n
= . 4B 6 ;0 .0
= ma’ Iudsm‘:.ﬂsin"; Cos’ 3 (3—4:@5‘;) de

267




e .
ac [c cosh E sinh e ﬁ] Square unit.
F
(he volume and area of the surface generated

& Fwdnﬂﬂn of the cycloid x = aft - sin 1), y = a(1 - couy :l:?-u ity

P Lo the line y = 0

-.- -;‘ﬁ ‘:"‘:*E"“] i 23}

; . atio™ it loid is
. L 4ald gquation cyc
[ F I_E_E_—l_l_za Hﬂcame - x + 1 e
e 2 v ={t- sint), y=a(l - cost)

[}jﬂ':rfnlimjni_g

v
dx =a(l - cost), HT:asml

dy _sint
S0, gx 1-cost’

The volume generated by revolution of cycloid is given by
Ty

b
v =J‘.E}-'_d‘.'.

pe of the given curve is defined as L EﬂL} R ﬁ.\/“'—\,_
=3 2 TR = | 0 on
I ’ dy x 5 A

in b* (x/c) dx = 2n IU ¢ cosh’ (fj dx =8na’ . :'-,L] Rin"l—_ dt

&

Pm:t; =0, dt =2db

Whent=0,0=0, whent=mn, 8 =n/l

n e

= |ﬁ'ﬂa"|. jj 0 Siﬂ{l db = Iﬁai.ilt ({-3‘4‘1)

—_—

%

=

i

= §a’ cubic unit.

NCE %\Ft
g

= k]
16ma” . 3

b

261




= ﬂﬂﬂ' and degree of each of the : |
u||u‘

;J::ﬁ+ﬂx-3y+5]d}r=ﬂ

the differential equations from the following equations

1. X¥=a+ bx
L iv. y=ax?+ by

flogx ) + bsin(logx)

differential equation of all circles of radius a and cenp

erentiz equation of simple harmonic motion given by

Answers

er, first degree 1. Second order second degre

md degreg iv. Second order first degree

. da
=t
'dl+

First Order and First
Differential Equation

5 i l“n-.pdllfﬁﬂﬂ

The differential of the form M(x, y) dx + Nix, ) dy = 0 where
N are functions of x and y or constant is called Flirss Dr:f:
and First Degree Differential Equation

(5.2 geparation of the Variables

In the differential equation M dx + N dy = 0, the varisbles wre
separated in such way that the coefficient of dx must be funetion X
only or constant and the coefficient of dy must be function of v
only or constant. :

Worked out Examples

Ex. 1 Solve: 1|||l -x"dy+y1-ydx=0

Solution:
Here, the equation 1s
\/1-x"dy "'\l’i -y dx =0.
Separating the variables,
dy dx

VI-y vl-x

Integrating,

=)

dx

gy -
Vl-y 1{'1-.\:’ =

| . . . .
sin” y + sin” x = ¢ is the required solution.

Eiilﬂuiglve: (sinx + cosx) dy = (cosx - sinx) dx

Here, the equation is
(sinx + cosx) dy = (cosx - sinx) dx.
ling the variables,
dy= (cosx - sinx) d

(sinx + cosx)

NepaliExam.blogspot.com




% #gq[ﬁll.ﬂﬂl

= o ¢ (sinx + ©05Y) -
o giﬂ;:; *cﬂﬂ} is the required solution.
q,f

-y n_*ﬂydl'ftl"‘}'}ldy-

‘i_'_x}}ud-_.;-l"“ +y)x El} =

bles,
S#I‘l‘lﬂﬂ' the vard
]+l _,_l d:T‘ 0

:t
ar x

or G+ J)dxq-(v—-.q)d},; 0

ing
e lugx+x+|ﬂg}f+y =

og (xy) tx+y=c¢ is the required solution,

Ex. 4: Sofve: hg(f,'f)= ax + by
”llﬁl!-

Here, the equation is
fl) oo

& _

Separating the variables

;dé =¢"d

o X,

w

First Order gnd Flia
Deree Difforemyey
Em

g th yvariables,

ratin
¢ FJ 1 3 (1-+¥)
___.---"l]‘i'. = :\" | d&'
A =¥
? vl + v)
1% g XM g
of ¥ J
’ " :
ax ._\;Li.\"'['}":l_-_ -EJ dy
or = J
T
egratinE
in X N
logx = 2 7 ~2log(l-y)-2y+¢
H': :'—- "I '|
jogx -7 * 7 "2 " 2108l -y)= cis the required solution,

wlvesci:: x tan y dx + sec” Yian xdy =0
fr. 0

jution:
4 Herte. the Lt[llﬂlnn i5

sec” X tan y dx + sec” y tan x dy =)
Separating the variz nbiu.

SEC X 5

=dx + £ r.!~. ={
fan X tany
sec” X Sec- Y
o 1 p o
o tan x dx tan y dy=0
Integrating,

log (tan x) + log (tan y) = log ¢
or log(tanxtany)=logc¢ _
tan X tan y = ¢ is the required solution.

dy | + cos 2y
L7 1+cos2y _
1. 7: Solve: == % I v 0

Salution;
Here, the equation is
dy | +cos2y
dx * 1 -cos2x
Separating the variables,

__dy ax g
¥ cos2y "T-cos2x \
d
or 5;,1@? +5§§,;Eﬂ
o see” y.dy-p-mm: R
279 Nepal

"N | II--ni‘-l-

-xam.blogspot.com



it v

i Firsr Ordler -
rx = ¢ I the required solutiog, = and Fiest Degres

d""‘: gqunli-ﬂﬂ I5
s pere.

[d\') Ix+4y,
loZ \ dx

'g; s
of %
. v'in;ilﬂh:h.
I1I'IE.-““'
rlﬂm —' L!"I =g "-13'-.

{2x log x +x) dx .
}r’ mwmﬂd: i )¢ B o dy =0
o inydy £y cosy dy = 2xlog x dx + xa
[icgraling

'.._.J i
Ak | -

-i' . invdy = ,31 . X
|I .m+ysm¢'-sm} =X g X - d\_q

T . Given thaty = 0 when x =0 then (1) becomes,
 or -cosy+ysiny +cosy = x~ logx ~ S5+

o

A _-f-sin-}mr logx + ¢ is the required solution.

Mﬂ'ﬂ cosy dx+(1 + 2¢™) siny dy = 0 given y = 4 Whenx=g

Thus the general solution 1s 4e™ 43 =1,
Here, the equation is
ﬂiﬂ variables, Slve the following differential equations

f.ﬂ ﬁdj"ﬂ L xyl+y L1‘-.'_‘-.'w.:|'.-yg dy =10
=+2e™) = N

. !
S Y
d"""“'j_ir;y dy=0 B

Exercise-19

ydx=(e"+ 1) dy

: ' JHQSSEC}’—IUE.L
1)

. (xy #x) dx + (yx +y)dy =0
secy=c ek

q lany dx + tanx dy =0
; '-'-'~--t-| onditi T
F0aiton, y = when x =0,

4 W\ A
o ‘ ("’xi‘) -—-:\L:' ax)
=312

N‘qulmd solution. : a
on of the following diffe = (S hydy=(y+ Detd

y=0, when x=0 * 3 tany gy + (1 - @) secy dy=0

(14X (1 +y9) dx+{1+yn'l+x:}ii}’=ﬂ
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}_#'%{Ex log x + x) dx
ﬁﬁydg=2x log x dx + xdx

X" dx + :‘_:l-

i L 1
-l _.ir;g-si_n}'-sm}’ dy =x" log x - °

X

+}.5my + cosy = X~ * logx - —2— :

X
e T

; '“if' P
H(l +2e™) siny dy = 0
ng th vmab]es,

___!-Ill'ﬂd suluuan fll
[n[mwing "M

: T e ¥
at y=0, w %#.j.

gation is
,ﬂl"'ﬁﬂﬂ‘i
og (EI) 3x + 4y,

EI - E!\ - 4y
dx
g the xarmbiu,

*dx
dy =0

of
ratin
-"' lJ:I'l = 1__

edx - ¢
or

jntegraing
c

e

g .
3

Given that Y = 0 when x = 0 then (1) becomes.

| :
3

0
— L

e

|
Thus the g,u:m:r;s] solutionisd4e™ 4+ 3¢ =17

Exercise-19
Slve the following differential equations
*-.H d\."-.xrl'\d‘.‘{}

-
!:-c'!~l1-‘—:'_' = ]
dx

ydx =(e" + 1) dy
(xy" + x) dx + (yx° +y) dy =0

tany dx + tanx dy =0

) -o(42)

dx
(15%) (1 +y?) dx+(1 +9) (1 +x7)dy=0
8, {g"'l}}’dy:[}"i'”ﬂ’dx .
’C‘P?dx-t-(l e".laeﬁ’:?ﬁ&"ﬁn

NepaliExam.blngspnt.cnm



. of i mmmﬂ ﬂ First Chrder and First Dingres [ —_
1. (@ +y)xds+ ¥R a’)dy =0 . be solved by putting
. ci

it
'|Cn m =
12 7 5 b

{cg'+]}¢mdx+ﬂ:55ﬂ?¢d}’=ﬂ 5X :
gy £L
- . et P . -
13, Findthe particular solution of 2xy'=3y given thy y=4 Whey. ”

5+-ha:'ldx‘

» ' —re '3 ¥ n
Find the pamculm' solution of y =g Y. given that v = 0w Q.."L = Ftl': .3_1-'; - E 3
g L= F ;

14.
dx

I diﬂ'ﬂ;unliﬂl equation can be written as
the

15. Find the particular solution of 50 = ™ anq jt g given s S0 4

dv & _ o
x=|!}-=iﬁnd}’35:~:=-] %_{:{{_ hl'l.}
; i rari: £ and serratin e . "
16. Find the equation of the curve which passes through g, sepafﬂ““E’ the variables and integrating we get the required
= * Poigy

(1, 2) and has at every point <y :_—.‘_Ex solution.
e ! Worked Out Examples

» - - 3 v _..- g}i e ] d-\' i . + I
Find the particular solution of y(I-x7) ax T (1-y)= Ogivey | got: Solve 4y = cos (x +¥)

thaty = 1 when x =0 o
Splution:

2 - WL " 1S

Find the equation of the curve represented by Here, the equatiol

(v - yx) dx + (x + xy)dy = 0 and passes the point (1, )
Answers

L A1+x +3l+y =c
2. y=tan'x+c
35yl +e7)=c
4. (I4x)(1+y)=c

(- ].[ y)=c Thus the equation reduces to
5. sinxsiny=c¢ 2
6. .
7
8.

= | =cosv,

fa+x)(l-ay)=cy dx

dv

2tan” x +tan’'y) + log (1 +x°) (1 +y°) =¢
On dx = I + COSV

y-c=log [(1 +y)(e*+ 1))
& oy icﬂ F OV 10 FHe=c Separating the variables,
I (x-2) (@ +y) =c 12. sinx (¢’ +1)=¢
13. y=45" 14, siny =X
I5. ef=e'c.e!, y=-1 16 yx’+1)=4
-1 (1) (1-x) =0 18. logxy=x-Y

. I\ of
ntial equation M(x, y)dx + N(x. ) & u

-xam.blogspot.com




Firsr

Ordder o fdrnf
""I."Hmhm
X+e dy _dv - dy dv
= L
lﬂ | +dx  dx dx " dx ~
f!_-x) = x 4 ¢ is the required solution. ... (he equation changes into,
S0 i fv+a) (v -h)
| y _— = = v + hi
) raﬁ.amﬁ =sin(x +y) + cos (x +y) P A
" dv Y t(a-b)v-ab

Here, the equation 1S dy v +{(a-blv-ab+

= sin (x+y) * cos (x+y) or dx

. vi=(a-b)
d‘t — I.J:‘I. 11:' - :1|j-|
me‘*fg_x‘:ﬁ E}:_& ar J: — v ={a-b) v -ab
L dx dx OF dx ~ dx :i:.;h
So the given equation reduces to (a-b)v-ab P,

dv : . (v- - ab)
-] =sinv +cos v
dx § r (a-b)v
|
|

:mlm-: the variables

== dv = 2dx

ar {v- - ah)

dv .
or — = | # 5NV + COsV, i
dx (. f(a-Db}2v)
: : ; ar l-"_?—.- | an

or !
Integrating

Separating the variables v - (a-b) log (vi-ab) = dxte

dv g, i
7 ” r-_d_\_- I Ix+ 1y + (b-2a)logl(x+y) -abl =dx+¢
k. .
Ecns'?.?sm;{:ns:; ‘ b= a) log {(x+y) -ab}=2x-y+¢)
15 the required solution.
Vs x dx + vdy ==
L4 Solves ————— =4 [——
X dy -y dx \l X" +3

Solution:
Here, the equation is
tyvdy

‘1
log| I +tan5 | =x+c
- "-L]".

Xty . . : . i
5 Iug(l + lan )= x + ¢ is the required solution - or l_‘_jL ydy - (X" ¥7)

2

i ;+ _.__g)ili_ X+y+a
"j. i ?:}\I.-_}h dx i ol e b

Xdy -y dx " o

Put g =, cosh. v=rsin0

tan't =%

4 "dﬁHvdy-rdr sec’0.d0 = _}’_‘!}___

SD‘ the “Iualmn changes into
. NepallExarn blogspot.com




First Grder s Eirs

Lwgres [T S—_

Lt =

-
- R -1 I o g
()]
e R is :
X +y =sin [lan [J:| + ¢ 15 the required solution,

Exercise-20
Solve the following differential equations

2 d 2
I [x+}r]‘dx=a'

cos (x +y) dy = dx
si".!(ﬁ) =x+y 154 Homogeneous Differential Equation of First

dx Order

If the first order differential equation is of the fom
dy  wix.y)
dx 'l|;l (X.Y)
dy where y (x, y) and ¢(x, y) are homogeneous function of same
=xtan(y-x)= | degree n, then it can be solved by putting y = vx.
dx - -
dy Differentiating with respect 10 X, We gt
dax = xty +1)°

dy dv

—_—

=8 == ¥
dx dx

lxl+)'3+2}<jf+ 1)dy=(x+y)dx
(x+y+ nﬂir—- |
i dv
10, %_“ e v+ X ix = {{v). |
5 Sl Sﬂpara!ing the variables and integrating we @&t the required
X (xdx +y dy) + 2y (x dy - ydx) =0 solution,
' Answers

aly-c¢
et

S0, the differential equation reduces 10

-J




i Tshont o Empimcermy Mothysastiss !
Worked Out Examples

Ex I: mﬁ-;ﬁ?;

Sohution: :
g_g Xy
Here, 4= % Ty
This is homogenous. Put y = vx, :]jf =Y gy
!-.d'n X°.VX
We gel, "8 XAV X
T R T
dm -y
M X" T+v
Separating the variables
dx (1+v)
x T dv=0

de | |
or —_"+F d*.'-r: dv =i

X
Integrating
lo, \'a—l-:+| += =
5X-"3, ogv+3 =0
¢ l
or log(xv)+3 ==—
3 2V
3

X .
or dlogy+c= Y is the required solution.

Ex. 2: Solve (x* +¥) dx + 2xy dy =0
Solution:

dy x'+y

e dx 2xy

This is hmnﬂgmuusl Put Y = vx
d
&, 4

b
xdy et
—_— y =
ol dx v
d» e S
—
or Ydx .
- X
h‘l\ — d - [
— -
i b ¥
dx _T_l_ L_.l".
o ‘x }
|pregratin
102 A
e
/ ; 4 + v*3 o
] salve ¥ dx LAY X Jav=4{
g J: Selve !
Splution:
Here, ¥ ax =
v h.
dx
TS § Il
ay
ax
We get —
il '
I i
ax
i
{ g S —
dx
stparating the variables
dx 1
—— {
X AT
. dx
or ) | i "
& X =\ . —ar e dh {

Integrating

b

Zlogx + 2 log v - log |

Oor h'l:__:"\'\' _ El.'ll.‘_i._i"\ 1)

OF  xy* = ¢{2y + x) is the required solution

| S nh“””dh (3 - x) dy =0

H
ﬂ'ﬂ.[x + F}d.\; A "_‘ i '_\} d} =0

v+ |

ne

cam.blogspot.com



4 Tinthond of Eapeseerinng bntfcsusin -

dy
ax

dv X+ Y
ke }_'“;'
This 1s homogenous. Put, y = vx e
_ dy X+ WX
Weget -'.\a; e 3
xdv I1+v
ST T
e A
o v- 1
dv e
s vl
Separating the variables
Bl
,dx 2 2
B2 T V- dv=0
Integrating

2logx+log (v + 1)-2tan v =

Iy OIS
or =2an” = + log x* | ——
X AN

5,

1
| =c

A
sl 2. 2 3
fan " | = ~3 og (Y™ +x°)=cis the

1:"!./'
dy x=-2y
Ex. 5: Solve: o+ = . ~—=X
dx  2x-y
Solution;
dy x-2y
Here, L X-2y
dy 2% -y
This is homogenous. Put y = %
dy_

C

required solution,

dy  2%Y ~ .2 ]
=

galurien-
0y e i 0

Heres 4y X

[his is homogenous

'."uli' !‘.rlLII

dy 3\

l.i.".
ay Ve

B Y
ax
Separating the variables

dx |+

X 2vv+y™

dx
or —4

|
= - - t =
X £ A2y 2w+ 2)

!rih:grmnns

|
logx 4 3 log v + 3 log(v+ 2)=logc

ar

f
log X v v+ 2)'*} =loge



A Taxrivood af Engimoering Muthosstics-!

dv_,

= x*td

-

A (-y)dx+2xydy=0

§£+~ —1—':
gy -t

.
£, [1: 4 -,-‘J dx = [\ +Xy) dy
X X(x-y)dy=y(x+y)dx
6 (x+y) dy = xy dx

dy vy y
& oy Ty

. x:d}* +y(x+y)dx=
d
Q. .\'Ef=}"-‘\,|ll.‘~.'""'}"
a ¢
" . !
0. x smf dy = (y sin_\l, : x.) dx

oIl xdy-ydx -—m dx

i3

Exercise-21
Solve the following differential equations

if (he firs

First Order and Eipes
it Depree Difer
Rl /T

[ Order Differential Equationg
Ho mﬂ,geﬂﬂu‘i form
[arr_h_r {1|1t:.ra:.n1t.sl equation is of the form
+hy
i an
:lr% = AT Iij.' C » then it can be solved by the follow
q ﬁ‘:lw first order differential equation is of the form

iINg ways

ax + by + ¢ a by
dy 27 2 = ond— =2
&~ Ax+tBy+C M3 =§

casily be reduced to the form

-
[ - then the tquations can

dv ax +hy +¢

= = —-___,.' (@x+by) + C and
Put ax + by =v,
2 dx dx

Separaling the vanables and Integrating we gel the required
solution. 5

—a. b
I If 3# 3 then the equation can be reduced to the

homogeneous form by pmlm;.; x = X+h, y =Y+k ,where h. k are
constants which will be determined by solving the two equations

n terms of h and K, the equations are to be chosen in such a way

{I+c"’}dx+c"-‘(l—f]d}'—n
']\]3 QE _.?h"LE +y*
Sidx —  3x

14. x*+ 2xy°) dx + (2¢°y +y*) dy = 0

I

Answers
. Aog(y-x)=c+—— e
y-X Vil

3. A-y=exy 4. (x-y)=cxe™
5. xy=¢® 6. 2y

Y .
7. X=csin’ i . Xy =0}
_ F“'\‘IK +y% =¢ 10, logx = cos G:) T
I -mtz}"-x +y‘ 12, x+ye®

-in m;-cy 14, x4y

+x -ex=10

y=ce* ™

that the differential equation should be humu--uwuuq

Worked Out Examples

dy x-y+3
Erl: Solve =" =—"———
%Imdx Ix-2y+5
Solation:
1y X-y+3 (-y+3
Here, =% = = e
dX 2x-2y+5  2(x-y)+S5
FI.I[.".'-}-'=1.,I
{ l 5_11"__':1_1‘..
dx dx

The equation becomes
1 Eﬁ. == k3

dx " 2v+35
dv _ ] v+3 2w+5-v-3 v+2
dx— "2v+5 2w+ S 2v#S

ting the variables

Bﬁg_;_;_spnt.cnm




gde=2v+iog(v+2)

Saolution:

I +y)+ |
dx - 22x+y)-1
Put 2x +y=V,
ifI dv
*ix dx '
dv
or Eﬁ dx ”
So, the equation becomes
dv v+ v+

R 2v-1 “©

or x+c=2x- 2y +log(x-y+2)
x-2y +logi(x-y + 2)=c is the "-qllln..d “”u“un
Ex. 2 m"{h*?+”dl+{41+2v-]]d‘

Here. (2x+y + 1) dx +(4x+2y - 1) dy=0

2v-1 2v -
dv_3{v-1)
dx  (2v-1)
Separating the variables
2v- 1|

"""I d'lr“..]d.'\.—

|
ar (1 *m)dv=3dx

Integrating,
2vtlog(v-1)=3x+c

av+]l+dv-2 3Iy-3

or dx+2y+log(2x+y-1)=3x+c
T i "'23' * |°8'[2?¢ +y-1)=cisthe quU|r¢d solution.

i Jw >
a gl i .l'_}.. . P
Vi [ty

- - e L —
jy=-Ix T 1
}H-_, == 3% +.3
dx ’ , )
2 th.y=Y +kwhereh k are constang
Pt 5 :_L_"\_r it _.
ﬂu{ -3y - 3X + (7 !
d < ‘ 2
o h. k such that : ' h 0
nd 7) h |
<olving these W -L h=1l,x=10
dY Y '_I_“
N, H.‘: T .
This 18 homogenous. Put Y = vX |
i _
%. v+ X
The equation becomes
'\Jl"'
X ax = T IwX
. dv V=7
il \r LI-"\ \
dy
' dX
Separating the variables
dx  (7v-3)
X Tv==1
X Ivde 6 |
oF SSe T ¢ -Too dy
“I.'.!LI:_.\_"T\.:I..!:.:'__'
- - () v -]
dog X +log(v--1)-5 .5 log =logc
= = Sy 4 '| -
(V"= 1
O log X- ———~ (v 1} f e
= (V- I F I 1) I Ll
ot \;:“ D) (v-D(v£1FS
(v-1) ;
or el ?
Xv-1""(v+1) c
or ’ o R . 7
{\f-_\:l 1‘47":!1:‘;
ar T
& 'q}'-i}-,\-_-- ”‘l}-_n.} N,]‘j"":c
TR n, L 2
] ';.!! \'-I-” “;..,.}.-_‘.}f:c

{..3'3"']]3{11-}*- 1)* = ¢ is the required sel




A Tenshood of Engimcering Masheanatics-1

Solution:
_dxn (3x+2y-2)

“Ax+3y-5

dy _ dY
dx dx-

The given equation becomes

Ex. 4: Solve: (2x + 3y -5)dy + (3x + 2y -S)dx =

Here, (2x + 3y -S)dy + (3x + 2y -5)dx =

Putx = x +h,y=Y +k where h and k are constanes

dY 3X+2Y+(Gh+2k-5

dY 3X+2Yy

S0, gX =X +3Y
This is homogenous. Put Y = vX,
e
ax -Vt X ax

So the equation reduces to
dv _ 3X +2vX

dX " 2X +3Y +(2h+3k-5)
Choose h, ksuchthat 3h+2k-5=0
and 2h+3k-5=0,
Solving these, we get h=1.k=1,

dv  3vi+4v+3
BRa = 2+
Separating the variables
l.{"X_' 2+ 3v)dv
(Bv +4v+3)

dX 4 + bv
o EX 3v‘+4v+32ﬂ
Integrating

. or X°(3V+4v+3)=c
Y’ 4Y

3+
¥ A AN = X 3vX ~ 2+

ZlogXHng(Jv +4v+3)=logc
or Iugx +log(3¢g + 4y + 3) = logc

k. 4

. R T —
.-,h _Z_}_;},;.]_: 0
qu!‘c d! "F ~X-1
f""
._,l'll"“ﬂ .;l\ _3_‘~_l.+_| D
Here, gy~ 2y -%-1 el 1)
I put X~ ¥ +h,y=Y + k where h and k are constants
dy _dY¥
dx " dX
'ﬂ}fgl"‘:” U;!u;ﬂnﬁﬂ becomes
| dY _ 2X-Y+{2h-k+1)
dx - 2Y-X+(2k-h
Choose h. ksuchthat Zh-k+1=0
and 2k-h-1=0
: 1
gglving these, we get h=- 3 K= 3
The equation (1) reduces 1o
dy _ 2X-Y
T lhmyadinat 1
This 15 homogenous. Put'Y =vX
dy , dv
B T

Firar Ovder and Fire

Thus the equation (2) becomes

s 2X -vX
VEAUX = 2vX-X
_dv =N
o X 30X T ik
Ay v -2v+2
or Il e TE ey
""dx v=1]

Separating the variables
J4X g (2v - 1) dv
..x E"lu'""'l' + i‘l
o 2logX + log(v' -v+ 1)=loge
o X -v+l)=c¢
X 2 3 H':'KY+X!
S X{(X) 'I+I =¢ of K’Lﬁ_l-c
X)X A
\ 2
2 1
o {60 - (x o D) (D () =
3 SN 3 ‘I "
e 33""‘3]!2'31}"35"" x:cislh#l'w ¥ -
 Nepal

=0

il

Xam ﬁgsput.cum



Muthemstics|

Exercise - 22

] mdmm[ ﬂ.]l'.ﬂllil!ﬂﬁ

EI x+l‘+l

'}. dx x+y-1

2,
3

Gyt l)dx-(@x+2y+1)dy=0

(4x + ﬁ}r+j}d}'=t3}’ + 2x -+ 4) dx

W {2x+2}'+3}d}"|h’*}"’ IYidx=0
-

l.
2

3

4.
5.
6.
8.

dx x+y-2

{ﬁ\-:‘:} 1'4}d}'+[}"2"‘:‘ Bdx=10

dy_x+2y
dax. 2x+y -2
dy 2x+3y+ |
BT, e (1)
dx 3x+5y-1

(x=3y T4 dy + (7y - 5x) dx

(X-y)dy-(x+y+1)dx=0
Answers

y-x-c=log(x+y)
py=5x=log (3x +3y + 2) +c
Ty -3x) -9log (14x + 21y +
By-3x +log(3x +3yv +4)=c
Yy-x-log(x+y-1)=c¢
(Sy-2x-3)" =c(dy - 4x - 3)
SY +2% +6xy -2y +2x=c 9.3y - 4x

el{x - yy—=(xFy==

¢ 10)° = cly =¥

S Ty LY
Biei) =208 cl(x+3) +(+3) |

=]
lEm‘?:«:l

6 First Order Linear Differential Equation
the | igst order, differential equation is of the form

P and Q are function of ¥ ore
ifferential Equation

£l Solve: (1 + .fr dy J

anstant b

f an Cviplor |“I|-r_f_|lrpj!
U Do
Fo Vg,

ve these types of differential CQUELIONY., We trie lj
des of the given equistion ultipty ofax
he mlljuui'l-lt becomes
\'.."'Inl- 1 i
b = ¥ I
fpax ¥ 4 py SPdx 0 o Pdx

& ax

[pa Ipg
JLux 4 I..‘h”:\ ) =1 "

or d\
¥ 1||[ﬂ|.i”_':.

]rh'—r |_ - >

'||_|||
y > g _( 4 e dx <15 the required ‘—""-"l'\-l-"l.!n

S IS form

Pdx — (g IPd:

Jrax — (0 P ) 4 o

gt M

[he factor ¢
(] | y I.__!!:'\’.".

chartly written as

ey y=<LF | (O=LF.) dx
Similarly
The first order differential equation is of the form
dx
dv

= Py () where

1 . 1 Pl
called hinear i x and 1ts | < TR then it solution is

- | (Q=LE.)dy+e¢

Worked Out Examples

b W

{ s
- il
2xy =4x

dx "

Stlution:

Here, {] 4
dy
dx ”
This is linear form, |

[aa2x
lsu-IF': uji e 13 dx ==|:Hm]-‘-lil+:ﬁ:
"B2eneral solution is 4

. YE(LF)= IQ:; {Llf.i.dl

||JIE"- to reen | Ny
3 is called  [niegrating Factor and is SOmetimes

P and Q are function of v or constants is

liExam.blogspot.com



“ “I 'i"lij‘ [__._I +:|:l.j [I +x-]d_ﬁ: wC
J

W1 +x :.n + ¢ is the required solution
:

X
h;,sgh-e:l{x-il&;"-":u-lj‘
Solution: 0 v
me{x-”dx_i_[x-lj'
I x

o & ox(x-1Y (x-1)

1 :
This is linear form, P = =% T T L“J__{."c-ll‘

o, LF.=¢ =

= glmr-loptn-l) — o Ex-1 X

Its general solution is
y > (LF) =.[0 x (LF.) dx

X X X
] y“bI_J-{x—lJ'"‘ (x-Tyaxte

X X~

X

Putx-1=t, dx = dt

|
"x-1) G-kl

I C %
J-Fdx c‘[t[x-nd"_ I(;"]f_)]*i\

J‘Hi? £+ 21+ |
= " di+c= —T di+c¢

+ 3¢ (x - 1) is the required solution.

First O iler i i

# Lhegrpg "J""'H‘I'-r-._‘

g‘t +1ank ¥ SECX

of dx
) 3 » - "

his 19 [inear form. P = tanx, Q = sec’y
o [i 1y _ [‘ anx dx b .

i E L SCCX
kl..'l

Jution 1S
T al 50
15 2ef

|
y e LF- [ = (L.F.) dx
:_l-‘_‘;-l'."k':"- T C

o Y SECN

| (1 + tanx) sec’x dx + <

or YSECX
Put tanx =1, see’xdy =
(14 O)di+ e =t ‘L:L
tan’x
of YSECR ™ fan x 3 oo

3}. gec X = ¢+ 5 lanx + tan’x 15 the !cqmrc..j solution

dy
Py =
Fx. 4 1 + zY \ IHU

Solution:
dy .
E-h:-rf_ll % a-': LY = A |‘-"';—'~ X
dy 2
of iﬁ:}':mlw}x

This is linear form, P = Q=xlogx

| b

3 !’ - dx 2l
So, LF. = /P = oI dX = g2lmn=

Its general solution is
y % LF.= O x (LF.) dx

o I‘-'?'-':=J.x"lugxdt+c
3 ‘-Lq !K‘

o W=logx - )T dxte
x} 4

¥x *_luga-‘—"'c

Iﬁlly':: 4 Iugx-x + ¢ is the required solution.

LA nGaady-as




fu"*'-‘“"i“‘g differential equations

Iv¢ o S | 180
o I %*;+x‘ 701+ X%
s$in“x

= i
S Sy

1 n.}n d"
=‘:F5 il__. {1_-\ }d\

T A
nIQ!I,’[FJd\ W+ 2y =4

I I =y, AP ) DR Ry
;‘.:JL y(x’+l]=.f—3'_h + 1) dx i | _ ‘ “J__ﬂ%_w: i
Ft J ’

::;.'-- : : (1+x‘|ﬁ"+h €

=1
mn X

dy ;
X COS \J: + ¥ (X SInX + cosx) = |

Sy
cos' X gty = fanx
dy

sinx gy T Y cosx =X sinx

< Ty coX ; 2 cosx

oy
d
dy
» 3. r¥tlan X =secx
dx " d e

ul'inearfann,Pu-I Q=y+1 | Sl DRSS |
tf : Klﬂghdxv};:_lug_\
i

u u-JFd}'_ ~iIdx = o)

gy mal solution is 13,

dx + ¥y = cosx

“‘LF =IQ x (LF,) dx
}'+c"} dy +¢

4. (1+ y*) dx = (tan’'y - x) dy

13. -U+f1+(x-c“"i-‘1%¥““

. =.'._. ¥ d},_‘,'rﬂ'?d}pu.yc-a;.t +C

squired solution. ;

i v
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Aahemei -

SBernoull’s Equation. It can be solved by reducing j |
equation, =T
For this

d §

Dividing both sides by y",
e

yn -ix +"=.Tr )

e ohr-
y-n-l =y
Differentiating it with respect to x
- gz E
dx ~ dx
S0 the equation reduces o
I

{11+I]dx

(-n+1)y

+ Pv=10)

v
L g TPent )v=(-n+1)Q

Joene s

50 ili !nlcgr&lmg factor (L.F.) =

Answers
1 1
Loy ey x e 2.y =1 4,c0
3. y-X =sin'x+c dy=dx.yi.
* 1
5. yl+x)=x+ce’ 6. 2y N o 2
7. yxseex =fanx+c EW'M"“‘H'«\'L"
9, ysinX + X COSX - SINX =¢ 10. 2y sinx = . . =
¥ . Ll'rt".l
. ¥ =sinx +c cosx 12, X
i Yy : : }.II‘LI\_1iﬂL\|
13. 2y=cosx +5inx tce” 14.
:’II 1 o i ftdf] }I i} i -
PR Yk o= 16. 4xy =x%4.3 :
15.7 Bernoulli's Equation
The first order differential equation of the form
dy — A .
a Py =0Qy", where P and Q are functions of x alone is |
5 2y

Firar (hvdier imml f srag h-
Worked Out Fumplrts

[
1’“““ d\. ;_l l—
L‘."‘" b X
Her®: dx
pividing by ¥ . |
A -
v 3 ) "
Y dx X
4 o ﬂ__“r: dv
= g3 L
put ¥ y 7 dx dx
gp the equation reduces to
_ Lidv 2 I8
2dx X il
i
or dx i X
: -4 -
= linear form, P=—, = A
This 15 = Q Z
S50 L o

Its general solution 1s,

v LE. =)0 x(LF.)dx
| | 2
o - R
or kit :\_4 J " ax =
e |
o P T=5%+cC
¥ X 3 X
3=y +ex’ is the required solution.
dy
Ex2: Solve: == +—~: =
dx " 1-x* YT \\J'_
Solution:
by, | x -
Hm_; I:f_'i,, + ] . .\__ .II - ‘-\.l[\_
Dlvldl.ﬂ _|_='-.h| X 2
e by [y g e
. -\Jr._ " ¥ dx | =X
Pu[ }.": =y _L -1’2 2}: _.d_‘:l.
So R ) x  dx
the equation reduces to
Wi
] X
g — =
d:( I - x' v N




r.

h 4

A ST 15
ar # +:‘l -X i v 2 "q 4 clul H-U‘I"I“' n 15,
X X & :
This is linear form, P=57"75, Q=3 __‘”[ Q = (LF.) dx
d ‘ r %= __"\L'.. d-‘\- +C
Fdx f.}"? i ] Y W , ¥
Sﬂ LF =J =_’E ar [ Il‘ﬂ""l =XF =CTC I8 lI'IIL'. r'c"-IU!l'l:d -‘\“L'Lll.r
2x) ' y % log o
I']“Lf'fd- 550 3 log(l - x°)
e =

= l :
(T-xH™ dy

" Solve: dx

Its general solution 18 fr ¥
A L ) o Jution - :
v % LF, IQH{I,F.} dx 0 TR W5

—
HETSs dx

3 3
-yian X =Yy lan'x

v J‘ X e
o = i X+ C ) -
-dt Lh =iy BT
Putl-x"=t -2xdx=dt, xdx=—7" . Yo" 2y" tanx = tan°x
3 Ay .
Bde. £ e o9y _dv
st 3 Fal Y= 7 dx T dx
P « pauation reduces to
_L_n 0, = &Il So the equ
R l=x")" megl-xy e dv _ )
- T - 2V tanx = fan” x
140 | _ o
3 (1-x)+c(l-x)" is the required solution, dv

ar d-\_ +2 1Ianx. v=- tan” X
” : P=2 :
Solve: x + y logy =xy e’ m This‘is linear form, P =2 tanx,
ﬁ;‘ . 205943 RE| |

Solution:

S [F, = |f dx _ ‘|lu X X = gdesecs T
d Its general :m!amun IS
Here, KH'E'I- y logy = xye'
: | v x LF. f)-t]i’.hi.\:
Dividing by v;y,
}""_! logy 1 OfF Vsec x=- J’hnf X sec” xdx+e
dx X | Put tanx = L, F.CL‘EH dx = dt
 dy  dv . . i tan X
Putlogy =v, y H'.':__‘ | or ‘-'::'C::'r-;==J-l di=-= -g==—7  =C
3 3
So the equation reduces to, ) tan’x

M ¥see = + o

ad

E:,s Solye. 4Y , 1

% dx *

Firar Ordlor s Firsy Fhepreg Dt

- 3sec’y + y tan’x + cy = 0 is the required solution.

1 1
x fany =17 tany siny

Q=-tan"x

xam.blogspot.com



Firsi Fk{mw;”%ﬂ
T C—

1
E 5 lany tany sin J—0u \
: '-! e I;rch'dxﬁ;:""‘ e e "'-lla‘.u
Dividmwsmy so bF- :
1 jution 15,
dy cosecy - | s0
cosecy ¢ * s
T . = fox(F)dx
Put cosecy = v, " :
L i
_I d'" 1.-_...::-:: = ‘l. 1.1"\ C
- cosecy coty = G- of ]+
sy i
The equation reduces to ; ['r\ gl
i
dv | l dv v | =1+ x){e" + c) is the required {
R Xl Y axx X Ay =TT e © required solution.
< is i il i Exercise - 24
This is linear form, F=T, 0= 7
I I o ghe fallowing dil I.u:c:n:;:l equations
So I_F_szdx.__e' ;d":fhw:i_ ; sy Y

Its general solution is,
v x LF. =,[Q x (I.F.) dx -

R L
| = ! . J— =
or vy ;._']d:\ ¢ et T

cosec I .y y : S
or =_"}I T+ C 4 EL_:"'_ +4 log y="13 rllli-‘_EI y) T,_'I r E.'r.i
X X dx ~ x 3 X -

= 2x=(1 +2cx’) siny is the required solution.

Mgl Bacd BE

==4 v gin2y = X" COS"Y

Ex. 6: Soh't. —I* = (1 + x)e" secy
dx 1+ dy
b. cosx _-_d‘.x = y(5INX - ¥)

Solution:
dy tan R /
H Efﬁ% = (1 +x)e" secy 1. xﬂl;:-+ y=y logx
D“l"idi-ﬂg b}’ Sﬂf.}’. ! d\,r M BE

dy dv g 4y tany iy
.v:ﬂsya‘:é—dx T4y = U X e secy.

dy 1 (i
. Ei“‘“'sm:, X' COSTY
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A Tevthood ‘é'm N fane loctimnaticn=
Answers

l. 2x=ecxX’y+y

i

- ; 'H -
3 A&=(ex+1)e 4. =Tog y [ Ik""
LY
3 1= 3 3 \7 E)i
5 fI‘ many ="'? e (x-1)+c 6 SCCx = Vitag
o <Ml g
7. c Xy 4-}.,:1055.' 4+ )= B, SCCX =y Lan i
9. siny=(l+x)(e"+c) 0. 6y !em;. \: Y
it
15.8 Exact Differential Equation
The first order differential equation Mdx + N\,

0w, |""-'rl.' M

N are functions of x, and y is said 10 be evger

function U(x, y) such that Mdx + Ndy = d( U v))
f.e. ift Mdx + Ndy is perfect differential
An exact differential equation can always be

= . S |-,'|-._.I il
differentiating of its primitive. lained

For example,
."i:d}r' + 2xy dx = 0 15 exacr because
x?dj.' + Ixy dx = d(x’y) and [ X"V is
given differential equation

Ihe Predeiss
.||,_ rimitive of

Let Mdx + Ndy = show that

) is exact, we have to

M _ N
gy -

For this,

Let U(x, y) = ¢ be its primitive.

Al

ax B Gy dy=0

By definition of exactness, it should be equal to given equation

Bt w20 - gu
Thus M === and N = oy

I I]Il:ll:: r--_l .

A necessary and sufficient condition fifferential equa
! [ I|-.;r i -"n
Mdx + Ndy = 0 10 be exact is —
el X

1

Fiesy Orilor u.ug,l'j’.,_u I”ﬂ"fﬁr f.“ﬂ
H‘ﬂum;’
e L™

aN | to sl i
aM _=— we have 10 show that Mdx + Ndu= .
L.:‘sr.'?.‘:-T ax dy=0s €Xact,
ar s
’ au
e M
aM_aU
ar oy cycx
-:|__' |-'.r\-‘_! 'E
aN @ (2u)
ol T %\ "-'-
Integrating
:-'li
SOL L i
N ) i
Thites
- o'l fal A
Mdx + Ndy dx + | —+ m-]Jd
U B
g R A i(y) dy
T
n[. i Ii}_!lii}'] =d[U + F(y)].
It shows that the equation Mdx + Ndy = 0 1s exactL

159 Rules for Solving Exact Differential Equation

the first order exact differential equation

follows,

The rules for

Mdx +N dy =

L Integrate M with respect Lo X treating y as constant.

Il Take those terms of N which are free from x and integrate
them with respect to y.

L Add the above results and equate the sum to some constant,
gives the required solution.

solving

0 are as

15,
: [“tegrdtmg Factor
I‘u;c first order differential equation Mdx + Ndy =0 is linear but
“‘"ﬁd Xact then it becomes exact if we multiply it by § o - factor
Integrating Factor (LE.). In man}* cases. N- & '""ia
are M b‘j w as w o IDAS E




xdy + ydx

2. xdy-ydx
x dy -y dx
xdy-ydx
xdy-ydx

xdy-ydx
3. xdx+vdy

x dx +ydy
4. dx+dy
85, 2xy dx- x°dy

6. 2xy dy- y'dx

r o .r.?.r‘

xdy +ydx

. .. . ek o g Moo
N Equatior ;

f} IJ.{H.I’ l.-rjmu;r,”
xdy + ydx = dixy)
i ¥ dy +vdx
I:;; . vy = [lv:l:___- \'_:I'J
il
(xv) S i o - '
(xy)" (x dy + y dx) =1
m+
1 xdv - v dx v
— . '.l! Ee
X x | \';'
I ¥ dy -vdx
B (X
:h. :.' |_}.'.|
._I._ xdy-vdx f A
= v\ —I.ill tlll__"'l
XYy X N Ry
! x dy - v dx "
X+ X'ty ~d\tant)
1 | Y |_1.§ B ‘-.j.l‘»._ i) XA
i R Tt B Ve g i
I xdx+ydy |
= p—— =35 d(xX"+y
| xdx+vdy | (1 .
— - 5 Alog (X 4y
e Xty L .
| Ix+dy
- - '.Ell""-'..':“-'\ll
X +y Xty S
I Ixydx -x"dy X7
— et g i . e || —
y y 12
I 2xydy-vidx _ (Y)
— _-_—_-i""_ I
. e d [ ey

Worked Out Examples

X. ';ﬁhiie:-{:' +2xy%) dx + (2¢°y + y) dy =0

idﬂ+{.xy+y }dy 0
N=2xy+y

Firat Chrder and Frrw Ly
-

keeping ¥ 15 constani

|3.-!-.th.
: X
_J-”..- + Ixy ) dy ==+

oW

king the fenm _!'r-.-u fromxinN, ie.

e
1,,'11:'\- gt
Sl #
. « solution 1
o the T ,_.J_mrun or
fence
3 2
:- - "':_ + X :tl . L\.
il ‘L. Ty taxd .
L

5. Golve: % dy +(x+ 1dx=10

fas e -

glioms

Here, Xdy T X
M=(x+1), N=x

W 1ydx =0

Al oM

f—'-i ={} =
oy X
M N

S0, __,;_ = o the cqualion 1s not ExXact
L {

So. the given driierential equs iion can be writlen as

xdy + (x + ||j~~.’,-'-_

variables

Separating the

gy x+1
T 1 b
! X

Integrating
logy + x + logx = ¢

loglxy) + x = ¢, is the required solution.

E

L3: Solve: (x + v) (dx - dy) = dx + dy

Salution:
Here, (x + V) (dx - dy) =

The ¢ equation can be written as

= dx d'l.

d”-d}1=d: : :;1'»
m‘[ d""j d}f:j d(lngl;x+}‘])
I‘: c"‘x-}lulns,{x_l_yi .‘-r

(X ty)=c+x-y isthere

a f"'ll T l‘h-l




M?!'S“z’“h‘ {y + cos5" X)dy=10
or (cos'xdy- - 2y sinx cosx dx) + y* dy = ()
y

Ex. 5: Solve: (x’y* - y) dx - (x*y" + x) dy = 0
Solution:
Here, (x'y" - y) dx - (xy’ +x)dy =0
The equation can be written as

Xy (xdy -y dy) = (y dx + x dy)

B iy ) - !Ldlf;m

or dew j}—d} J'd(w)—ﬂ

.'C
o =
?. g%y ©

Xy - x:,r"' + 2 = cxy is the required solution
Ex. 6: Solve: xdy - y dx =+/x" - v* dx
Solution:
Here, xdy - v dx = 4/x" -y dx

xdy -ydx  dx
'\fl-_',rfx X

ca¥) _ [dx
or Id(sm x) —_[x
or "t = logx + loge

.-‘ i?‘*log cx

3 . o a
. 3y cos 2x + 2y + 3y = ¢ is the required solution

or Id{ms'xy:l-f-.f}"d}'-—*ﬂ or cns-_\:.- b
{ -

- 3yl + CO52
or yoos x+ty'=c or =———=X, .,

c,

-

Fivat Orglor i Firgy
f’t‘rrn— -D'I'Hrr
i f

o y(axy +el)dx-xdy=0

u!t"-"'-‘d\ xdy=10
H"‘ 11.,:’_1'& edy

axdet ¥

‘[u.\. dx "J"-' II =0

G

of
or
BA 4 ==

ax-y +2e” = cy is the required solution

Exercise - 25

2afve the following equations
i

I (2ax by) y dx + (ax + 2by) x dy =0

7 (x-ay)dx-(ax-y)dy=0

- dy 2x-y+tl

g dx T x +2y.-3

4, h“ﬂdv- (v-x)dx=0

5. Ixydx- -y ]Lh- =

6, (x* }"-' F2X) dx + xydy=0
dy

L x5+ v=vy"loex
| A A

B, xdy-ydx+ a(x” + vy ) dx =0

8. ‘xdx + ydy + (%" + }r:‘] dy=10

. (1 +xy)ydx+ (1 -xy)xdy=0
. siny dy - y cosx dx + )': dx=0

d )

13, xmae'){y dx + x dy) =y sin (I (x dy - y dx)
4. cosx (cosx - siny) dx + cosy (cosy - §inx) dy =2

B x4+ gf}di' =iy dx

NepaliExam blogspot.com




O (e 2 dx+ 2y dy =0
[ l-"- :;.w_*”dx-}bﬂ—x‘}"dx*ﬂ
- xdy - y dx)
Yy

20 xdx+ydy=2
2t (24 ds- Dy dy =0

Answers

axy + by’ =c¢
y-xdxy-3y-x=c¢

exy + | =y(1+ logx)

-3

9. x+y=ce”
ll. sinx=v(x +c)

13. xymsﬁ) =g

14, 2x £ 2y +sin 2x + sin 2y - 4 siny sinx = ¢

15, ¥ +ey=x 16. x(xy-2)

T r“ \‘I - -
7. V¥ +y =asin (mn" (-U te]  18. x+log(x*+yj)=c

=0 (Xv-1}

e 4 B II”'.I [
19. sin”' (xy) + 2log x = ¢ 20.x7 +y~=2a; tan "\ )18
2l ¥=x(x+¢)

44

First Order but

" not Fy
Degree Differentia) ¢ First

Equaﬁﬁns

I [ntroduction

LJ';

et P = dx
0 15 called Fir der b '

called F rst Order but nat Fipst Degree differen |

i aich  an f I 0y

0f such equations containg only one

| 6.
The first order dif
] 11 i I-JLT1.\'PEL.5L1.IJ| :
“qlation of

] e f.m.m
fix.y D)~
.:._1|.1:L1|n|1
arbitrary constant

Ihe solution

16.2 Splvable for p
[f difterential .ll; lon Iix, y. p)= U can be factorized into tinear
AS AP - It (% ¥ AP = 0x, W)} o0 - 6 G 30 then

factors such
itis called Sofvable for p. Each faclor egusnte e
. cquated 10 zero, we pet the

solution of the form

Fy(x: ¥, ci)=0, Fs{x, y,ea) =0, ...

e i FIL\;_ Y. 0. )= 1."-
Its general solution 1s

) Fa(X. ¥, €} coremeihenen K v, ) =0,

Worked Out Examples

Filx, y

Ex. I: Solve p* - xy = y* - pX
Solution:
Here, p: -3
SR =-y) (pty)
or 1|"|.}':|[|3-}
r'.i“h.‘L

- Xy +px = ()
= X(p=yl=u
X)) =N




Eggon - Adativeraonrfon-t
Pt v p=1 Q= . dy
Which is linear form. =0 | B Geew=g
£ o
Sn.lF“JF"" n:’l - s TS s
Its general solution 15 i
e y* LF. = JQ* (LF.) dx = ¥Y-T7 =¢
::-J.'.!::I{-x].f‘d.\=-.\'E‘*J'lf-I]-:"d_w.; = xet > d"-'-":. o=
S AN i ey : -
= XY xe+¢ rcC i of P 0 > A=) il

— y==X1 | +i:l:r‘
= y+x-l-ce” =0 > [Ih - Jax=0
- .I. 4
Hence, the general m.‘llult-:rn of given differential ¢ quation jg -
(y-ce’)(v+x-ce-1)=0 =

Y Ak
Ex. 2: Solvep’-2p-3=10 =AXY Ty + )=
Sﬂlllh;;re - 3=0 Hence, the general solution is
or (p-3pt+t1)=0 ("7 -cy) (X" -3y +c) (xy+ey+1)=g
d‘ 1 ] '\ i
Either, z=-3=0 = dy-3dx=0 Fx, 4: Solve: pr +3xpT -y pl-3xy' p=0
= y-3X=c¢ Solution: W T, -
= y-3x-c=0 Here, p* + 3Xp™ - B, = ANY- Rt
L or (p+3X)(p -y
+ | = = - ’
ar p+l=0 :-d ] =) or piptx)-yplp+3x)=0
= dy+dx=0 or plp+3x)(p-y)=0
= Y4x=¢ Eithe s Lt . Oy o8
=S iy —e =0 el D= > dx v
Hence, the general solution is (y - 3x + ¢) (y + x +¢)=0 (
dy =10
Ex. 3: Solve: (p-xy) (p - ) (p-y) =0 y=¢
Solution: 0
: J L el e
H\‘.'Tt.[FI-x}pr-x‘]I:p-}' )=0 dy
X : or p+ix=0 = 5-+3x=0
Either,p-xy=0 = %-.wzu. i
o M=
y - Jd} J-Ui“ {
:::-!‘"?"-J’xdx*'u 3%
Y = +-:-. =L

2

= Iug}*-%' + loge =10

1-4
(="
-
ad

= 'ﬂB{FL‘FT o p-y’=0 =>ge-y=0,

= ye=e'” A P




::ré‘,‘lf ~x¥e=0

= Iy #1-2cy" =9
Hence, the general solution is

(y-¢) r*%"z") (2xy* +1 - 2¢y’) = 0

Exercise - 26

Solve the following equations
I. p+p-6=0

2 P:+3px-3x3=u
3. poplette’)+1=0
4. plp*+xy)=p’(x+y)
5. ¥ H(x-y)p-x=0
6 P:‘{‘EFK“"p}"rlx}l_&ﬂ
7. P2 -y - 2xyp =0
8 Fj-lﬂ.'-"ﬁ': + Xy +}':i + %% 4 \'}-" 7

2 ﬂa | ﬂi 5 _
dx) XY g0y =0

~ (dyY’ d
) e
Answers
L. (y+3x-¢)(y-2x-¢)=0

2. (2y+3x-¢) (2y=-x"-¢)=0
3 [y-¢-c)(y+et-¢)=0
4, {yic}{ﬂy-x:-c}{}f«cc‘}-—-ﬂ

b

b':"'?f:"ﬂ}[}hx-c,!:{i
{y+x3—:}{x+lngy-c]

=) +y-c)(xy+1+cy)=0

-x*. c]{y ce)(y+tx-1-ce™)=0

Firat Ovuler g - '
Fow .A'H_-'

'L“"""-‘r
jvable fory .
|I'.l'- e f' rst order but not first degree diff i
I = fix, p) then it can be solyved ’f‘:ltmlc ot
mrlﬂ 4 . Mmiethagd of St
for ¥ uible
Lety = « flx. P!
Di ﬁcrl,ﬂlt.lljnl._ with respect 1o x,
_-1 ¢ | X [" J: |
of F"'_'¢L'\'P' ‘-'I
Which 18 differential equation in the two variables % and
Suppose its solution s F(x, p,¢) =0 5 and p

Elimmating p from (1) and (3) EIves the required solut
not be eliminated from given two equations (1

equations ( 1) and (3) together give required soluti P
6.4 Solvable for x

If the first order but not first degree differential equation is &

can be solved by the method of Salvabl

form x = fiy. p) then 1t
Letx = fly, p)
Differentiating with respect to y, we get

ey
aph

dx {
I'—tﬁ’,‘_h Ps __ I

| f dp®
or I_" = d*[_:" v P ;'5.,_..} _____

Which is a differential equation of two variables v and p Suppose

its solution be F(y, p.c)=0

Eliminating p from (1) and (3) gives the required solution.

If p can not be eliminated from the given two equations it is
Customary to express x and y in terms of p, give the solution of the

tquation,

" Worked Out Examples
|:Sbht¢}a= 1+1 Ay = A 283 j
2 J0" 1202 NS

e,y ~gp? + 2p.,

“:_ﬁl _E,Ei
2p " 2p

R -

100 If p can
and (3), then the

e forx




Frral Crder bt st Fipgr
fm!‘.“'
; “t

1y 4 -
o X=3 2 P~ =
2 o B \
‘Which isiﬂl'-‘lh‘!ﬁ' for x. differentiate 11 with respect | i Sing P from (1) and (2}, we et  r]
B de] L do, B e S
= =¥ - i +* - AV T i
.|,|_¥ _-:_'P'! p=¥ dy ] ¥ dy P_. g- 2 z x + W . {
e O S J) L : 4 pc° = 2cx i the required solution
or -~ "3 ""I-."‘dv{\r_r ~2 B 1 _
p 2p 270 ap -yp+8y =0
P L.D lgﬂ(. — p-‘:ﬁ"h-
r uid '—_ e 2 I _zr_|l L b
O p2 2 2dy\p+L golutie®” 5. axyp+ 8y =0
p+l)_ ydp(tl i) 0 T
ar 1 oy § - B ——
2p 2dy p o X=3yp | AYP
[} d } o
or J’lIlI + I_E ﬂ P_ -
B or X dy P l
ar Jogy+ IUg P= J“S L Wwhich is salvable for x, differentiate with respect io v
(4 _ i )
- L LI . dap
urp j‘l - d\: |- ) _Irl\i -E-I II\-}IJI :
Eliminating p from (1) and (2), we get ' TR ? =\ s
E: & ’ : ] Ia r
Y=y #2=y 1_ B .. = 1B(E )
Hy ¥ ar S b Iy L= " s
y Vi P Yo P &SN N
or ¥y =c +2cx is the required general solution BN 2 _ydp[p 4%
: . — Gl T T TE e s o=l
E3{2: Solve: y - 2px.+ ayp™ =0 e p 4; , . |
- - (o =4y ) 3 ]
Solution: o B - e
3 -1]1:..' Y p
Here, v - 2px + ayp” = 0, | i
i 6 = =y—
or xzrs'r—+‘—i}-P— = 2 - pdy
2p 2p dy dp
¥ or T 2T e
f a i ol
or X==—+< : 4
2p 2 YP o J‘|-.}5 p=log y + log
ich i . o : Ll o p=yc L
Wihich is solvable for x, differentiate it with respect to y, Eli e L ;
: iminating p from (1) and (2), we get
e A 2y
4y _"II':“‘
“5 I_

or \ \ ., i
C(4x - ¢)” = 64y is the required solution.




21 .“W"Wﬁ.i Firat Crder b iy § %
-ﬂ’-’lu ‘ o u"!"w;

ﬁ‘.‘: wl_zw+-x='ﬂ $‘;-3|'=*' _:I{:f!;fr-:lll-lr m"‘“"‘.
. T .qn nol easiy be climinated fy -
Solution: e 0 Gine 53 +2log(p=-1)-¢ O (1) and 2 42
Here, xp™ - =¥P o Thus \j!: +2p+2logip-1)-care the req
q ax L 2 u“t‘dmlui
3"‘5‘P+2 Ly =2px TP -
, L s . Solve: -
This is solvable for y. differentiating it with respect 1 . ST 2 "1"“: o
(F - xgE) ‘ - s ere y = = (I
gy s U0 L) oty differs -
) P g LR g sl colvable for .,L, i 1Lru3t|;mng 1t with respect 1o !
i A "}
a p. 1 dp - Ejl-"]'r-':"\{_[_':i‘.lJ‘
o P=2, T2 7 % dx i\['—"] dx & o
a p xdp a ,niinimdj
“"P'E'E‘Ald.\' i_-IF e e dx
ip
d ,ﬂ ﬂ . ".' { il § I;_]_
or \-EE (T'F) =(p"!'.,_') or -P==\* T
- dp (p’-a) (p’-a dx 2K _
or .\Z"Emz =fp ) ar- dn . p 2
d« p p dp | _
ﬂl.'- 'dgf g = | Which is linear torm, P ; ,Q=-2
(1l
d Id\ (p4 :J ~ap LT 2 L,
or j_pE - T %o, jli' = .;:—IE ap — e ] = I;_"-I‘! L ICI“T.FI - i‘j'
= oz i+ logc, Sp, its general 5:.5Iu|1|.~u IS
of p=cx ) xxLF.=JQ x (LF ) dp
Eliminating p from (1) and (2), we get T J :
8 o anp=-2) pdp+e
eX -2yex +ax =0 )
Mg - _ OF NP =-Sp +C N
or 2y=cx" gl the required general solution - B
B : Eliminating p from (1) and (2)
s Solve:y=p” +x From (1] - :
. ) p= \'.-:'\J?'%.
Solution: ) ‘=
= s 5 N ey, IO 0 L X
. i PO T 43 T et
Which is solvable for y, differentiate it with respect to X, ' or  x[x*- ax+/xd y+ x4y

dy_, 2p
or d‘.'.’.uzpdx.b

-
3+ 08 gy 4 33 Ty - 3n +y)] o=

1) =0y P
or (p-1) Zde F or 23"~3.\;:m+33.
; 2

{Tﬁ: & }.}5:

+ 2 Ty - 20y Hy) et
o 3xy .93 sy R 2 2 '

\ a4, ﬁ:\}F-F_jC-*ztx +}r]- én
) dp Squaring g

s i -

Lad | 1o
ek |12

2 ‘NepaliExam blogspot.com



e

+2)=2py’ +x' (4 of

= 24_2!!,! ,Er‘+xj
e
or X 2py =
or R();!:hx}”y (x-py)=0
or  xlyp+x)(yp-%)-2y '[P}’ x)=0

or (py-¥) (yp+X-2y)=0
Either

py-x=0

d
:ﬁ}"aii-xzﬂ
= ydy-xdx=0

Integrating L e
or -\}’F"”‘ -2y =0
or xyﬁ“z}"“
&y a0y
=z Xy
= giz F-<r I}i&-‘
Puty =vx, dx ¥ *dx

S it dv _‘31,;3;_-1_3.;: _11{2\':— 1)
e 738 o XVX XV

_..'.."l"z"I

Integrating, we get

! <
logs =5 log (v'- 1) +5 log c

or Zlagx-tngl{\*-l}f
or X =(v-1l)

or x='\f{v' I)e

(ﬁl)c

. r_, i x .

V

- T y)' = [} IS the required Solufig,,

|

: m’!w
Exercise-27 -
| f the following dif :
al solution © £ differential agugs
gene! “ Quationg
flﬂ"-'I Ih‘: p K-P3 Wi I 2

Tt A Zpx P y

T x=4p 4p

siny CO5 PX - CO5 Y 51N pX = p

4. - 32 . -

s yrpx=¥%p O P-pytx=g

- ¢ - p-p=VY 4] -I:'_\Fr- + yp) =yt

[ il h

a X7 = D =N 10 p=a+ i'ip

(I y=2px TP 2. p - ply #3) 4 x =0 |
3. x+typ=2ap 14, y= SInp - peosp i I

: <L Inx+ 1= | £ =

5. p [ J. ¥E (1+ F'l] X+ F B

\nsWers i

| cCx-Ccy-1 ) 2. }':—:QJ'L—C'

3. =4p P P +3p i+ 4.5in(y - ex)=¢

s Xy +e N

e olios 0T 4

0 REPY T

He (3xy 4+ 2 + o) -d(x* +y)' =0 "
K=ply+3)- rn"_}n}r! - *11—117}:1

1( I I
v A= of — | o = :
2\P p). Y4 P

Firat Ordor by el
First 1
exree [

WpT- |

MU+ p)'" =p {alog (pr[THp) +c} . yp+x=8p

- | -{c-x)-1
-"«'-1::-1.'1"!-;|: :
C=X

1’
'E logpte

Y=2a-ap* + (1 +p) HE, x =2a(l - p) +ee”
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18.5 Clairaut's Equation

A first order but not first-degree differential equay,,, |
y=px + fip) is called Clairaur’s Egucation

It can solved by the following method

Let. vy =px + fip)
Differentiating with respect 10 X

i I:Jll: I
Yiry,

dy dp .. . dp
B m Rt Ry TP gy

. d

or pﬂ”l“*”i“li
S,
or ﬂ=|'x+fli‘”i;]};

Either gg =0 = dp=0
= p=c
Eliminating p from (1) and (2) we get
y =cx + f{c) is the required general solution
or [x+Ffi(p)] =0 = f(p)=-x
Eliminating p from (1) and (3) gives the required singular solugy

Worked Out Examples
Ex. 1: Solve: y=px + p°
Solution:
Here,y =px + p"
This is Clairaut’s equation
Differentiating it with respect to x,
or §x=p+x$+np“"%§.

d d
or p= pt _\;EE +J:lp"'IEE

d
B o

or ' (x+np"')=0

h 4

il

el =)
fip
- ad
r I I
Tl r-:r:uilﬁF p o o 1
A
& ‘ P
« %) ; 'e E
]'rl-'”'I M g
DX
| : i
: (i :
From ’
p{n - |
pl 3L mny
i P n-
ATl = | X
- g T !
Froim 3 X "
\ i T |_|'| I'couired o
e Tequired stnou

£ :_\.-ﬂ]"' R

solution- L e—e——

or X0~ lar solution

px+ya p b

Here.y = P27 VS ¥ A
This is Clairaut’s equation

Differentiating it W th resr

dy -.' | 2a'n dn
e pExXxS Tt — _..'_—J—..._. -
ds ! UX = sjap +b" OX
ar pEpt | XNt T/ |
oF ] l \ -n- + b~/ dx
% !I il e g 0

one | X+ =
dx \" sfa'p+b7/

. d .
Either ';E 0 dp=0
dx
— '|"> = — .ij
E!imllmllilg p from (1) and (2), we get
y=cx+ac +b isthe required general solution
or ¥+ ——LE_ . ":l N vi.}'
Nap + b

Eliminaimg p from (1) and (3)

Vapi+b
SQ“lring .
' pl = @lpebl) = a@xX) p'=bX

i TN.EFEI]SExam_-:bl_::':gfspbt.cnm



Ex. 3: Solve: (x-a)p " +(x-y)p-y=10
Solution:

Here, (x-a)p" +(x-y)p-y=0

or ‘xp-ap” +xp-py-y=0

or px(p+1)-ap’-y(p+1)=0

or yip+1)=px(p+1)-ap

or y=pr-niy

This 1s Clairaut’s equation, differentiating 1w ith respect o X
dp .dp

gy ... dp dx ~*P dx
d."{zpirxdl\-"' I:]"I 1)

QE(M)
e’ ) "

(p+1)2ap

. d |
Either g- =0 =dp=0 v

= p=¢
(1) and (2), we get

the gimd_%mwmf solution.

X - +1y X

z p from (1) and (3),
ﬂ 14
E'ln‘["”I nng o :
e value of x from (3) n (1)

v 1f
ting E
k¥ (ap” + 28p) _ap

e

y=P (p+1y (+1)

| (ap +2ap - ap’ - an’)
— -l_.—._'._._'——-—-_
,:]1--!' (p+1)
ap
in - |
N
3) and (4)

ap T -ap (ap * Zap)
y Y = r\ iy | it + ¥
J t
pi 1) 2
\p 1) (D '
~ap
i XTYX il
l. p
or X TV¥] -i :
da — 77 = 4y
| |
LI / -I".::IL 15 L !:""-'_'"“I-'l.i- sineular solution,

. T 5 —
Erd: Solve: y = px -m" + p°

Solution:

Here, y =px -ym” + p

S o ‘ !
This is Clatraut's equation, differentiating it with respecttox

4. dp ' dp
--_'51"‘_1"—':["_.]‘
ax dx 7 ‘-\ul m o+ p dx

= p dp
ar 11 pH x +—F I

't.‘-rln = p dx

or )= |\ " ___ll__alﬂﬁ
L

: ‘\||||11' b p | dx
Eithe, 4P

dx"”' = p=¢C

El'minuting p from(1) and (2). we gel

[ from (4)]

TS is the required general solubon.

i4)

11)




p from (1) and (3),

; ="—'|L"t
m™+p’

sEchd Order Linear Diff&renﬂd

Equations with Constant
Coefficient

(7.1 [ntroduction

The second order differential equation of the form

3 dy b
j__‘,'r:l + Py g Py = Q, where P, and P, are constants and ©
X

m(] ¥ function of x, 15 € ﬂn-d Second Order Linear Differential Equation
By Y=

“Hh Constcnl C aefiic “1enl
¥ +m’x =m" is the required singular solution, ; i

Exercise - 28 We wrile T D o 4. D" We will consider the following second

order differential equations of the form
{D: +P,D+Ps)y=10and
=pi(x-b)+ 4, y=px+ap-ap’ {D:‘J"J]*P;'.:.:U. |
g"li'i]?:] ':}p:}l a:P_'g 6. i L Fﬂu '[P-‘E _ }r? Theorem: If y = fi(x) and y = = fi(x) are two ind_r:pu:ndenr solutions
. 2 e ) of the equation r,!'} + P,D+ Py =0ie fiDy=1,
PP 20 ey =P then vy = ¢ fi(x) + cifs(x) will be the general solution of the
ANSWErS Eq'frﬂ.'.iun.

Proof: .
Here, we are given that y = fj(x)and y = fix) be two independent
solutions of fiD)y = 0
f{D)fi(x) = 0
and f{iD)f>(x) =0
RD) [efi(x) + cxfa(x)] = AD) & filx) + ﬁﬂjgﬁ,ﬂ a
= ¢, fiD) [fitx)) ¥ & 1-
=y 0+ mﬂ"# i}

So, .-::'.-"—.'i;.'*l i X)* %E-*“

y=px+p-p’ Ly=pxty

I
e

Now

NépaliExam.blngspnt.cum



+ cafa(x) is the generg] Solugig
0

Fi
dy 3
+ =
+ P] d! sz 0
iy ‘_ ,\-:.nz then the differential equatiqy, can b
- :-r : Wi
D+ Py)y =0 e
" e a solution of (1), then (1) becomes, Ml
i H-le ™+ Pe™ =0
,mz-ﬂl- Pm+ P:)=0
™20, m’+Pm+P:=0
Vhich is called Auxiliary E:;-{:arf'an of the given diff;
squation and it is quadratic equation in m. So m has twy runf;l'-'nlia]
When m has two different real roots, say m = B then «
e s 12

equation (1) can be written as
. (D-9)(D-Py=0
Put(D-Bly =V
‘So from (2)
- (D-a)v=0

%-m’tﬂ

o Y™ a-P ; o-
y=o & + coe™ is the gm“"l'!ﬂlmmg“ 3
Eﬂ'n h;stwﬂﬂi““' mlmom‘mm_ .
W;Tquation{ncanbewrinmu b
- {D-O‘.HD'“]}"= 0
p-a)y=V
f’"‘ﬁimm (D-a)v=0
S0 dv
ax =0 or dv
of dx = _m-n
[ntegrating,
logv - GX = loge,
v @y
or I{}'E'C-l s = "r=E;E“"

5o from (3), .
(D-a)y=¢ e’

d

i EE":‘}:CIE‘M

This is linear. Here, P =-a, Q=¢;e™
[iF;= e " 799X =g =iKE

So its general solution is

yxe =J- (cie™ = g™ dx + ¢,

or yxe™ % =E;_|-dx+c3=c1x+c3

. ¥ = (cix + cs) €™ is the general solution of the differential
equation.
Case 111
When m has two imaginary roots, say m= e+, -8,
As we know that the general solution of the given equation is
y= C|E'u'iﬂh + c;e“‘ =i -
or y= e [cl eﬂh. + € e li!'hl
O y=e™ [c,(cospx + isinBx) + cs (cosPs - isinpx)]
Oy =e"[(c| + ¢2) cosPx + (e - €2) sinBx] -
 ¥Y=e"[A cospx + B sinfx] where A = ¢+ €5 BEHGEEE
Sthe general solution of the given equation.

NepaliExam.blogspot.com



Tm
)‘m‘_‘}no or m'-3 4
y=c e+ ¢s e is the general solution,

f.;,u-l +5y=10

5 e 2d
m%+ﬁ+ﬁy=ﬂ

or (D°+2D+5)y=0
So, its auxiliary equation is
m’+2m+5=0

»’ -2++[4-20
AZCLML

or m=

I
-

Thus y = € (A cos2x + B sin2x) is the general so

* Ex.3Solve: (D* -4D +4)y=0
 Solution:

Here, (D° -4D+4)y =0
- So, its auxiliary equation is
_ m -4m+4=0
B of . (m-2)(m-2)=0
. orm=22
~ Thusy = (c; +czx) €™ is the general solution.
Ex.4: Fiudthevnlue of y which satisfies the equation

a _'.+"‘!-23r 0 given that when x =0,y =3 an

ution,

d—"ﬂ

9. (D*+3aD-4a’)y=0

S 5. .
0. Emh-'cE‘_r +ux=0,p>0gventhatx=a,

db d
i H_;.;% +y=0 given that y =4whm-x=l}.andﬁ§=.=ﬂ

Caveiting

,‘.lis clﬁl - 2:;. ﬁ'h

},=3v.ht.nx-ﬁ lhun[l]becomﬂ

sing:
U 3'—|:.|t_",‘ +':1e

of 3=C ';l:-r
ing, = =0 when x =0, i '@-‘I
Aisﬂ ysing, dx Thtﬂquannn {21
0=¢ r,'n - jLw i:
or O=c|- 1{1'-\
gﬂh Ing {3} and (4) ""-H-u..l‘}
¢ =2 nm:l cy=|

-2% .
Thusy = 2¢" + € is the required solution.

Exercise - 29

dy . . dy . :

| a;%+1dx+2}’ 0 ]Ex%_;.sgi_‘_“}' 0
dy . dy

3 ﬁ*ld,w—ﬂ 4.(D* +Dj)y=0

d .
t24 9y =0  8.(D+3Fy=0

dx
and "Lﬁ =() whent= ‘Enﬁ

d:x d dx
1. o -3 H‘E + 2x =0 given that x = | whent=0 andE =0
when t = (.

Whenx =10



4 Foxtiensl of Evpuncering Vot |

1'. ’liic*i'e_l!}f‘-h‘ 8 y= fE, - :'\i:'-_il l:._u_
9 y=gerioe” 10. x = asin + bt
1. x=2e'-¢” 12. ¥=4 cosx

17.3 Particular Integral
The differential equation is of the form
“j!“""l"]l.-.:"f P_t}j":U
ie. fiD)y =Q, is called sccond order linea, dis

!L‘J‘w“

Where as the general solution of (D" +
Complementary Function. (C.F.)

Theorem 2:

Iry = Jix) is the complete solution of fiD )y -

particular selution of the equation fiD)y = O then the S
solution of the equation fiD) y = Qisy = fix) + T
Proof:

flil-:l T [J_Illln =y

1 ¢l

i it L=
™ B1X).

Sinee y = fix) is the complete solution of the equation fiDy
fiD) fix) = 0 :
Also y = g(x) is a particular solution of the equation
iD)y=Q
So, fiD) g(x) = Q
Adding (1) and (2), we have,
fiD) [fix) + g(x)] = Q
Clearly, y = fix) + £(x) satisfies the equation
fiD)y =Q
""F' hence y = fix) + g(x) is the general solution because it conts®
two arbitrary constants, |
Tﬁ#;ﬂﬂ ¥ = fix) is called Complemeniary Function (CF) fmdm
PaILY = g(x) is called Particular Integral (P.1.) of the equatiob
the theorem, the general solution of the given diff
isgivenby y=CF+PJ.

o

with constant coefficient, where, P,, P, g, coner al e
fimction of x or constant. Stanis ing
Clearly, this equations is satisfied by, v = r—rl_ O
i (L)) %
!
So that ﬁ_[}_io s the Particular Integrg) (B1) of &
L=y
equation, e
I
SR =n) Q

1
s—

ahere: P4 = fiD) ™

anﬂ.m 3

L frmcTiOn o 1 Y opergpes 1
p’ i; L DxE?" ¢

o 0 X
ENTE T

re

.:'-:‘_nl‘-' L

]
I.'I-ru-u I

) u

-
: L

et o

i |In,;r_11li'll__‘ both sides |"l_-\. D

G,
pl5Q )=Du

I.II',
or Q= Du
du

or Q=

|1|r::'5'r;11i."|:_' both sides with respect to x

u= Jl_-‘ dx

|
Since, T () contains no arbitr MSLan
ince, [ W coniams no arbitrary constant, no arbitrary  constant

being added

| E

'[_.] )= J[Jdk
Theorem 4:

| I
D-g O =¢e" )0 e™ dx, where a is any canstant
Proof:

|
Ll.'["_——i) e Q=u
Operating on both sides by (D - a),we get

I w
(D-a) |J_]1_-_u{‘? ] =(D-a)ju

B
T dx
du
ﬂ' —
B - u=Q
Which is linear Here, P=-8Q=Q

— B 2



& Tusthosk o Emginvarivng Mothewatics-|

LF.'EJM _cajudh; - 0X

So its general solution is

uxe -'." Qe
or u'”t'“."Qf-u dx

1 ax = ax d
. — = 1];' bt
» D'!Q > -[

17.4 Rules for Finding Particular Integry)
]. WhenQ=¢"

I
™ = f(2) Q, f(a) =0,

where a is any constant,

1
P-I.i‘ = f{uj
Since De"=ae”

D! e™ =a'e™

So  fiD) ™ = (D+P,D+Py)e™
=(a" + P;a + P;) ™
or fiD)e™=1fla)e"”

|
Operating both sides by D) » Ve get

fiD)e"] = D) [fla) e™]

i
RD) |
I L

s et v~
or ¢ -l‘[a}ﬂmc

| e :
or D) = E_di provided f{a) = 0

1 W \ _
2 _ﬂ_'D} e ﬁ provided f{a) = 0
Case of failure:

If fla) = 0, then the above method fails .
Since f{a) =0 ,D-a is a factor of f{D).
Let {D) =(D-a) $(D) where ¢(a) = 0.
Then

l an 1 ax
fiD) ¢ “(D-a) 4(D)
| L e -] I
“(D-8) §a)° " o(a) (D-a)

e (By the theorer!

D‘ﬁu!ﬂm "-‘ C

&

l =0 ot

e g e
dlal

] E.‘l'-

glal
I

: ¢ﬁ=ﬂ
=X

E:I_.j]_ﬁen = X d,"':J' & J:F
¢ from i 1)
aD) = (D-a a) §(D)
nifferentiating with respect 10 D, we get
’ {(D)=(D-a) (D) +§(D)

f'ia) ={)+gia)

Bt

of i
'1'”-:” = | (4a)
From (2), We have
_'_.lr-}_ g b1 . | 7 ..I ¢ 1 F'r'l":'l"- |{j|..'d. i I'i._il o “
][ I { B
Nofe
| .
T | [ g e S = g ——
If fia) =0, then i) " X Fia) ©

.|I"-|'n'.l" n."l.l.l'n'”J':'l'.E'

Here, the equation is

(D°-9)y=9"
Sp its auxiliary equation 1s
m-9=0
or m=9
m==3
SOCE. =¢e "+ s ™
Now,
y 1 Oy ;T i 1Y
i.[.'—“‘r Qp’* _x—f-l;ue--__:fgt -:.‘ht

Thusy=C.F. + P.L.

4%

Y=ce N caet +5x & is the __ﬂfl'il.'ﬁli Sniul!tm.

el s

1 When Q = Sin ax or Cosax,
We have
D(Sin ax) = a Cosax
D*(Sin ax) =-a° Sin ax
D’(Sinax) = - a'Cos ax

logspot.com



& Fenthondk o Engiring Mathomratics-{
piSin ax) ={-% i

genc:l‘ll{[}] sinax = (-2 1" sinax
fiD’) sinax = fi-a’) sinax

pmung both sides bY [{%) ﬁD )"

Sin ax

we gel

ﬂ!’)} — [RAD" Yy sinax | = I'll'J ) fl- a)

=¥ sinax

Dividing £ both sides by ﬂ a)

——*-'q.- sinax = sinax

fl- u‘}l

Hence —"-' SINax = -—"‘H 2 ]hwm'a\

ﬂD}

ffD") -3
i ™~
Similarly, _ft_lﬁ Ccosax = muﬁa'{
Case of failure:

We have,
c‘” = cosax + isinax
|
) (cos ax + 1 sinax)

ﬂD
PutD=ia

1

it HD
il

~ YD)

Equating the real parts,

I
T COS ax
)

|
m cosax=x i”fD.

=X £ il ) COs ax
Equating the imaginary parts,

¥ |
._.l:’mnx=x—"'1'.m sin ax

Then f-{D:]= f{-a’) =0, so that it is a c:

SIMax

provided - 2%
provided fi. 4%
: ded - 2%) .

provided f{- g% 2

I§ f{- a°) = 0 then the above method fails.

1se of failure.

1 kY

05 - 18iNaX) =X T
]{-:: ax + 1sinax) XFiDh ©

(cos ax + 15mnax)

::Il

prov ided fi- 8

| -
. En ax
| 1-a%) Provided fi Ujmf
ﬁlﬂl.ihm:"'
: - cos ax, then P =
'.l.-rwn{..? RE05 25 D) t
| I
iy COS . % .
D) “* ™ ={ph cosax
f-ah" provided fi- a*y=n
|
- E = » - Qi v, T W B
iff-877 0. then P.L.=x (D7) ©os ax
|
" e, il o 3
F'(a) COs gax. prow ided § N- a:]_-_ fi
Note 1: -
i (- a)’ = 0, then
I !
—-—1—” : sin ax = x" f(-g) Sinax
|
- = E p— .y T :
and ﬁ_ll ) COSAX = X pu Ty COSAX provided f (- a7) = 0

Note 2:

If Q) =sin (ax
the particular integral 15 obtained by the above method also,
|
fiD")

1
= ;1—--‘:_# cin (ax + h)
When () = ces(ax + b)
il
(D)
1
- ﬁ:‘r cos (ax + h)

+ b) or cos (ax + b), then

sin{ax +b)

P.L=

provided f(- &) 20

and PJ. = cos (ax + b)

provided f(-2)=0

For E.i'::.ru,r:lfm
o “;af:he- (D -4)y= ﬂ'mh
iliary equation ism’ -4 =0
or m =4, or m=
+ I:EL";\.

d I

Elﬂ. {_‘F = C1 c:\

Noy, | |
'P'L:'ﬁ!__g sin2x = T4 sndx

ogspot.com




Now

|
‘ PL=5TCT

3.

or (D*-4)y=y’

-_4'4
'rhus}p 'C_F_ +F-l.

then P.I. =

T W
D'+P,D+Pp, ¥

=1
[f{D)]™ can be expanded in ascending
aperate on X" with each term of the k-~:|-..nﬁ:.-nc

(1-Dy*
iii. (1+D)*
iv. (1-D)>

W CF. = cie® + coe™

e Wk oy Asthcmtic v

. |
s lx=- E‘ sin 2

ar m = -

SoC.F. =A cosx + B siny

cosdx =—7r — | cos 2x=.

Thus y = C.F. + P.1.

I i
i) 2=fp) *

|

| +

For example,

" dy 5
Solve End =4y =x°

50, its auxiliary equation is m*-4= 0

arm- =4,

:‘ il -:‘ = ' I
or Y=g tee -5 sin2xis the gepe

il. Solve(D®+ 1)y =cos2x
So its auxiliary equation is m” + 1 = ()

_ |
or Y=Acosx+Bsinx-7 cos2x is the

m

1
_!.I 1

Itcan be expanded by the Binomial theorem
b (1+D)'=1-D+D*-D*
| +D+ D%+
=1-2D +3D" - 4D°
2D + 3D7 + 4D A

D

ar m=

ral Ms]ulifun

genera) 50lutioy

IFQ = x", where m is positive integer,

. D"+ P DY
I?\ N— ‘"l

;"I"'-.‘.'L'I"'- of I.] and 1

as tollow;

-

a=y .

: g o -
A @ ) e Jeedad
sy =" = 1 ;
a 3 oyt Tk 4 ¥ -y 5the genergl Solutipg
: Q= e** V, where V is the functipg of x, then
1 | L oy "
pL=fpy R 1m) ¢ V= f(D+a) "
v Vi =V (x) be luncuionof x, they
; e Vi) =¢ DV +ae™ V=" D +av
) ['j'- *.'-v'd Vii=e (D +aD) V,+ g (D + aiv,

D e Vi)

e (D 2 3

¢ (D

n. (o V)

DY (e V) =" f{l

LetfiD+a) V=V

o

— T -+ 1)’

!|[_: Fa) LILE

1".Illll-'.‘._'lllI

8o (1) becomes

For exam ple,

Salve: I . 4Dy + 4py =¥ ™

So,CF.

= b
=€) + xcy)e™

aD +aD + g% v

FV

+ay 'V,

t'}pcrallsn; both sides by l'll-h
e ﬁl:ll__jl / ﬁ (e™ V)

or{m=-2) =W

80 be . o : . . . -
+115 auxiliary equation is m’ - 4m + 4 =10

4
or [11;’:.-
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3
Hm-r.l.-m‘ ¢
I
=" [D+2)-4D+2)+4)
n f i
=¢ (D7+4D+4-4D-8+4)"

| el (,_!_ _}] o d (I'-L'-I
=e"prx =t plp*)~° b l\7)
i

,\|<

— —

= g 20 ?{-I
Thus}r.—-(_F_+P.l.
or y=(c;txe)e™+354

5 IfQ=xV,whereV is function of x,

||-J"I - R H -
e x" Isthe generg) solution

L e f'(
gl .5 rn:uQ ) <Y = "ﬁ:m DV

For example
Solve: (D" +4) ¥ =X sinx
Its auxiliary equation is
m+4=0,
or m=2i,-21
So, C.F.= Acos2x + Bsin2x

|
and P.l. = =D J“”I:'-; sinx)

- I X
= Imaginary part of D4 ke

|
[(D+i)+4] *
1
(D°+2iD-1+4)"

e D2 +2iDY"
II.P.{}!T(!"——H- ) X
T 2

i[ 2 +2iD [D“r?i_):,,
I.P.Gf; ]-(]J 3 )"‘ 3 1

£ + jsinx
=1P.of S ( .21} Lp, o lcon s (.

3

=LP.ofe"

=[.P. of e"

e
Thus ¥ CF.+Pl
jus
s2x + Bsin2x += -
= v T Fa - 1 4
5 Y Acos=3 ' 3 Sinx - 5 CoEX
15 the @
'€ Beneral “Htion
m . 2 -
6. ”-(J =x 0S8 ax and {_] = th' sin ax L
I
Hi
then P.l= Fi ”' Fp, 9= F{DJ L Cos ax

l J
- mﬂ [Real part of x™ o=
|
and P.lL. = F(D) Q fﬁrl X" sin ax
]

= F(D) [Imaginary part of x™ '™

Worked Out Examples
fx. 1: Solve: (D* - 3D + 2) y =
Solution: :
Here, (D" -3D + )y =¢
So, its auxiliary equation is
m -3m+2=0

or (m-2)(m-1y=0

m= 1, 2
50,C.F.=¢ e" + ¢, pox

Now, Pl =——r———— s &
- (D°-3D+2) " SL35+a
= l Sx __L iy

251542 %128

-Ihu'-.} CF.+PlL

w1100}
O y=c, e +cye™ +— 3 e is the general solution

E” Solve:
D-3 =
| D+2)y=¢

lution,
Here, (D°. 3p + )y =

0, its Auxiliary equation is
m' - 3m + 2=0
(M- 1)(m-2)=0
m=1 2

or

ﬁgjs"pnt.cnm
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8o, CF. = + exe”

i .
Now, PL=p" 3D +2 ¢
| i

.,p:Ti'-_'Tr R =

Thm}"i'.i + P

o y=ee e
: dy
Ex 3: Solve: d‘dﬁ =2 dx | Sy = |0sinx
Saolution:
”ﬂl‘d‘ -Fd.\.'} Jsin
or (D°-2D+ S)y= 10sinx, when

So, ils auxibiary equation s
m-2m+5=10
224/4-20

or m= )

S omes 22
So. CF.=¢{A coslx + Bsin2x)

Now, P.l ”T_',“:h: 10 sinx
pre————10sinx = -5 1
4-2D HD-2)
| {(D+2)
3(D-2) (D +3) 0 sim

-5 -
- __"___ D+ 2)sinx =7 (D +
a7t _

=D+ 2) sinx = cosx + 2sinx
Thus y=C.F. +P.l.

oFf ¥=¢'(A cos2x + B sin 2x) + cosx + 2

Ex. 4: Solve: (D + D + 1)y = sin2x

Here. (D" + D + 1)y
§ auxiliary equation s,

e = xe 15 the general s

1 _zs
. .rl"f-'l'l
AR
Tuas
T,
il
= N
b
-
) i
il
SINX
|
L LAY
|
15 the gencril

ik SOV (D
sglutfhom.
111!.1:-,. L)
y

[
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So, its auxiliary equation is
m'-1=0
o m=1,
5L m=#]

So. CF.=¢e" +c¢”
|

b l _.’.t._':\
an,PJ.=[F—_I—} xe" =g Wﬁ‘

1 . |
® 3+¥aD+pix

2 . %
=€ (D +dD+4-N*"

n-c—h(] +14[}+[}j‘I .
3 3 A

e [I-4D+D_+(‘1”+D_}F J
3 T

=
i |

= =
=

- _i _i.:.t _.h::!x ] =
3-1 e =0 '_'Et:' (3x-4)

Thusy=C.F.+P.1

o [T
= X =X T 'y .
Or y=¢ & +tce” + ge (3x-4) is the general solition.

d!
Ex. 7: Solve: EEE + 4y = sin’x

Solution:

Here, 5';%1» 4y = sin’x

or (D*+4) ¥ = sin'x
So, its auxiliary equation is

m +4=0

o or=-4

& m=%2

So, C.F. = (A cos 2x + B sin 2x)

1 )

| - COs2x
Now, P.I. | - cos

D2+ 4 5in'x=D:+4 ( 2

|
= r -tI'.!.‘ - p
WD’ +4)¢ "D +4) °°F 2x :
(Case of failure for second tem

%‘ -3‘15 cOs2X

[T
-gX Sin2x

e e s

1'1D+5ly=ﬂhlim

“::: (p*-2D+ 5)y = ™ sinx

ere. . ; F
oI guxihﬂr}' equation 15
it ¥
; m-2m+35=0

m=
m=1%2i
.%{1. CF.= e (Acos2x + HS”'I:’:”

Now,
I

Emmn R |
P.L (D" -2D +35) € Sinx
1 .
“ H{D+2Y -2D+ 7 _‘T:'ﬁmy,;

I
4D+ 4-2D

1 _ 1 :
AT i cn SN = ——
2D +53) (- 1"+ 2D + 5) Sinx

s5ih %

2%

¢ (D74 4435
\-"[!]_;
I
(2D + 4)
3 _____l:‘i}-zp d
2(D+2)(D-2) ™=

51N X =

Thusy =C.F. + P.]
or  y=e(Acos2x + Bsin2x) ‘10 e™ (cosx - 2sinx)
15 the general solution.

Ex.9: Solve:(D? + 1) y = sinx sin 2x
Solution:
Here, (D* + 1) y = sinx sin 2x
lis auxtliary equation is
m'+1 =0
m=d|

50, | C.F. = Acosx + Bsinx
RSN W e
"ﬂﬂP.L-(D +”.{51M5m3!}"{|) +Hl'ﬂw“" w =

NepaliExam blogspot.com
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._-;-—— (05X = COSIX)

ﬁfp-+ll
1

’3'.'0"”” COSX =37+ 1) COsix

< X
. - COSIX =7

I
4D
Thusy =CF. + P.L

} X . I
or ¥ =Acosx + Bsinx + /sinx + 16 cos3

Ex. 10: Solve: (D’ + 1) y = x sin2x

Solution: -
Here, (D" + 1) y = x” sin2x

Its auxiliary equation is
m+1=0

or m'=.],

Am=i, -

So., C.F. =Acosx + Bsinx *

and P.L=[T]-_r'+—” (x” sin2x)

IPGFD I{\L‘]

¥ -?&T[m‘h'ﬁh*ﬂﬂsfx+3x}l

sinx 4

X

IS the gene ral gol

= Imaginary part of e'** D+ :]”} rerR
- =L.P. afe”*mum'}‘“ 5
| = L.P. Dfe‘hm x?
= 1P, uf%.-!% [1 X M}" e
ﬂp&f-uf_;—;—‘ [i + 4iD3+ D, (4”3 + D)’

(Case of failure f,, fi

16 S0s3y

8
g % Cosly

o oot o b

! (2 26) B
*Es'"' L g ) “gXcos 2y
,;.-'5 sin2x (26 - 9x%) -

‘}'hu!»"-"L F.+P.l.

or

8
. Acosx + Bsinx - 9 < X codx 4

Exercise - 30

|ye the ﬁl![i‘l'ﬁ‘- ing equations
'1'.

-
1

, &y o dy

(D*- 1)y = 5e**

Li—r-:'; _.jib‘rl + 3y = J
dx” dx -

:[): % lI!'aL— cos4x

(D--D=2)y

= sin2x + ¢*

= 4+ 3 I :\." i C.‘x L,. -
dx = dx : X
d Y dy Sl
& " fax tysxe”
(D° +2)y = sindl (xV2)
gy 8y s
T 4Y =€ COSX

dx” ~ “dx
dy , dy

dx. tgx -2y =X Fsinx
(D* -4D + 4) y = x* + &

) (D-2) y = x'e?

(D*-3D 4
(D*- 1) y = sinhx

2) y = coshx

(D? + 4) y =X sin" &
(D" - 4) y = x sin hx
+y = xe" sinx

ax® " < dx

+ (D*+2D + 1)y = xcosx

e 0 =

w

A

D= j:ﬁ}. e

—

-y - ':1-‘] g-:.-‘ r‘m X

'S the general sougion

_ e
d*y

ay :
dy’ * 3Y =smdx

d’y
—

e T XS 008X

Jos B E

| “I_:':}g"spnt.cum




Answers
3 n
I r-ﬂtt‘ip:t‘-i- CT 2. ¥=(c; + XC1) gl
T i
3 yrl’.‘jﬂ“*ﬁl‘ +xe 4. y= Acpsd

: N
5. J"w” + Bl 5 SiNdX. Gy « Acosx 4 Bs; l
I T -
- 1 X 5
7. y=ce t6 e 350 (082X - 3sin2x) . = o
2 =

-4 #2n T

8 y=qe et 170 (1] sinx - ?‘-"ﬂ.‘ix}
i

¢ -
9, y=(oytxca)e +g (2x"-4x +3)
Ll
]'ﬂ ?—;‘{Eﬂﬁ[“"ﬁlj_‘- BHI“{\"."}} _ul'_ \'i.'ﬁ"‘-it),_-'\'q"

Il y=¢"[Acos\/3x+Bsiny3 x] *'*I«‘L‘“ﬂmx

2 !
12 y=c & +c, e‘-m {cosx + 3 sin :~cl-4l (2x + 1)

= 2% i = T 3 | =
13. y=(c,tXxc)e T3 (X 2x +5 ) +5 e

X -lc_‘\

14, y=(c;+csx)e™ +- >

| |

= i ffa s et T Y
I3, y=ge +{.‘:L"-"!2¢:1—3M_-"

X
6. y=cie" +cie™ +5 coshx

! X X -
I7. y=Acos2x + Bsin2x + i T‘msix -Tg X sin 2x

I

|52
= |

]E. y = CFE.J.\ + Cs [:3\ =% sin hx - ; cos hx
o
19. ¥ =(c; + xca) e* - e* (2cosx + xsinx)
X L=,
20, y=(c;+cx)e™+5 7 SInX -5 (sinx - cosx)

S

I
'4“.1-

75 HO

._K-d-BSirg:]'x X | o di ﬁg:cliﬂll! equanon of the form

o f—

;wh- —
r..,_. tu

ymogeneous Linear Differentig

Equatigy

" : d™y
---—-:,.»«i X g T T4 5 \_‘1_'."_
“dx TPy=g
where Pub> Pa are constants and g ghe flaney;
glled | jomogenous linear differenyiy] CquiEtion :. .LJE O tlone n
B nth ordey
The differential equation of the fiorm
L&y dy
\f‘._a, F P+ Py =0
dx U s
) 2 1
where Py, P> are constants and Q the funci; 0N of X 15 called & . l
arder Romogeneols linear equation eCand
1.1 1l gecond order linear dafT l
i_[_[l'l'- \1L|||L!| equation is
dh dy
w=T+Px3-+Pwy=0
dx dx . 4 A0

or l:\:”. FPxD + Paly =0

This can be reduced to the linear differential equation with
constant coefhicient by the substitution

; de |
A= O Z=logx and —|/— = -
= X X

dy dy dz dyl ldy

farthen - = = =
et T =% & ik

S0 ey Oy

dx dz
: dy dldy)_ 1 dy,
e dx- d\ 'm d;J “x* dz
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Thiss, the equation (1) reduces 1o

: dy
s PPy -Q
e g :
Writing 5 =8 we get

(& -8+PS+Ply=0

es it to the linear differential equation with €0

e
-

e

Worked Out l".nmpl,“

p’ +xD Ay =x’

sotve 1

1 seeritinl SOguEeT 18
-..'“'”‘ |!:~u".‘.!:!'-" ¥

ot i +xD-1n
- s L3 L
or [& +(P-1)o+Py=0Q et diflerential equation ©
¢ honwiE= ; s L
X - ’
This is second order linear differeniia) equation wigh Tty : .
coelficient and can be solved h\ the methoe die-of line I?-.-rl.-.,:,n-, . e SQUATION | |} reduces 1o
equation with constant coefTicients ¥ ’-=|IJ-.-I'.':::; = (O
[ ¥
Sumilarly, it can be proved that ry equatic
5 s 15y !
'.‘ I i
.‘t'd\‘ =5 (8-1)(d -2}}' €lc., so that I g
C.] Cs p—t
b \
n ]
\:" dxll i :ﬁiiﬁ~|]|’5 '_-I.l . = .|'1';‘-h i 'n'v.i]l‘.rt, & _i E':] i
dz
. - JEHInE
Thus making these substitutions the nth order | lingar homa 2en0 Pl SV e
differential Lquﬂ!mn 15 reduced to the linear form, : L ; 8 R

i peneral solution 15

y=0ClI b "L."\'»"‘x
X 8
17.6 Equation Reducible to the Homogeneous
Linear Differential Equation LSalve :(x* D - 2)y =x* + :!
The differential equation of the form Solution:
dy e o Here the differential equation is
R ot | -J‘ b 1 X - E_ﬂ—_! ={) % 5
{axth) ax" +P(ax+h)" W o P {“'Hmdx Py=N (K7 D*-2)y =3 _|,
" X
where Py, P, P P, are constants s s homogenous differential equation S0 put
e TN i : 5, w;lehd |
¥ = 10 = =
Here the substitution ax + 5 = will reduce this Lqu"”"“t: IIUILE::m Bl 4 dd'\ .
and further subsil oy G2 L 4 1]
Homngmnus linear differential equation e

pstan!




I 1dy dz ' [
ai)-xa s ra(-Y) sl o T
. I ok EA X LOEEnOus differentinl equaticn S0 put o
- -'fx.—ng:—-(ﬂ _ﬁ ﬂ;i:iisw ,Lﬂl:"- £ = logx
x dr x"dz x"\dr g
ud » : 2 Ty =AY, XD y=(F .z .
2 ﬁ-%:ﬁ"y-ﬁy thm.-,‘:i‘_—.-:-:? XDy =0y y ﬁ'“b“"rma_-g;w“
de d&r : squation 1) reduces to !
£ =122
or (3’-5-2}}":'“. ) of 2
This is differential equation with constant coefTicieny i | dY _ 122
o0 s bm'*lhaﬁ of dz
1 it o s elv
m-m-2=0 ,,-,,uukl'-‘”""':"hm ¥
[l = i 5
or (m-2){m+1)=0 | ¥ dY _ g7 4
m=-12 dz t |
. 2 2 TEETC v
2 e I 2 J - '
CF.= ¢ e"toe™=" +orx oy 7ol ‘
: ? . y=2(logx)" *¢ilogx+eyisthe 2eneral solution 1
I Ty a ; 3 ¥
PlL =3 (e"+e )= e e B 57 cdy Jdy lae
6" -8-2 0"-3-2 5-52°¢ §. Solve ¥ dx 1 dx =Y =X 0RH
Onpumng 0 =2 in the first term  the denominator becomes Zern o ¥
multiplying by z and differentiating denominator with respect 1o ,ﬁ ' glution:
first term and putting & = -2 in the second term. 4 3 Here the differential equation is
L ol 2 AR SRPRR
=S - 422 Xde Nax oY TR loX
l ] ‘:.") [ : |\'-||‘.-II"!:I -_'|-. X ||3;:\_' {1}
== ar e £ i e . ’ . .
= (—'_4_1 —E 4% = i 3 AE This i |:-|,_|'|1'|-;_'|‘|_:I|.j'j|-s.l,!\-.|.|I-.h’:_‘l'lllxll.CL!!-il..i'l'It'!l'l.f\l-[‘LI.l
- K= £=logx
= —logx + . ' ; ;
3 gty e T 4
I T . xBDyv = dy, D'y =(0" -Gy where b= ()
J So the general solution is :
y=CF.+PlL S0 the equation (1) reduces to
¢ | (8°-8 -5 +2)y = &'z
— El [ .J_;__‘\—. _! — y
¥= Tex logx + 2.3 - I T T
dz'!" 4 _l_ f_‘f_ - 12 log x WXy equation is
dx x dx X M «2m42 =

| ere the differential equation is
iy . 1 dy lEIﬂEx
. ..-I.- B =

(]
Ll_‘-lgﬂ-t-:ﬁ __::':J.r—-i e

=144,

l'., — EJ{AQW+BSHE‘I=11\AM

m =

g.l
20

g + B

=

I -
A P e

NepaliExam.blogspot.com
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Wiriting ¢ outswde the operaos and replacing Sby & + |

|
P - ’
ERHIT - A2 T T

e 5Tl (z2)=e"{ 1+0°9 ()

e (k=&.+ 8" X

= ¢ £=xlog X

Its generl solution s
y=CF. +P.]|
= A xcos(logx) + B x sm (logx) + x lonpy
® dl‘ |I$ af
E Eolve:ix+ 2 5T - 4(x +2) 3= +6y = , Bolve
& Saolve: (x Y 4 (x +2) 5 Ty = x. :

-UHI“”:I'

Solurion:
Here the differential equation 1s

. iy
w3y o F =X 2T Hhy=x
( idx ]{|\ : i
- I |:--I..-'-"
This is homogenous differential equation . Put x + 2 = ¢ i

dz |

z=log(x *J}_'{K e
dy dydz _dy I
dx dzdx dz'x+2

dy 1| dy

™ 59

dy
and d_hﬁ_dxt.'-.*‘r.

d dy dy dv
x+2) 7 r=532-71,
dx dz dz

So (1) becomes

1

&y o ,dy
dr dz iz
v d - " A
g_}'sﬁiﬂ}':“-': (2x -1
or (8 <56 +6)y=¢-2 _
This is differential equation with constant coefficien

m-5m+6=0 &

+hy=¢ -2

¢ [rs auxiliary 68




‘ ’-H n'wxh
il
or % qﬁ 4-1}' 3 d:" : {___!l _dy = ¥

1
25*‘-‘!?' +3 & :
= or Iﬁ’ b i .-Lj_-__..h;}.g

lﬂmwwﬁ [ s X ds

o =2m+2 =0 |

G

: e
244/ d-8 244 -4 \f[{* dx
m = 2 = e = § [
. = i dy .
=4 + 4% Yy TEYEEC

m:I_-!-J. .| X J.‘

CF =e¢(Acosz+Bsmz)=x(A €os logx + 1 +x D 1)y = sin (logx?)
- 0 Jey, L

1 e, |
RL = 5= 2 @‘: ; | R .
i e
I | A |
== T ————— :
8 5" -26+2 T T B 1 BX iy +n) L By =y
= X+ ds o

P'uﬂﬂjg &= | inthe first term and & =0 in the second iterm,
1 iy
L | prvs- | | By dY

= = =——= = ——— =3 N e % +1) 1 (2%
& 1" - 1'-1--:'“ TR O - W42 % LG ! dx IX
I ! _l il l | I & ,"_J,.: s e
.-.q | % 4 H : - 0 . I“ — i bt ||"_' ] 4 | .': - A 1‘ --!-,

11
-S 1[1'1

o
S
-

__.z

=3

Its general solution is
y=CF.+P.1

= A x cos (logx) + B x sin (logx) + 7
' Answers

Exercise -3 |

Salve the following differential equations :
il- x: .d_}‘ . 7?& *!1' . i :‘. = 'I- I :1 I X TeaN

dx” dx S .

‘s : 2 L - L - ac b - -
2z {x' > +xD-1 "'." i yEG T ||'I_;__"\| X7 16

-%' ":'d{'} -2 gi +2y= 4\.; f ¥ =g L

Xdx © < ’ SR

ey ) d T
] F"" .'3*;& +dy = X y T Crx' 4 5 X logx
i, ;

¥=

3 T [
QX +eyx T X logx

£ - gx

363 ~ NepaliExam.blogspot.com
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‘ b :
10. E=Am(]¢}ng+ﬂsnu1m_m- 3 Sin logx’

X . dgg >
G L e
1. }"‘x*‘qﬁ 3]"‘}‘:'\ AX
3ix+2p

2 Y=o (x4p)°+c2 (X #p) < 3

13 }'=':x+”:" f(x+ l}*-l]ug{x*-lbjl ¢y log( X +1) +¢,

Cs %43
o, o | .} —— e — - £l
14. ¥ =gy !u-g{-:'». 3+ loa ‘1:\. RanL 2 t:.h::'l 2% t3)+3

15. y=(2x+1) [ {log(2x #1))° + ¢y log( 2x +1) + ¢

8.1

i The quantity mv is called
—_ .

cation of Differential Equatio
. - n
In Engineering figlg

ppl!

Illlrmluclinn

Mathematics is @ language as tool of proving the iny :
makes easier to formulate in the m:',:hulw;*-gnh] 1 ‘-.IL:TW oy l
o e T R A = model of
eoretical laws. Mathematics is modeling of physics) ‘rl s o |
=7 PSR mechamicel v \

ull:':in;:ﬂ. electronics, communications, and other sysier
are 50 many apphications ol Mathematics in L“'IL"lTI-L‘:I';n 1.!1 E:'hﬁ:
- £ Wit such

45 loaded beams, whirling of shafts, electrical transmission |
' ssion lines

¢le
8.2 _ﬂ.,pplicatinn of First and Second Order Linear ~

pifferential Equation

The 111:11lm|11.|1:.-_-u'.' formulation of physical problems involving

changing quantibies leads to differential equation We shall SH
consider here, only those physical problems which leads s fo & 18
frst order and second order linear differential equations. A '.1 \
suymmary of the fundamental principles requires for the formation 1 \-
differential equation are given below. ': |
8. 2.1 Physical applications e

1
Let a body of mass starl MOVINE from O along the siraight line I 1
OX under the action of force F. After any time 1, it be moving &t P h |\
" (R

where OP = x , then .'____[__________'P_________}
X

; 3, v
o dx Y ={}
(1) 1ts velocity (V) = _d-l_ — T
(i) its acceleration (a)="gr o " dx O At
IF the body be moving along 8 curve. e
g . ds
(1) its velocity (V) = T4t
ds
dv .'i!'-'u v

(i) its acceleration (8) = gt or ¥ ds



Transformation of Axes

9. ntroduction :
1 )

& two dimensional coordinate geometry, the equation of
E Y, 2

or the position of a point are always considered with r i
¢ o e : X espec
0 WO mutually p-.,rpr.nch ular axes whereas point of intersection

f the axes is taken as origin. Sometimes, it is more ¢
0

In th

; : anvenient to
discuss about the equation of a curve or the coordinates of the

aint by changing the origin or direction of axes or both. Either of
fhese process O f changing the origin or direction of axes or both is
known as Transformation of Axes.

9.2 Translation and Rotation of Axes :

To change the coordinate of a point when the arigin Of0, 0) is
shified to O' (h, k) without changing the direction of axes.

Let OX and OY be two mutually perpendicular axes and O°X" and
O’ be the new axes parallel to the oniginal axes.

Let O'(h, k) be the coordinate of new origin with respect 1o OXx
and OY so that

OL=h, O'L =k.

Consider P be any point in the
plane and its coordinate with
respect to OX and QY be (x, y) but
the coordinate respect to O'X' and

OY' be (x', v".

Draw PMLOX to meet O'X' in N

then, OM=x, PM=y,
O'N=x'. PN=Y
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k 4

ransformation formulac when the *axes .
ghws W ngle 0 without changing the origin are | T+ TP

ﬂ"'“"ih _ «'cos@ - y'sin @

origin s transformed 10 the po;p o y=x sind + ' cosb.
A "N

» hange e direction of axes along the change of origin
¢ *
ﬁ‘-'[ oX and D*I,—' be two
Jati Li[un“}" Pcrpcnleu.lar ahﬁ Y My y)
o0 is known as Translation. md the  origin 15 2 ¥
Al i A : . an .d to the point ()
e ation of an equation fx. y) = 0 wir nsfmm.d_ o
= y+k) = () and conversely. eSPect ey u'fi[h. K) _wnhuut changing
' direction of axes without changing the orio; the direction-
ﬁ! s ki ¢ P be the point and its
and OY be the given rectangular axes being O 4 origin Le Ginates be (x, y) and
" :Wbc new axes made b}' rotating the axes [hmlt“hb;: ITWE} with respect o 0 X
| fm;ch'mging the origin. S0 ZX'OX =9, g ::J::i.ginﬂl and new axes.
prx. v)and P(x, y') be the coordinates of a point P refereed (g =a+h
mri};ﬁ 0X and OY and the new axes QX a“dt: (}I.‘: S0, &
tively. i y=B+k wotd WO
and PN ' The new axes O'X' and O'Y" be rotated through an angle 8 at the

d ":-:h 10 OX )
OX' respectively.
draw NM and

point O' and coordinate of Pis (x', y').

Then @ = X' cos6 - y'sin®
B=y'cos B +x'sinb

Substituting the value of a and § in (1),
x=x'cosB-y' sin@+h

y=v'cosO + x'sinB + k.

Worked out Examples

B Transform the equation X’ +y' -4x + 8y - 17 =010 paralicl

A%es through the point (2, - 4). ‘
ion; y

M the equation is x° + y’-4x+ 8y - l?f.ﬂ
Thg%sm is transferred to (2, - 4), so putting

‘NepaliExam.blogspot.com



ﬂ‘:“.ﬂnsl'umwd equation is (a - by’ x* & " - e
hrough an '
.-,shft"r“““ gh an angle tanf = 3 oo
- y - ]f’h‘ > Jl;)'l = =0 h’HﬂﬂIE 4 h.
-Mlnncw-ucsasxwy!ah jon

pﬂl' EE

Lol :
ol W e equation is
Yy |* pee® e

dxy - IXN=4&

rlllcl axes rhmugh the pojng 1

the axes be turnec 1 through angle tanf =
ginet

tant 2 .

::iﬂﬂ .:ﬁ ' !:!!-I.—“ _W-_: = “
| 1

cost) = Ir' ~ate
NPT ) tan-0 1 +4 fS
ORI (-2 - 4x + D+ 4y -2) 4 3= | ot ;

1
or wapzx+]}+}" -4y +td-4x-4+4y -8+ 3= Then put %=X cost -ysmt = x—=

! *ﬁ"‘lﬂrr—-S

_‘ﬁ ‘-_‘ﬁ =T
& . > 3 Jﬂ]
8 the equation (a - b) (x™ + y°) - 2ax begg

2

s the equation referred to new axes is 2x” + y°

= . | 2
;! ¢ = yeosB+xsinl = vy +x —&=
3 and ¥ Yy h \Jr:‘ X \JI"
: 3
b : |
Mes if the

& = == (y +2x)n (1), we get,
_.ﬂlltnnfemd to the pmnr( b ﬂj it

] .23
H'—}'JN{ (y+2x)-3.5(x-2y) =&
i ol S . " : 0 5 :
Ll '-#wﬂ“ﬂ““" i5 (a- hl (x* + y’) - 2ax = 0 "

=

i -{x-iyhi‘.x--}]-'—%1?-;-1}'}:;1:
] utransfmed o - b’ ﬂ) S0 put -

4(2%° - 3xy - 2y°) - 3(x*- dxy + 4y = Sa
3 ah : ) ) I: -y _ L | -.-
RS Y =Y+ 0in(1),we get 8x* - 12xy - 8y* - 3x” + 12xy - 12y =58°

2 5%* - 20y” = Sa”

I'-, b ‘ . _‘- _L-

a’b’ "a'h' Hence the transferred equation is
Tty ) - p= =0 2 Sl
x [a b] - . | b X = 4}." = a‘

B Find the angle thruugh which the axes must be turned so th
Wulhonax + 2hxy + by’ = 0 may become a8 w
I there is no term involving Xy.

| i 2
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r
i

#W 0 - ysin®
& xsind in (1 ), we get

Loy + oY
= p(x cost - Y 5in@)° + 2h (xcosO - ysing)(y o
1 + blycogg e
+ 2h (xy cos 20+ x° cos t.mﬂ - v sinf 080 -y
i
+ b(y“cos’0 + 2xy cos0 sing + X'sin? '[::“
]

the coefficient of Xy in

To remove the Xy term the expr sty

mbemﬂ
ie al- 9 cosOsind) + 2h (cos” “6 - sin"0) + b(2 cosh Sinf) =y

bF o {’h-n}sm29+’hmsﬂﬁ 0

or (a-b)sin20="2h cos20

. _2h
ar _lﬂl'-lzﬂ"‘a_b

’H 2_3=|I.I1la_hJ

L (2h
s =3 tan ( b)'

rough what angle must the axes be rotated to remove fi¢
_ ] (

ﬁ ]
L

+ lagy XS s
(11 cos 0 + 4cosB sinb + 14sin’g) o oo b
ot + (- 22 cosb sinB+ 4eoe’g - 4sin's + 28 couly

+(11sin°g - 4sinB cosh) + 14
wmmg the term Xy the coefficient '-!f‘w =0 o ‘3

0 sinB + A(cos'0 - sin0) =

3

§ cOS
foos8 smb + 4{(“0:5 ‘0 - gin” [:]lj =

35in20 + 4 cos280=10

2tand 4
|-an@ 3
_ 24 21an’0 = 3 tan@
an 0 - 3tanB - 2=0
(2 tanf+ 1) (tan6-2)=0

1
= f=tan"(2) and tan’' (~ :;).

.7: What does the equation I+ 2y + 3y - 18x-22y 4+ S0=0
becomes when referred to rectangular axes through (2, 3), the

new axes of x making angle 45° with the old.
Solution:
Here, the equation is
3%+ 2xy +3y° - 18x - 22y +50=0

Putx = x cos 45° - ysin 45° +2

! l I
= x5 -y = iE

y: = ycus 4i°+xsin45°+3

i { sy +3-T é"'“‘t
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‘ Sy (e -y
3[5‘-' m+)r-+1¢ +?1.;:,r+ y I + 2x° -
:' i 1'3;’*4}'2 2=0
i w4y =1
' Hence the transferred equation is
4 2y = 1.
| the equation 3x” - 2xy + 4y’ + 8x - 10y + 8 =0
@ the axes into an equation with linear term missisg

the equation of a curve is
+4y" +8x- 10y +8=10
in be transferred to (h, k).
hoy=y+kin (1), we get,

(y+k) +d(y + k) + 8(x + h)

+ zgzh -k +4)x +2(dk - h-3)¥
zg];+4k1+8h— 19"‘-"'3}’
g only terms Of ¢

- 10y +R 8

.:.«P

Ef

k=1,
n!"h and k m (2},

.[hl.‘"'*lur: We gy

¥ -j.\\ =T lr\

h"' n.-'-il”r""d fransiormmie . '__,“thnn
qhis s

Exercise - 32

L"nI“'II Ml X = '.-|1 ' _‘... b |l:l

1) and

s [Unu the =) In

v transfer
y the |'..1.|r |- !E the

il
Tr ne ...w-:ium:: 4XES remaining

origif ¥
]_.mm]ir.i
Tre msfurm the
grdugh (4 =)

2 i = 0 10 paralie] axey

.rmn}-'t'm'“] the eq HATA + = 1) to Pm]l:[ it

““'.'I-Uﬂh the |“"1“[ ' ¥)- 2057 Chhasitrn. BE

ol |
=y *

Transform the equation R T=010

througl

p::r.-'tlir'l ANES

Yy = 2a° become when the
to the onginal axes.

the equ

What does

sves are tumed throu angle 30

= \Jr_: become when the axes s
to the onginal axes

What does the equation 2
tumed through an

What does the equation 3x° + 3y° + 2xy = 2 become when theaxes
e turned through an a 15° to the onginal axes.

'[_‘u.*" a0a? RES

should the axes be rotated S0 That the

Thﬂ}ijgh W I.i'LIE dng le
1) may be changed © ISy =5

equation, 9x- - "‘w\"?. XYy 4 ‘.F-‘
Find the ang|e through which the axes may be turned so that the
Sjuahon x + 2y + 5 = (0 may be r:.duccd (o the form x = ¢ and

‘ﬂf-"h.nmm the value of ¢ UU{'\ '.ﬁ

What does the equation of the straight fines 7x° + Xy +~;
& wheri the axes are the biseclos of the ?
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tion 12x” - 10xy + 2" + 115 _ 4
o an equation with linear term :]'i\«‘ ‘%
= o is ransferred to xy = 2 Ssing " b
. Find the inclination of new axes ti : : &
e OF € he g
(xi, Y1) be the coordinates of the sams poi
oﬁﬁmgular axes with same origin g iny
v are independent X, y, become u;x, 4 e

el

d if
Y-

| A L' sh . .I:!
' 35{--‘“’. ! w"'}{

m the 'mx‘_zx}'.-i"}f-"'i:x‘I3}-'-.—_Glﬂaﬁus

1. 0) parallel to the lines bisecting

A= -

the angles pey ®

Answers

R :1}.3+ il _6:“_‘}::“
ZKE + 4_\'1\; + S}JZ‘EE;U
Sx+y=2

60°

-

8x* 3y’ =0

;) 5

6x™ - Sxy +y =

.. §ection
Cunlf -
0

pe is 8 surface generated
A cane I°
] mlﬂTiﬂE

a line about fixed
h!'.l and fixed straight line
".I- . constant angle with
nw:,,;n;miaht line. In the figure,
E;xhc gha_:h fixed point, A the
veriex, OA the ﬁx.ﬂ! straight
fine and OA the Axis,

/AOC the constant angle is semi-vertical angle of the cone,

if a plane in Intersects a cone various ways, then the open or
¢losed curve obtain from i, 1s called Conic Section.

/

i/
[f a plane 17:[1;-"~¢£cl§ a cone / /LH
perpendicular to the axis, then the
section is a Circle

If a plane intersects a cone at a given
angle with the axis greater than semi-
vertical angle, then the section is an
Ellipse.

If & plane which is parallel to the
Senerator and does not pass through the
Vertex of a cone, intersects the cone.
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1 iﬁﬂ“ﬂd a H‘i}ﬂt"ﬁ‘.’!r}ff 1.
'\ is also defined as the

i which moves in such a
from fixed point and its
fixed straight linc 15 always
called Conic Section.

on t

E" tﬁﬂf is ﬂff‘t'{'fri‘l: ." .
: SE . (el ? -r-—-—’-'l_._
etant (0 DA sceniricity of the
_"-..-|-|| PM is Eccen :
. "‘gnutinunndr.hcmwmriciw is denoted by ¢

Iy perbol

»

e = I then the conic scction is Parabola. ! T _____?E
B then the conic section is Ellipse. /
L th 4
> |, then the gonic section is 2 | S

i3

ftling through focus and perpendicular to the directixi
and the itersection of the axisphe curve 15 calld
the conic section. |

llipse

- : e i suche
Balocus of a point in a planc, which moves i 51al.lr
| N W - K Ixe | e
Smatio of its distance from the fixed FUH]I=¢.H|.11E.'1
distances from the fixed straight line IS lw,n‘riﬂ'
defined as a conic section in which the eCeeit

geus of a point in a plane such ;‘jmﬁcpﬁﬂ i
m two fixed points (the foet) M

ad for

; Y-

B | 03 gmndar;] form of the Equation of an Ellipse

«h the foci is called major
through daxis of Hlipg
f passes through the! center ang mnmﬂ?:h ‘
he b culled minos axis. The intersection Of the :Hh* ’
,j.l? i s ALIWO points A and A' are called vertices nlfp;ﬂ e

e

f}f?n’iﬂl” phe equation of clilpse m the s tandard form

Let S be fixed point and ZM be the fixed straight line
praw SZ perpendicular to ZM

By definition of ellipse

Eet A be a point on the locus such that
SA=cAZ e

Alsothe point A' be on the locus such that
SA' = A7 A -+

Let € be the middle point of AA’ and AA'=2a then
CA=CA'=4

Onaddition (1) and (2 ),
SA +SA' = ¢(AZ + A'Z)

% AA'S[e[(CZ - CA) + CA' +CZ]

* A=ef(CZ-a+a+CZ)

M la=2ecz

‘ﬁl.,m:-g and
ey
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CA be EIun;_.. the axis of x4 line
:.,::il?:ﬂ be the }"ﬂ"ls 50 that the Co irdip

s "'R'Jlr
1 2 0) and S'(ae, U). ‘.l[lrr.r
‘5-;:] S'":S[ o int on the ellipse. Draw pyN per '
H’:;:FM [-p:nd:l‘.‘lllﬂr to the directrix such :Imptnd"-uigl
CN=x,PN= J;;
definition of the ellIpse
Bf SF- FM > e
or SPP=e’PM 2= ¢(ZN)’ = ¢ (CZ + CNy’
. a .
e -0y =¢ ( ' \‘) :“*L‘-‘cl'
i 1+‘1aex+ﬂ¢ +}- =a ®+ 2aex + ex’
5 or I“ L-]+}" '—ﬂ{l E}
< lf.'
or 1+a{l e}

- ---r+1;-—Iwhcrf:b“a:‘I~L‘J |
S |
'i 'n;isutlwrequlrtd equation of the ellipse in the standard fom ‘

20.4 An Ellipse has two Foci and Directrices

1 L 3] Px.v)
.'H--"-"Iw-—— s "'ﬂ
. AIW;M_ Cig A 7
g4 I‘,

L' B

et Che the center such that

2'=cz=2
L'=CZ =2
= (5™

ey ; a
_'-nftlm line ZM' is x = 3 and C5

s Sae, 0)
an ellipse

i_,‘-q-ﬂlf‘,:'-'.q.-(}'*ﬂl' Tc-liNl_tui {:-..“Ef_ :
v 2+ Eaus-a?ﬂ:*fﬂu* ex)’ e :|.
ol :\.: + 28EX 4 ai:_ oy = ;g + Jaex + E_..\;_
o ;-1-}“'2!':.1'1 rkw -
or ‘___F,JL\-J;, oy =g d"‘":‘:uu
& ;S—HL\F iy - ':l:'-.:l.'l-l;\'f
:: (x-2e) (v -0 =(a-ex)y

-pe) +(y-0)= '~""%~x'n = ¢ '1,-;*-

or (* W J e/
of gip’ =" PM"”

. gp=ePM
Herice an ellipse has two foci S and $' and two directrices ZM and
M-

5 Some Important Definitions on an Ellipse

The standard form of the equation of an Ullirl}ll‘ is

=]

1

N
i o

Some definitions related to an ellipse are defined as follows:

| T

£ 0 Jwy‘“ e
: i [

L B

i

M“jﬂr axis:

The line se gment AA' is called the major axis of the ellipse.

The length of major axis is AA'= -
Coordinates of ends of major axis are Al 0) and A'l®,

oF axis:
The line scgment BB is called
: X =0, ),1 = bl
Biesh g

~ NepaliExam blogspot.com




T

s is BB' = Ib. are A4, 0). Al-a. D)
1 ey [/
e pHiNOr axis are Bm'hhndg \ . os are X = - /6, X =ale i
s by s AA'=2a
i M of axis la £
i ‘-I.LJ' I'_. . ﬂfmlﬂ‘r !l'ld minor :-I-":i'; nr thl.'! ':H , rﬂhir‘ i iliiu - :ih
. of the ellipse. i L Mt ol
8 1 4 i 2 -

| (s TECIU0 = g

! ey ‘
B e ellipse o + 1 = 1 fora >, R i wliose M e
pes of the a " the pojpy An Ellipse whose Major Axis is Along

_ and major axis so that the Vertic :EJ : _ Y-axi
ta 0) and A'(-a. 0). 5 0f 3 llings T G .
n’mdA( ] }'n[ ﬁ‘l: "-“"-]u'-ll[]“lr. “‘I LH.!‘ . ':;:I' F I1r k > 8 B ”_I tm‘,". Ih
s of the ellipse is along axis
major axis © axis of y. In this case e .
le p&ﬁing I'.hrUlILh the focus and peDeng | Se obls ained from the relation Cheg m_u.tl‘r!rnﬂ}
. ¥ ed r.‘l{hr:;s .u{:‘f.".-”J {!! I'E]L. !l’ "'“L.I;-“:J" |
e m;uusl:ﬂ" e ot =bi(l - e’) and the graph of this curve is symmetnic on both
xl &
ﬁmm of the cfhpﬂ? > 4 b2 = L the endg of g
= UL el
. b ( Y -
B are (-se, ). (- 2e. - ) respectively . bk et
‘ L 2k |
et of the latus rectum = LL' ==~ |
¢ whose Mnjnr Axis is Along x-axis
} At-a. | ©
squatio ufetlnps: "T —l* :
T G %ﬂlﬁ major axis of the ellipse is along the axis ofx
MIRISEISE, eceentricity ¢ is obtained from the relation +
. | ) }_ .-
R and the graph of curve is symmetric on both axes Center is (0, 0) : :
Foci are $'(0, be). S(0. - be)
Vertices are B(0, b). BY(0, - b)
L
:' 7 Directrices are v = B b
T 1 Saeoy/Amn |4 WY T p i
i
Major axis is (BB') = 2b

Minor axjs i (AA") = 2a

::."-"' ] F[:l’l!'—-—' . s

| b

NepaliExam. blogspot.com



‘ : Chﬂrﬁs of Hny Pﬂil’ll
.,..m- = ¢ and Equal to the Majo, | t,
F A

:f“”'fuflhe ellipse §T + ;‘; = 1 and p(, 5 Xiy
1 the llpse: i
.MW of P
i i-_:-s]H-ST
] 'g.-ﬂ'ﬂ'l'ﬂ’“ M- 7_..
- oPMFPM) /
L 77 7 A I
- = e2CZ \
a
=g =

. =14
§p+ §P = length of major axis
; W“ of an Ellipse with Center (h, k)
:.whs:‘j_ﬂﬂ $' be two ﬁﬁl."d _pl]llﬂtﬁ 'ﬁl.li.'h that 55'= Jae,
A

I'I

16 88! 4s parallel o the x-axis and C be the ,n;ddltsgiff

senter (h, k) then the coordinates of 52
- ae, k) respectively.

int on the ellipse.By definition. W€ have

—

. -h+n=J" +(y- kY =2

: 3 o l}'-L}' = 9 I
JE e F W = 2 m
ﬂ Iﬂﬂ. tr"‘tr'h
si \,‘_h-ﬂu}:*{}r.kj:=43:'4am
v “rsly-ky

- . 8 -rih"hv :
{,.;-ll_]" Zae(x-h)+ae % (y - k]: ac) y-k¥

o y
= 44 - ngm

+(X - h)* + 230 e
- :'\'h:"'ﬂ'ﬂ:
o= =---'| f A -{}"k‘
430X - 0+ a38)" + (Y - K)'=due (x - by + 402 4

of
o rae) +(y-K)F =e(x-h)+a
gquaring

{x-h+ae) +(y- k) = fe(x - h) +a)’
or (x- hy + 2ae (x-h) +ae + (y - k)

=e(x-h)y + 2ae(x -h) +a°
or (x-hy (1-¢7)+(y- k¥ =ail . &)

ﬂxvitf Ay -k .
of a a (1-¢)

(x-h)? | (y-k) 5 <
-T' r g I, whereb =a (1 -¢).

is the required equation of the ellipse.

X
' e T 3 | : 1 ] 3 3
o e ol = _:_*.-h.1 v=kY ix+hl v kY
T T larbe0 | Tyl beand e irEe —13—--3;—'--|
arha{) bral
i (G, 63§ (0, 0 th k) bk}
| Ea, 0) R Y (h=ak) h kzbl
It r TN S
IW} ble=gli]-el} at = B 1-et) b= g 1) 3 =Wyl
= l" i b & | e |
o R AT e R =3 s \‘ ¥
ed
ir_‘"--u,.- {xoe, () 4 {0, % bel w (hzae k) (hkt bel
ki l' d h -hl'= !'-..'E
Logy, e Yo M
fl -
.kfé B, 2h s n
e =
iy o -
gL B ok =
g ¥ 7 = -3
= =/ ) 2 h b _.

{l

i
o




-f

orked out Examples

ation of the ellipse

fnd 1 t-._j oy ices at (£ 4, 0) and foci (£ 3 g

TM focus is (0, = 8), eccentricity .i_

T
|'F (1' 5), eccentricity i > di"““r‘ix

i  whose focus is

: Rentricity —
i s foci (£ 2. 0) and eccentricity 3

o &
o 1',
Sal L. H

e "" . the major axis is along the x-axis.
A=t L oa=4.

Vertices at (=4, 0) and foci (+ 3, 0)

II'

b= ﬁz.—_az“ -I.'-:] fora=b,
R 9

I“ tl=

a

S T
.H 'Ezlﬁ- Iﬁ

r ) ?4'3".‘*‘95
The equation of ellipse is

-

1= 2
15 is (0 i:ui}, eccentricity 3

. '-T-.Il':. .: :_IZ.‘E I.: "ﬂlﬂ }h.lﬂX.iSi

L

Hl“xl - hl‘ 1] _ L:__" ). !.1_|r h ~, a
g =

“ 1
g = 144 [xl 7 ;|

ar

The equation 01 ellipse 1s

iil. Focus is (2, 5), eccentricity 3, directrix x+y=

Solutiom:

Let P{x. y) be any point on the ellipse and given that

focus: S5(2, 5). directrix: X + y = |, eccentricity, e =

By definition of ellipse,

B o 4 xEY-1Y
M=2) + Wy =2)"=3 “q+1)

g 4
=5 (x+y-1)

-

or (x-2) +(y-35)
OF 9(x° - 4x + 4 + y* - 10y +25)
= 2‘;2 * },5 4+1+2xy- 2y - x)
Or 9x° + Oy® - 36x - 90y + 261
=131+2}r:+4x3-4‘-“-'4ﬁ'+1
x4 7y - 4xy - 32x - 86y +259=0
i5 the required equation of the ellipse.
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IIM- of

S0, b*=g"-a’¢’

Since it passes through (1, 6) and (2, - 5)

So, 37 438 = |

OF Qe" =4
vl L 5
R E
g A
Foci (£ ae, 0) = (£4/5.0)
J_;E WMIung-E:jx%

Solution: - oviz is along X-axis 052 3
Here, the major ax# : J']!TL‘ o5 1
Given that m=2, €73 x4 3y = 119 is the
5“._-;- =3 La=0 w (he sccentricity, latus
o 3o EF - 5 O8
Now h:-f‘-a:tz fora> b, et s < Pt
316 .4=732 o A
of b= 36 i r 9
.-'h‘.JE?-' 8 3 “i 91:_‘_5}:_;“} =
- x - ! s
The equation of ellipse 1S5 it = . B+ 6y- 16X+ 12y +
] 2 2 . 4P +9y' =36
5 I'
& i +£-? =1
36 32 sjation:
8x* + 9y" = 288 is the required equation of ellipse, Here, the equation is
4‘_: + Oy > =36
Ex. 2: Find the equation of ellipse “-]];;5{' center is origin, whose e X ¥
are the axes of co-ordinates and passes throy el
{l{ i‘] 'nd {11 * 5}' ,\.- Vi
Solution: Comparing it with s o
Here, the gmndm:d u:quqtion of ellipse with center origin and s =9 T
are axes of coordinates is
2 z g=x3, b=+
=- | &l
'.T "'E,v':’ I enuem \ Clearly a > b,

required equation of cllipae

rectum and foci

13=10

of the ellipse



.. - ou: e equation of ellipse is

Latus recium = p
. (0, k*be)

f'|1|_‘| -
- NYand(0,3-2

= l.—_ltl ::”1. T
Cleirly b>a. Thus the major axis is along the AN

™
a':ﬂ h-‘ - h:f‘
.

= (0, 3) and (0, 1)

g+ Gy*- 16x + 12y + 13 =0

or 4=9- 9¢”
or ge' =35 | gution:

Here, the equation of the ellipse is

- -
lox + |: L P

gx + 6y

23 PR
or E‘_ =1 :*
or 80 -2x) +

2"
Las recium ="~ =2 * 3 =

Foci (0, % be) = (0, £+/5)
jii. 9x'+5y -30y=0
' 1/8

(x-1)
Here, the equation of the ellipse is 2 s (5 - (v
9% + 5y* - 30y = 0 Sompanng it with = +"
- q“hj[};'ﬁﬂ:ﬂ Center(h, k)= (1. - 1) ‘.-_l
o 9% +5{(y-3)*-9) =0 o
or 9.!14*5[}'- 3}: -45=0 [‘!'-'ﬂff}". b > a, the major axis is parallel to y-axis,
or 9 +5(y-3)'=45 i =t - v
or =

- y '.'l.-ﬂ? -3y
e G0 0

=], 'we get

L
{] = &
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Eyx. 4 The line x +y = 0 is a directrix of an ellipse, the Im
i (2
N
+ Ting "

[:_E‘ﬁ,:;;u?

-‘-‘_\_\-"‘-\—\.\_\_\I

the corresponding focus if the eccentricity b, 1
equation of other directrix.

The equation of directrix is
x+y=0
Iis slope is - 1 so that the slope of the major axis is |

The equation of major axis passes through focus (2, 2

perpendicular to the directrix is
y-2=1(x-2)

or x-v=0

Solving the equations (1) and (2) f.«"

We get Z(0,0) f H,{\:;h\

Wehave SA =eAZ / <L "\._\)\
SA |

AZ =3 ,

: IE Mhevertices A and A’ divide the line SZ internally and exiems

;&;ﬁﬂtm 1:3.Hence the coordinates of A and A" are

l .
ﬂ"@.; and A' = (3, 3) respectiv ely.
g 94

'ﬂ bethe center of AA'. So its coordinates 15 | 3 1)

& the middle point of ZZ'

ﬁ'-ﬁ%

ond directrix is paralie] to the given dip
fh‘mr u'_'ilu'ﬂ““n of second -:_tlrl'c:n\ I5 iy A=
pt

x +

!".‘

l..+‘;_._ [

e ,_-.]-.1.11|w:'| { | ) passes |i-,,r._~u3:-h U poimy 7 E

Sines i
G

rhus the equation (1) becomes

4+ =4 15 INE required

cquation of other directrix

m of t ; -
Pru'-l '[tl it the surn 0 hl \qu*ﬂ{ of “". I"ﬁlp 'h .‘ o
* perpendicular radius vectors of an ellipse is constant,

wlﬂ[lﬂﬁ:
Here, the equ

.

- 1

i b

Puttng X = rc
. costH

T i e

a

Il the radius vector CP being length 1), makes an angle © with
058 sl i

i
— ] ——
—— +

X-axis, then : ®

i i1 , ki W 1\.‘ |‘| M
and the radius vector CQ being length T pctjpfndh ular to
" III

sin|5+0f
| Y :
b-

sin"0 w\.‘ﬂ

— -

a 'h

Now, l“"mlilandl. )
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' & Posshot o Engivering: Mathematicr-/

058 §in'0  sin? e
r_l_, poty =S5 T L H0D wos8 1
i 2 ! a0 -
l -—I' ='_;IT L h

Ex. 6: Find the eccentricity of an ellipse if jts o,
its minor axis.

Solution:
. . Friah.
Here, the equation of an ellipse is ol

2b"  2b
Given that, i “i.._
or 2b=a
Squaring, 4b°=a
da-4d4ae” = a

or
or Ja =dae’
A =
J {3
or e =7 L o=

Exercise - 33
. Find the equation of ellipse
|

L whose foci (£ 2, 0) and eccentricin

I whose vertices (+ 5. 0) and foci (+ 4..0)

: o]
. focus(-1, 1) eccentricity = and directrix. x

Wi, focus (2, 4) eccentricity and directrix

US ppe
|"E{U|H il. JI
alr,,

]
X o= A=

_:\*_-':-'-“
|

Find the equation of the ellipse whose center is the origin, WK |

AXES are the axes of coordinates and which passe

L the points (1, 4) and (- 3, 2)
ii.  the points (2, I)and (1, - 3)

L B

#€ Equation of ¢llipse whose latus rectun

s through

1 5 eceentrie ]

|l

_!-llf Fot

secentricity, latus pee .
.4 (he EEet : clum, dipee
find 1 S SRR and fou
% dy 12 :nru‘
I - - -.
_\.L 4 = |
ii 0 16
e +y -8x+2y+ 1=
1 3 :
7ef + Oy - 42X - My + Be=n
¥
h'|'\-[.| 'r:"?'-.ll-'i
i)

i the center, length of asee s
<o d the cente VUL BRES, eccentrip
x cenirieity. and direcyy

allipse X of the
1 2%+ 3y - 4x + 5y + 4%
T+ 3V -4x- 12v + 13 =0

: he coordinates of the
Find 1 he

second focus ang the

ol the ellipse whose o Cquation of

aeand direcinx r
:-L'.'-r”"l "1 = ne oeus 15 ‘.\'I T [T
Lo ) and the

I.'-ur[Tl..‘l"'F\l:i[lr'.!il‘:_' directrix 1s the hipe X=y=35 and e = :
A £
i i 1l i :
Ry rr.1r|«‘.-\'|| n e Origm 1o Illi'*- Proani 3
o) ~ s, 3 and turming it NES
E NE oues

hrough an anale prove that 3% 4 P+ 22 e 4
{hrt ql__l } that 5x “NY 3y - [Bx- 22p s gn=1
represents an ellipse

l -1 )
and v=~0

=
—

Show that the point x a4
- P+ r

where 1 58

| ¥F
variable parameter, lies on an ellipse.

A point P moves in such aw ay that the sum of its distances from S
amd'S; 15 10 and S8 8. Show that the locus of P is an ellipse.
Find its equation. its eccentricity and length of latus reetum

Find the equation of the ellipse whose foct are at (-2, 4) and (8.4
and major axis is 10. Also find eccentricity of the 1»"“[-‘*5“-

Fi : Lo i S
ind the cccentric ;itkgh; of a ponl on the clh;]-_;,:"-‘_ +g =1
Whose distance from the center is~5
: Answers
Eo3+dyl=4g i 9x7+26y =2
L 25%% + 25y? + 2xy - 130x - 134y + 169=0
Mo I 4 7y 4 2xy + 10x - 10y +7=0
x4 yie3s i, 8C+3y =3
) =
X"+ 36y = 405
i
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B L x-y+11=0 9.
WO 16x7+ 25y - 32x - 200y + 16 =0, ¢ = - i

20.9 Tangent at a Given Point
{0 find the equation of the tangent at the point
_eff@sr{* +i:.; = [
Let P(x;, v) be_given point
on the ellipse i‘r + ‘Ev = |
and Q(x3, y;) be another point
- on the ellipse very close to P.

Xy
En #*%&':]

L |

(%

i | =

Wil on ne

W10 Condition of Tangency
I

l-"‘ill_

a b

of :
; b (X2 + %)
Y L L S
¥ =7 :
i :"'T.J,L a (y2ty)
» : ~—43)
= 3
yation of the chord PQ is
The €4
Ly
¥-= F' : X3 =X| X1)
b [Xs Xy
—p
B =Y1" " yaEy AR
. 1 o R o el W =
when Q = P, XX, ¥a—»y,then
bk,
AT i
VY| L, bt .
of B " b a 4
N TaY N, L8
] s RN 5
F \ |1- a |
Using (1)
_\\.".| Y'Y

d b
is the required equation of tangent at (xy, 1) on the ellipse.
.co )
Note: In the equation of ellipse 77 4% = |

t of the ellipse is (acos, bsing), the egquation of

Any poin :
. xcosd _ ysing _
tangent at (a cosd. bsing)1s™ b

y ollinge
§ PR — o % il rowch the allip:
To find the condition that the ling y = WS¢ vili
:l- 4 -1':-‘ = I|
u b i

—
Llﬂ.}' = mx + ¢
be the straight line meet the ellipsé

2 i __.....pn-'—""l:]
x- -
=

Solving (1) and (2),

liExam.blogspot.com



G

Imeax +afc -b )=
++am h T -
ar (b

This is quadratic

fouches the one poin
are equal il

me} 4+ a'm) a‘(e’ -b) =0

dmcn-«ia{hwm}u-b il
Mrame-amb)=0

qu.;tmn n . s0x has two roots

Th
tif x has wo equ 1l roots. The e € hing

'hr.l " .I

mea - (bc’ -
mica - bo + bl -amc +amb =0

e +bam =0

S=am b

c=:1:1,‘u‘nr + b is the required condition of tangency,
Note I: Putting c= £afam + b in(1)

v ellipse.

Note 2: Putting ¢ =afa’m + b" in quadratic equation in X, we gt
e [alm:-f b)x 4 Em‘m)ﬂ'm' +1b ax+a (am+b-b)s

or '\,‘.a'm'-Fh'x): + Eﬂ.p'a'm' f b x, am+ (@m)y =0
Vam b' Xx+am) =

We get y = mx & /a'm" 7 b" is always tangent en i

W11 Normal at the Point (i, Y1)

. ptact 18 | - —
||I!‘Ilh-rn ",ll_-_1-|_-_*-_r:r|-_""‘--
ch“ JE M
o THE spddition that e line ly - ny G
fit L } " ' will syt 9
f 1 { and the puint af comaey T
i 0T

y;) be the coordinates of the paint of

[et Pl 3 LBy, then the

T ™ \ K N .
¢rangent at P{xy, vi) 1o the ellipge = = 1
il IS I
II.:UF 5 b s
1:\ 1"". 1
=3 Iy i
i - "
I o
T 4 1My ne=i
5 il the Mk (2

he ellipse, then the equation (1%
st fanc D S I v 'tL.”. wic cquanon (1and (2) should b
\ affyveismt
("omparing their coetheients
[||. ll
|1w‘

i

a b,

-

L’I.'- bt =n
1y should be a tangent 1o the

15 the required condition that e line (2

given ellipse (1).

 of the ellipse
T - e vy O VK el
10 find the eauarion of the normal at e poini X,

=

a1 it 5
; c oy on theellipse
the equation of tangent at the point (Xy. 3 ¢

YY1y
g
Or
B

xam.blogspot.com



!

+ '”nthtﬁrrn}a.l‘t

[ ] '
1 - N

f..

| Bl e Prosim 4

== e san of the pormal at (x;. v, is
LU c.x)
X

y-5*py

l;;! 'i-.-ﬁ"t is the required equation of NOrmy)|

I 20.12 Normal at the Point ¢
rg_ﬂﬂk equation of the normal at the poing iy ... .

A |
the ellipse ;7 + 37 =/ So tha

mﬂgﬂm ﬂrliﬂgf"' at the point (acosg. bsind) o the el :
E Since (Xq. Yu) !

i W
_'\i-.‘l." al thé No

-

X Y .
- 4=y = ||
| g

b
Eﬂa+wﬂ=l
x b
Xeos§  ysing _ |
a b

- _ b cosd
Slope of the @gml T a sind

E S0

Slope ofthe normal = ! i
b*'m

'Hmﬂltaquﬂliun of normal at (acos¢. bsing) to the ellipse 18 Nn= .:_FL 1:_‘
| }"m";' fﬁ{l S aeh) 50, (1) becomes
. ki - - ¥=mx - L -*h g
& g! .--,E ﬂ _AX - & cosd b® o +bm
2 gory Y = mx s
D8ECe 3 1 Vva' +b'm’
- 15 the required equation of normal in siope ot
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Eﬂﬂﬂ tl‘i:l‘.‘ Aﬂ gle

n the major axis of ap el
afﬂh‘: ellipse.

::.; nt on the
: ﬂfh? ordinate

NP meet
: at Q. Joint CQ )
% H ;@cn ¢. the
= $ is called eccentric
e of the point P on the

-~  CN=acos¢
Since P lies on the ellipse, we have
CN‘ FN‘ i
b-

& PN=bsing

ﬂ'ﬂﬂh" major axis AA’ as the diame
& formed with center C and radiys au R

b 5 ﬂi‘*ﬂ'lt—;m
:

i

0 thyy {h,

h 4

p

¢ 1Y

’tlﬂ“ of (.,hﬂl'd J
qric Angles are 6 apg é.

and @ be cccentric angles of
L‘t so the coordinates of p and
ﬂlh 5¢ h.,mqlﬂf.'il"li.chuh

qulln‘:i‘l of chord PO s

bsing - bsinf

o l1 1 —
y - bsin acosd - acosp ‘N = Acosh)

e !"“1[[]“

x - acost
bi{sing -

of  g(cosd - cost) sing)

A
= = C0sk
d

il (&= B -_-____ﬂ____-____.'—-—-

|-mi

HI!'Ill 9 | jl..'l'lhl':_——": | 8\
" ' Lok

X Y
— . cost - sing
a b
or : g4+ dh (0= ﬂr"
- 8N [ = | CO5 )\ 4 J
|- U ol 11 ! |"U Bl {b \
or — COS - cosB cos | —=—1
ﬂ_ — g ! Ft

y |‘I

- 5
b ini

| + s sm( 1

X (Q+d\ ¥
or ; cOs I\T.-I g <l

f++m]

b sin I:

.ﬁ_fi) + sinB sin L?_;ﬂ

= n‘m[h:m( "
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ed out Examples
fipse 4x° + 3y* = 24

"“. | -r ’4

/ "+§: =1

.:.__ L

gy

h

:':x'.! 3 5.

The slope of the tangent = -

’ﬂﬁ slope of the normal = ﬁ

y-2=575 (x -\/3)

~or 2y-4=43x-3
L Vix-2y+1=0

& 3x-2Fy+5 =0

b=

4} Wﬁﬁ] also find the point of contact.

h 4

ol _“,ﬁrvl-n

of the tangent ang NOrmy)

quwuan of tangent at f\r 2) of the ellipse (145,

3 Find th.. Lmn:lilmn that the line 2x - Iy=¢ may normal to the
N 'l]umﬂw equation of normal at (+/3. 2) of the ellipse is

Rpfmtions
Here, the equation ol line i1s

ﬁfﬁmumanlmlmeh + 41 = 1 touches the ellipse

;;i he equation (3). ke, -

Ea
o 0 =
2 6NTx+3=0

i-f‘ i

by e

| ‘i‘ :ﬁ%s~
=5

|:1.hﬁ'||:]: Y

~l~':
7
W Al7
yiven line (1) 15 tangent w the @
{ | I

gfcantaet s\ 177+ 17

L =i- f:\

=

given ellipse and fhe o

'|J||_|_‘\. :hl- I‘:

ellipse x + 16y" = 144

2x-3y=¢ sl 1)

and the equation of the ellipse is

g%+ 16y” = 144

&= v =

g s = s
G g =

Any point of this ellipse 1s (4 cosg, 3 sing).
. - v H ‘k
The equation of normal at the point (4 cosd, 3 sing) 10 the cllipse

16(x - 4 cosp)  9(v - 3sind)

dcosd ~ 3sing

o dx secd - 16 = 3y cosecd-9
or

9x sec -3y cosecd = 7

The quation of the line (1)1s lmrmﬂlmﬂ"m

N'EpaIiExam.blngsput.cnm



== |l1”_ ] ' .
F ﬁwﬂ--ﬂﬂﬁ""“ﬁ
hﬂ"‘
o !ﬂi'% " cosd = -":J,-
._Mmdn,dﬂﬁrd ratios

- LSsind =%

oy s
“c

=]
g ]

G
n ellipse =S +—= =
perpendicular tangents (0 3 pse JT+1 =1,

Let the straight lines

y= mx :E‘\Ha'ﬂf + h”

be the tangents to the ellipse

T AN Suppose the lines (1) meet at R(h, k),

S0, k=mh+\@m +b’
or k-mhri-s,}a'm' +b”

by ] ._ ._+k-- b‘.—-
qua ‘____'_iH--lIl and thus m hs

Ex. 4: Find the locus of the point of mtenechun of a Pair o
o

two yalues. S

[ |
he @ngents are perpendiculay y
the tang
Ve “‘,];_I'F'l: =]
g, L2
of h ; _
Wb =" h 1
of " = A
s a4
il h Lk |
" l.,.!hl._ ]‘\“\“H'l" pomnt of intey ‘-u,h%l"lph k
Jene oL i
i 4 y=a +b
L‘]-"Iﬂ\, I r|_"|\r-~.-_-i:=.». the cquation of cipe le ""'““'i‘“nku
Ladt % gl | TP B, - £
hhu:: ..I. : |_'| - i“:?\ L '.,-LI-\_ 15 Ci I'”-Li J"”"i'- for t: & r m H
r.. LY |
us of a point
& Find the loc i from which twe tangents can be

Salufion:

drawn to an ellipse making angles 6,
qxis such that tan8, + tanB, =

and §; with the major
= 2e{constant)

Here. the equation ol eliipse 1s
a b i
a b !
The equation of tangents 10 the ellipse (1) in Slope fom s
y=mx x+jam" +b e

The tangents meet at a point (h, k), then

k=mh+ '-‘_II,'.'fi'. + h
K-mh=ja'm” +b
Squaring

(k-mh)’ =a’m” + b

O m*(h* - o) - 2mkh + k- b=
~EER m
his is Guadratic equation in m. ﬂﬂﬂmmww‘

2kh
Then M+my=1r 3
* h™ -2

2kh
lan0; + tan0, = R
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fl-il.].tl.ll i ol normal

. ul the
he . ot (gen
e hﬁm
' % e

1 e

. =

Rt o) By - Baing
d J(x - 8005¢ (¥ - bsind)

doosg bsInG

thuq‘h‘ttl‘]
int {h, k) ;

mmﬁwﬁfrhl‘ PL'II' 1’ ls- o - .;I'LII?:‘I:I_'I f | ""H\ll
cX=a)-xy = 0 :1__,_.-:;— _IK'_“'
af Coay! ¥
gn w"i
o B of
(F i peds +my +n=0 : s 1)
h. l’“ n”r|'|||| 10 ||'IL Lll] ] en It musl ]'H; i J:]

iﬁ]ﬁlﬁrmndhlun rlmr :he straight line Cosq+ A entica] wig
K Sing Jation (1) teal with the
fouches the ellipse 3 + 17 =1 !

£ I

hy cosecd

ol
ol |

w ] A o first and last ratios
et (acosd, bsing) be any point on the ellipse From ;
= +'}; = |
- -

SThe equation of tangent at (acosg, bsing) to the ellipse s ot

xeos$ | ysing ;
4 .
L 8 b T L COSH
-lrlbﬂ‘hl'ﬂ: xmm* }-5”![:.: P 1 - |.':|:||'|'| E..L:L'I,\jll.l .':||u| |:I\1 ratios
fouchies the ellipse. then it must be identical with (1), G Bieecd. (o’ - bd)
oo o8 _ sinb. _ 1 |

acosa  bsine p T

h 1)) WLIBLL

= mﬁ=—mm, S!ﬂ¢l_-5 sina :
bn

m:md ﬂddrn}:, L sing = ——r—

acosa h Sin” ‘a Squaring and adding (3) and (4)

===
b’

P P :

- =2 * . 2 2 . g
S = aTe0s o + b sina is the required condition, m(a” - b)

mia - )

b

m/

Wﬁe.ﬁll theline /x + my + n = 0 is a normal to the ellipse 3 , 3.2
2 T4y = is the required condition

| f-, mﬁ =1 then, show than: + =3 b’ ="_—r'1 : l;.h - E”_"j-ﬂj

S by
N N, = X ':;i:'i the cquation to the tange
ich are perpendicular to the line 3x-

n;

ents fo the ellipse 4" % W=l
dy+5=0.

1) Be any point on the ellipse

Here, e r:qu*llmn of ellipse is
' 4 3y =

N:E_'paliExam.blngspnt.cum




. 1 s 1
So, a" =3, b'=3-
Any line pm:rmdicuhr to the line
Ix-dyt5=0
i dx+3y+c=0
condition of tangency 15 ,
o Frbm =n
Here, /=4, m=3.n=c

or el = *,illr
Therelore the required equation of tangents g

dx + 3y <+ \f' =}
. Exercise

L Find the equations of tangent and non

L atihe point (3, -2) of the cllipse

ol the ellipse

. atihe point | 1,

i
i
=
3

i, at the ends of the latus recrun

find the equation of the tangent

and passes through the point (2

1 Eilm‘llm!-h-_'.'-_
also find the point of contact

‘v s‘m“[h.]!}.r .!l E .'HIF‘:: i} L | TR

and find the coordinates of the point of ¢

00 of tangent 1o the cllipse x

Y WEI“ ling x - 4y - 5 0

I this equation of line Is tangent 1o the ¢ffipge |,

e

Ty

I fn 1 Wl L) et b @
ALY
ind if dravwn W
1 i I§H
| { I \ |
st

fhe ;‘;]I.I._I“-l'r- 151 e langens thes |
. paralle] 10 the siruight fine v | ipee 4 .
-.\hl»ln are et z ™ . 2 ¢S l! "y
yf coniaLd | o
il L]
F,p.:r f“
=~ aaninl i the la .
o (he gyt ! 15 1 e . .
Funt Hipse = 4

pgual lercepls on the bow X 9 ‘lh'-!

make E4

gind the P tnis on INE elhipse =y + =
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Answers

tion
roductl
uﬂ,l Iﬂr f a point in a pla

rhe locus ¢

1IS1EATICL
yol W5 ¢
rolil it 1]

hine 15 8Tc:aiL

.-,[r:.I:—"L'[ ;

j5 callcd 1he

S TR T
3K - 3y =6, 3x + =y = O

5-,..:|'.'. .
fery 01 the nVperpoa

._l'.' ] I.-'.IE..:

lIII-In;-:

il mty=ax-cy=ac i !
b \ h.‘i,i-rn.«l.l IS

d hae diifference o1
. that the Y HBICRCE ¢
- =
=% "'II‘

| 1™
F 1

i<l
TP T iedll

nosivE Wb
L}

2 x+y=5.x?:*_‘-’

e, A U 3
111 Equation of Hyperbola in Standard Form

e . .
{8 3. -y i 0 - [0 Let S be the focus and ZM be the dinctrix of a hyperbola

, - Draw ZS.LAM LA and A’ be the points on the hyperbols such

b
I
f

i
b
inat

. I
s y=ixzy

8 x+]r=tv'ﬂ‘fh‘ N (

1 .x’-rfzn:

oA =gAY
and SA'=¢A'Z
Let C be the middle point of AA" such that AX=
U subtraction (1) and (2),
SA' - SA =e(A'Z - AZ)
% AA'=e[(CA’ + CZ)- (CA-CE)
M =20z

o e
c




M’

Y,
ﬁ }J ﬁ..’-—-—-éy {‘
m‘lﬂlﬂﬂ"’d CAX as the axis of x and 4 line

jar to CAX as the axis of'y. ihr”“‘a’h! m the definition

& the coordinate of focus is S(ae, 0) and the o, - i p=ePM
e "‘!l“l!mr ! S
e h:"llrﬂ_ lr,|

Pix, v) be any point on the hyperbola, then

gpi=¢’ PM’
gp’=e'ZN" =¢(CN - {.‘?.f

Lx-au}: (V= “] =g (

e ael + (- 0) =¢" (CN - CZ)° e :
|_.‘:'ﬂf (y- 0} ( ; y-0) =¢ (x+aley

B e+ a2 2 a2 [y B) =
g-,x-’—!a;.ﬁ-ae Ty =¢ (.\-WI l(‘u -CZ)

- _I?\ulll

.' ?ii*fzm+'a:c:+f=c: X" =2aex +a° :
e -)=x"(-1)-y SIP° = e’PM'

5 y 3 P = ¢ PM'
afe-1) + §P=ePM

s that for any point P on the hyperbola there exist a second
f% g ='where b = a*(¢” - 1) is the equation of the Itshows that for any point P on vpe

focus and second directrix.
w in standard form.
|.

14 Some Important Definition on 2 Hyperbola

: K! _}-Ii =].
The standard form of the equation of hyperbola 1S §F = p°

Some definitions related to it are mentioned below.

ﬂl.lli CJS* =(Z = a/e.

Transy s
foeus is S'(- ae, () and erse axis

H“ 1m= segment AA' is the Transverst

Axis r e

N'epaliExa‘m.blngsput.cnm




.wmnn"
o2 e - M.mﬂ]ﬂl‘lﬁf‘.‘l-’l,”?
Conjugate 4215
BB’ lie on the y-uxis 15 « onjligar,

The line segment Axiy g
WI. *
hen x = 0,
w—mfulﬁ, ,
X- Y

Since the hyperbola 57 1y’

on both transverse and conjy

}.: = b It shows that the hyvperbola ¢y

s the
- Vg

= | contains only even Dow

and ¥, it is symmetrical

Bdle ayec
Center
is called Center of the ellipse.

Vertices

15

i ¥ .
I 1Or a Do

-
The Vertices of the hyperbola T

thtersection of the hyperbola and transverse axis. So the o artd
' L
of the hyperbola are A(a, 0) and A'(- a, 0).

Latus rectum

The double ardinate passing through the focus and perpendiculy
10 the tramsverse axis is called Latus rectim of the hyperbola

For the equation of the hyperbola

_;'b'F =]

Puttingx=ac, y==+ —Z-
The ends of the latus rectum L and L' are

,

2

Tht‘inlﬂﬂc;:[jun of Imnsverse and conjugate axis of the hye

; b is the poing of

i hose Transy
rh“'*’ i ' ANsSverge A
AXiy j
L]

Alony

of hy I.-_-I-...:_;

Center 18

i, 0)

Foci are

S\- ae. 0). S

Vertices are

Ala. 0). A a, U}

Ilirwtrim are



' r‘ - .
fvd.lﬂ mﬂ*'“d S0, - be)
S v

-@I&
h egﬂl'e
T i-:tlﬂ yeri® p), B0, - b)
" 2 B0
a

. L=

B e Transverse axis s
" w Aﬂj'pﬂbﬂh whos XIS is filt}ng the
For the equation of a hyperbola 3

o a is along the axis of y. In this case, the ¢
obgined from the relation

o =b" (& - 1), but its graph is symmetrical on both axes 9747

This hyperbola is known as Conjugare Hiperbola. i I

X"
a7 - = I the trans
Ve
b’ rse dXpr of

urumr“_“lr

7 Focal Distances of a Puint on the Hyperbola

¢ ¥
In the equation of the hy puhul': h' = |, the coordinates of the

fici S and S' are S(ae, 0) and S'(- ae, 0) respectively.
Let P(x, y) be any point on the hyperbola, then by the definition of
ahyperbola

SP = ePM = ¢(CN - CZ)

I/ a
=glx-—] =ex-a
e

SP=¢ex-a
ind S'p = ePM'
=¢(CZ + CN)

a
Seatx] =atex

HW‘S'P'SPE-a-l-ex-ax-t*a
=2a=AA
= length of transverse axis:

|
‘_.

‘NepaliExam.blogspot.com




' -‘__Lr‘|_ [ of focal distance f

I -~ h.“ﬂu&flu UANSVerse gy

Y Py
= | i
208 Bauation of & Hyperbola with Center , |

ulﬂrhm fixed point such that §8' = 5,
‘rﬁ- the line 55" as the parallel 1o the x-axis and ¢ &

e Cilh, k), théen the o i
sr“‘lﬂli-ﬂ“ﬂ O Ordingga
.ﬂ*.-*t,.ds'[h-at.L}lg-*-,l'}i'uh'-;'l_'.. -

|» 9 Fﬂl'alllt‘“'i" Equation of Hyperhgly

s 1AL
I A bR S
i B

The equation direcinx ZM 1s
il
=h =
x=h &

Let Pix, ¥) be any point on the hyperbol:

hyperbola, we have,
SP-SP=2a
Vix-h+ae) +(y-k) -AJ(x-h- ae) +(y - k)

——————

ENIR=h #ae) + (y - k)’ =2a++/(x-h-ae) +(y-K)

]
v i

) fh"‘ﬂfi“(y- k) =da’ + -Izi'\ﬁ\ - h-ae) 7
L

Aflx-h-ae) + (v - k)

) 40y - k) NepaliExam.blogspot.com




orked out Examples
= ) i‘]
M. vertices, fock, eccentriciry, 4; : == =1 xT—= =
: ._ rl' w" rﬂlﬂ["ﬂ us C a _"'l.||!'-_h'I
i ﬁ*#'ﬁ #1'3"4_1'“ 37=0
W et 2123720 |
L3 %"l‘i{ e ﬁ:ﬂ:ﬂ.{hf equation of the hyperbola is
! ?l ’I’"‘f-“ g =y

Ih-

N M the equation af the hyperbola is
-4y =36
. : £ 4
e b
:mzzlfiﬂg‘il with the ﬂl“"““" {omparing iwwith=——
Al
.'WEM n’nl.?.
: a=2J3,
Center (0, 0)
M the transverse axis is along the x-axis, verlices are
o i , 'ﬂ ﬂ "I-'L'Hil::.'s = []1 +a |\':|
[
i Wehave,
N T e L - -
b'=a'(e’- 1) bi=a"(e* - 1)
o 9=12(e- 1)
or 9+12 =12
2=12¢

We find

Center(h, kY= (1, 3),

-

=2(e” - 1)

NepaliExam.blogspot.com




2
e
242
i
e e R
Lafus rectum =—_ S35 2
=y
e T
Solution:

Here, the equation of the hyperbola is

Sy
s
['mnparm}: it with the conjugate hyperbola

.‘l'.-
-
T

We find
a=9, b’ =16,
S 8=3, b=4
Center is (0, 0)
Vertices are (0, £ b) = (0, + 4)
We have
a=b(e’- 1)
nr 9=16(e"- 1)
or §'+l§=lﬁ=

f*—:

=- |

=

_|.|||.'|'i[|“:
i ¥ Y 1 s J | .
given eccentricity, ¢ = 2 and foei 5(6, 4) and Y- 4. 4) then the
distances between them,

seentricity =4

I (0, : he) = (0, £ 5)
ot i) [§]

5

e
pifestriee" ?

ati f the hyperbol:
. pquation 0 yperhbola referred ¢
d (he to iig Axes 3
338 Auey

I.dm"d |
yor= ith foci (6, 4) and (- 4, 4‘m.ct~ntru.m3 |I
I

“-nh length of conjugate axes
foci is 13
4, with focus (2, 2) eccentricity 2 and directriy T k
1kl ] ¥ =

Foci (6, 4) and (- 4, 4) eccentricity 2.

i5 5 angd distance between

R

- S s

Jap = "~.'i|-:'~ Ay (4 -4Y

o =a/(10)
o 2ae=10
or  2a2 10
d=5
We have,
b’ = a4 (e 1)
74 15

,Fi.'érlsif‘E'Sta'm-.‘fblﬁg spot.com



: . Aot icr-{
L eedye

Stntion: l. th of conjugate axis

5
=5 i
13
b 2pe=13 S Be =
We have
] p=a'e-a
gy 169 .

3109 25

4 T4
144
a a=

4
L @=36

Hence the equation of hyperbola in standard form is

E .

g

x Ay
or 36-25 ~ |

S 25x- 144y =900
Mii.  Foecws (2, 2) ;eccentricity 2 and directrix x+y=9
:
Given, focus (2, 2) eccentricity e =2, directrix x+y=2
Let P(x, y) be any point on the hyperbola.

R SPEAf(x-2)" +(y - 2)

[be the line of the equation x +y =9

) _ .-9 — X+y- 9

-

2 of conjugate axes is 5, distance betw een fogj ;
th 513

qf]_ I_'I:".’\.1
LT
pi=c P!
of 2 { y
x-27+{y-2) 4=y
B bl -

i e g S AR AR &5
ar 2 T JR:" -3
\: i }-" | —]"'1:!-' = .12 X = -::5‘ . I:-"II =)
- the required equation of The Ry
is the | ] 0 Of the |]'_.|I~|E.!h“|“

. Show that the locus of a poing which moves

= iR i in suc
”.J e differences of its distances from Such a way thy

tw 2 paints i
Wo fixed poings is Constamg

is a hyperbola.

gplution: .

Let S and S’ be two fixed points with coordinates are S{c. di s
S(-c. di. Let Pix, ¥) be any point
Given that

SP - S'P = constant (2a)

Qr \'ri‘-'k'f =Y d) "‘~.|r|\"'~'1' "i:.'--.lf =1a
or ‘-Jih-cr' o =gy = :il-‘\_lif-.':ci' f1}-d}‘

Squaring,

(X-€) + (y - d)° =42’ - da~f(x +C) *+(y- dy* + (x +e) +(y-df

1

or X -2xc+c¢ =4a -4a "J'H + ) +(y-dr Pyl e+
or damJ(x +c) +(y-d) =dxetda
Squaring,
a’ (x + c)’ +a'(y - d)’=(xc+ 8y
or  a*(x+c¢)+ at?'["r' -d)' = xe + 3‘3:"'5_" a . i
B2+ dadve+ atettatlyls dY = + 20 x0+a
or {a! - c:} xj . a:{}, R mr = a:{ﬁ: )
= _d)?
@ *%"ﬁﬁ =

b

or

Bt Ayt oq
a2 (c"-a)




M Verrbect of Engrecveing Mathvmrics- r
ol this |

U Ity y g
_ . #-m&g-i Mb:=‘[f:va"] "_‘ b‘-lhf e '-'i-. l'- mn P':m'..lu_ “h;-,ﬂ
e "L'_ - ]
‘ : _ p=a
the equation of a hyperholy, : 3
which represents (e &4 e b ce’-1
| | " 1 el ] o
h‘;" “ X F 1 ("‘"}) ll'.lli - 3 '-TJ “‘Ihf..'l'l- ." . e 't:_
“ yariable parameter represents a hyperbola. ol -
e
m . ! i 3 1
Here, x=3 ('™, |
(] = B e
js_l.( +.]_) I & 1 by
or s 2 ! he equalitl - g t
| | and LE ¥4 Ol
. :
and § =3(-1) e
(2 & .
Eliminating 't from (1) and (2), | . be the eccentricity of this]
|[ € DE LI CCLCILNICILY OF 1S hyvperbola: ther
N s.qmnngnndsubtmumg”]Immf ), we get 2= | e
iy \~
gl o _I[ RS YT ;
= ' l:ll ) of [: 3
x’ y 1 1\ ( 1N ] :
e TR =49 3 d
AR 4[(' 2tg) (¢ -2+3) | 5
. ] =
5 l: 11 5 i 1] .
= = — o = o -4 '1.' - | 2 l-l
or a h. "I [t + 2 ! F =1 : -E E| or _h-.
¥ % s
X z; |
b - ! b
A AR =y
I [ b
2 4 .
X -";L.' = | represents a hyperbola. i ion (1) and 2)
RN

atb TT “a+h

. s 3 B e a+b
w’l and & be the eccentricities of the hyperbolas \T - f; =1l | I

? = I then show that —'f + —tr =1 [Zo59v6in62 B.E]
' [ Exercise - 33
Fi pp— 1
1 ¢ E;nd the conler, l.l..tl.llt!‘hlt'\ vertices, focL dire¢ -
Sand latus rectum of the hyperbola 4 L~
L dx” . {}}. 3 E

16y gy2 gy
S - 144 Tk, g
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A Tevrbist o Empioveroge Mattwemitics:|
i lﬁi_gﬁr’-«iﬂﬂ‘

W, G- 16y ¥ 72x-32y- 16=

coordinales.

difference of its distances from the points (5, 0) and (-

a hyperbola.
B X ¥ X
Prove that the lines e k :md; =

parameter always intersect on a hyperbola

Answers

i iﬂ.ﬂkn-ﬂ (£3,0), (24/13,0) , x

2 Find the equation 10 the hyperbola referred 1o jyy axes

85 Ak

2 Find the equation of the hyperbola whose directriy je »
and focus (1, 2) and eccentricity A3 . %
4 Find the equation of the hyperbola with vertices (+ 5
and { 7, 0).
5 Prove that the locus of a point which moves in such g w

i with distances berween the foci is 9, eceentrigiry 543
i, with distances between the foci is 16, eceentricity \3
i, with length of transverse and conjugate axes 4. -
4 5 = o} b dfie
respectively. ~
jv. with Jength of conjugate axis is 10, passes through
&
(2,-1).
v with length of conjugate axis 7 and passes
(3,-2).

Ihrl'll_“;ii the

X

5, 0) is

21y
- e pra ] « ~
h L where K15 variahls

axisis2a

I.E"..'

% Show that the eccentricity of a hyperbola with transverse
and axes are the axes of -:uurdmatu which passes through
. pﬁmt[h.hjrs,gwenh}(h] K ﬂﬂ}

+ ) ang fogj

ay th the

g, 10 tangent at a Given Point

v
36 9
e 8.6. =
e
L - y
. jex -9y =136
i J . ;
g5x" - 36y =44l
Vi T
3247+ 12xy - 2x
- ==
I asy- =600
".I-!L - it

o find the equation of tangent at the nobm f b
JL : i L (X 3 48] '”.51.
|I;I_I.I,_,.I'.-J-ll'l..l.:'n:' '; - _‘ i
4 Plv, y be the oiven point he hvperkals .".. Y

Let/Pixis ] | point on the hyvperbola = r— = | and
Q(xa, ¥2) be another point.on the hyperbola very close 1o P
; Lo A |
S T (

Bt 2 X \

= Lk 2
an A h- 3 | k
[ |
|

Onsubtraction (1) and (2) "IL'

X" =X (¥ =-¥y)

— = - =) |
i.l- |1' I
|
or B2t X)) (x2-%1) _(¥2 vy (¥: -y \
o Ny = 3
a b

Va-y, b7 (% +x) il
ar g S

Xa=X; 4a (y2+y1)

The equation of the chord PQ is
Yo - .l“

YY1y Tx (x - %))
or M*‘
Y-y =¥ (ya 3} (x-xy)

wlhn Q‘+P. X3 =»¥1, then



XL ,::'.% = | is the equation of tangent at the pojp, (xiyy,

| "'_- ¥ h.,
. A%

= X+ e will touch g,

Solving (1) and (2)

- s

o
i | L

amY) &’ - 2a’mex - a'(¢” + b7) =0
‘guadratic equation in x, so X has two roots. The line (%
the point if x has two equal roots. The two roots of X ar

¢ line (1]

3 __E-azmz} x {. az{ﬂ.‘rj + b:}l =0
48 (b* - a'm’) (¢ + b7) = 0
B 22 2 e
'-&'n P’ -b'm’b’ =0

The equation of tangent at (x,, v,) 1o the hynes it
Perbe I

ki XML _
— - ¢ Bl ]
g b
jt st be identical with
mx-yEyam -b =(
x .".ﬂ: j 3 II.-"h- _____l____
m 1 £alam” - b
From first and last ratios
a'm
9 e S e e e |
! yJa'm” - b’
From second and last ratios
h?
- Wam -b

am b’

i
¥ y . u o ' <4 = P |
Therefore the pomnt of contact L Emeb

.12 Normal at a Given Point

-
1o find the equation of normal at (x;, Y 10 the hyperbola™2 =g

Let the equation of tangent at (x;, Y1) 10 the hyperbol
<= S P .4 I
- i -

X fa: h: X
Slope of the langent = - '—;,]_;E" TN

.
-

B a
-%uﬂhe normal = - §3 ';ﬂ'

am -b/

r
&

a‘u‘?.hr lls
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—— .
' ) - . = . = .33 =] 1
waton 0o Br0UEh (41 0) With iven siope ¢ v R :
ety [
. ton n
h {: %) The cqtm 1 ﬂmmi al the Poing ¢4 Wy
114 h}ru_fhﬂf'l] = h I I&d xLM"‘ h W‘h
= ﬁ Y COl§ o 4 e i
he required equation of normal at the gy POi | p]rﬂcmr circle
loy the
i s
c of the abhove results can be L‘rb[qum.d i | Thcdﬂllﬂl:lﬂll of the director circle ¢ of the h'-, Tl
g proofs in the case ofellipse by replacing b? y, r““ the e o s F"-ﬁm!a: _L !
B Gy =al-b ¥ el
Wia' of tangency: rhe director circle is clearly
‘l:. 'lhnmdmun that the hine y = mx + ¢ touch the hyperbol [ 3 imaginary circle when a <,
Ola

n,:dL!CCd 1o 8 point circle w hen g =
’i:lrsc tﬁam - b [ e : 1 =b.

il realicircle when a = b,
The equation of the line
b }'nuﬂ:iﬁu"mﬂ b™ are tangents to the hyperbola . It
I | = ;1 ]
~ allvalues of m. -
1l The condition that the line /x + my + n = g i
= b - A c ‘ -. -.
fe =1

lgpﬁ'bolr:‘fz; _bZ;. = isa’l-b'm’=n ' 2

Auxiliary circle

The circle describes on ransverse axis as dinn
dutliary circle and equation of auxilis ry circle is e

«lll. The ﬂmuimcm that the line xcosa + ysina = p o g (13 ASymptote

wm;f ﬁ; = | isa’cos’a - bsin’a= p’ A straight line which touches the curve at the point & infinity bt
iiself does not be wholly at infinity is called an asympilote.

of tangent Aliernative definition : An asymptote 15 a straight line if the
LR ‘ | perpendicular distance from the point on the curve to the line tends
m.ﬂ]llﬂhﬂn of tangent at the point (x,, v,) to the hyperbola 102ero as the point moves to infinity.

;§-_§=lis£::l-3§l=l |

|
i Asymptotes of a Hyperbola

F~ r quation of tangent at the point (a secd, b tang) to the . X ¥
A X . xsec ytand _ | 10 find the asymplotes of the hyperbolaZz =3 = !
a b Ly ¥YSmx +¢ 4
bean 4S¥mptote of the hyperbola
s r‘- 2
L at the point (x,, y1) 10 the hyp @ - ﬁ 2

NepaliExa‘m.hlngspnt.cum




24 2mxex + €)= a'b’
9 x* - 2a'mex - a'(c” + bY) =0

atic equation in X, 50 x has WO roots. The j; ()
mptote of the hyperbola (2) if the 1y, mmﬂr: o
on (3) are at infinity, we must have *of th

S efon’ =0 and cocff ofx =0
3 . hg;‘.ltmzﬁﬂ and a'mc=0
- et

b b =
:‘..' == S nd - ﬂ
5 =+ “

Putting the value of m and ¢ in the equation (1), we

b
Tni. X.

find the g,

Note 1
The asympioles to the hyperbola is

4=a‘:£.!i
" et

. or qr-wj:bx
1 .-!,’y_!=h!x:

-

e .
Ahisis the joint equation of the asymptotes to the hyperbola.

| ‘#ﬂﬂm the equation of the asymptotes differs from the
ion of the hyperbola only by a constant term.

If the equation of hyperbola is jf:'r --;-:r= 1, then its asymplote %

| ﬁnlﬂ;

quation of conjugate hyperboly is.E; 5
’. 3 R -

its nﬁymplﬂlﬂs are ;: - E-, =0

and

e ey
!f'[hc a_qymplulr.h are

jAmy tn= 0 and /,x +

ri'||}"+n

» h},pﬂ]_-mla will be of the form
|

|=u.|he.n'hceq B “r
(Ix + my * n) (fyx + My +ny) 4

=1
And conversely,
'y

if (i +my +n) (hx + myy + M)+ k=0

he the equation of the hyperbola then its ASYmpiotes wil
T &5 will

and

PN be
+my+n={0 J|x+mn,*_ n=0
’ | =

115 Rectangular Hyperblola

B =Lif

b the transverse aves and

conjugate axes of the hyperbola are equal in length, then the
hyperbola is called Rectangular hyperbolg, N

o
iIn the equation of hyperbola =

The equation of the hyperbola in standard form is

mlj,el
_._J._,..

i A B
)
Writing a = b,

X" -y =a’ is the equation of Recrangular hyperbola.

|
116 Equation of Rectangular Hyperbola Refereed

t0its Asymptotes as Axes of Coordinates,

o find the equation of rectangular f;_;w?ﬂfq "'ﬁ”ff axes are the
Bymptoles of the rectangular hyperbolax -y =@

Let p(x, ¥) be any point on the hyperbola
E“ - yl = az

NepaliExam.blogspot.com



lmﬂxnnd{)y,mdh -

vint P with respect to asym 4 =cl, ¥y =7 issatisfied
e< and since the two mpmﬁ:?qn and o Cjﬂ,ﬂ}’. X 1 ted for g Values oft

m., the equation of the rectan ular 0, lie on the re
¢ (d~ 1) E clangular hyperer,

O
m through an angle 7 ES

p s x 4 ation of Tangent
1 Vi W * TT_[? Equ
y Pm'}mﬂ o I spbola Xy = © o Yil 1o the FeCtamgpy oy
Y.IM"‘}'L‘OSE Ft e L;]Udlh'“ of the rectangul rl
(T Here: Bular hyperhala i 13
Hn"? \} =C
. 5 []i!'[arcllliﬂlini_n

find the €q uation of tangent gy gy

22T
Iglﬂpﬁl—:— +y'siny and

e e
r:.xﬂﬂa’ = ) CUS_LI
|

I"‘r (x'+y')and y =
* Putting these in (1) we get

\ ¥ d (
(? (x' +y}) (L J Slope of the tangent =- 'l—l

or E x'+y) -'2- (V-x)=a The equation of the tangent at the point (X;.y,) to the hyperbolais

O (85 2y 4 ) - (v - 2y’ +x7) =
or W‘«?ﬂ‘

x'y'-"n
mm‘ the point (x', y') is
oy c*=l

Note

The equation of tangent at (ﬁ:l.ﬂ to the cunve Xy =€ K .
- L
1
.
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o n'-ﬁfﬂnrmil
&rwfﬂf I-,JEP”E"’ x;, Vil to the e Urye
Hﬂ“m@mlm the point (X1, ¥) to the Clryve Xy = i

=gt
Slope of the normal = vi
The nqua!iurr of the normal at the point (x,, v,) to the Curve is

{x-x;)

Xt }'1—}-

or Y¥i -}’f:x-‘il =%
XX =YY i =X =Y
is the required equation of normal

Note
ion of the normal at the point f; o1 E“'I
The equation o 0 pe et t) to the hyperbol

xy=c'is
c ¢
XXt~ }'W"'=Ll &

i af -y= et - |$ the reguired equation of normal.

Worked out Examples

)
\Ex. I: Find the equation of tangent and normal at the point ( v
e the hyperbola 16x’- 9y* = 144,

= | "1
ey .
Her
il

equation of the hyperbola is 16x” - 9y” = 144

B
fon of tangent at (5 =

_,) 10 the given | :
s

or .IJ'T "6
0% -

of : :
;‘hif’ jsthe r-.t[llll‘Ld equation of “ﬂngum_
-10 10

. Fihe tangent ==~ =—
slope 0! 3 3

=
=

“ 10

siane 0f The normal
glope

The g,qu.umn of normal at the point ( E] to the h}pﬂbuia i

h = i (% :\.'|
F=3 — 1D
® 1 |
ar 10y-= =-3x+15
- &l :
et 10y == +15
3 80 + 45
or 3x+ l0y=—"7
i A 0%+ 30y =125

| i Show that the line x - y + 2 = 0 touches the hyperboia

5 -9y* = 45, Also find the point of contact.
hutign:
Here, the equation of the line 1s
X-y+2=(
#d the hyperbola is
-9y =45

.-—--*"‘"‘“ J

| Solving (1) and (2)
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I, _ A

and y=-5/2
given line is tangent (o the given hyperp,,

2 3
('"z'-'z)-

| of the tangent to the hyperholg 4,2
are parallel to the line 4y = 5x + 7,

~

i ing 1.|'|1:

‘9:'"2]

e

gtion”

‘ :4:.;._1[1.\:: J 161

qd the equ ation of the tangents 14 the h

=0 s the reau;
q“erd tq“ﬂli
ON Of tangen;

fﬂ which are perpendicular tg the ling imﬂ"'h 3::_‘]’,_11
Y+ 2=10. Alsg fig

{he point of contact.

The ,;quallh‘lf! of the h}r"['\l;'rh{’:lu s

3 -4y - 12=0

e _1:\.

| & |

or X

£
oF 4

Y
3

or 1]

.2
nparing it with =7 -3
feparing G

.

|1"|

Wefind a==4, b

The equation of tangent in slope fromis
y=mx=++jam -b
Since the tangent line (2) is perpendicular to the line

|

x=y+ =

(Irl y=x+2

lts slope = |,

80, mx]=-].
Som=-1

30(2) becomes

y=-x4+/4x1-3

[ -_' Y=.x 4 -._‘4 x3

-. y _ ﬁ 1
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:h'r " ﬂ.-ﬁms of the tangents are
mﬂ
i-g!-l. x+y=-1
— mm!ﬂh"""l""“‘ of contact. The equation of tangen; 4

0! yu) 1o the hyperbola is

I From first and last ratios

X
4
=¥
3

L

' From second and last ratios = | sy =

The point of contact is (4, - 3)
Also, comparing (4) withx +y =- 1

uM -y 1
B -1

From first and last ratios

1
- From second and last ratios :11 =.]

The pomt of contact is (- 4, 3).

¥ =3

&'5 Find the equation of hyperbola whose center is (1, 2) and its
- asymptoles are parallel to 2x + 3y = 0 and 3x + 2y = 0 and
mw{ﬁ 3).

b |

equation of an asymp[me parallel to 2x + 3y =01

B o)

.

s the line 2% +3Y -8 =0 is the €quation gf g
quﬂ“an of other asymplote paralle] 1 T4
x+ 2y=¢C Y=0ku

¢ it paSSEs through the center (

Siné
S0

3%l +2X2=C
3+4=¢
we=1

Thus the equation of other asymptote i

3x + 2y
The combined equat ion of the asymplotes is
t"s,'-r-"-".'-SllI":\i'* 2y -7 =0 l

As the equation of the hyperbola will differ from s as
only by @ constant, it may be given by ympiotes |

=7

(2x + 3y - 8) (3x + 2y - T) = X where % is constant -
Since it passes through the point (5, 3)
Qo (2%x5+3%3-8)(3%x5+2%3-T)=)
or (10+9-8)(15+6-T)=k
11 x 14=A
LAh=154
Thus the equation of the hyperbolais

(2x + 3y - B) (3x + 2y - 7)- 154=0.
gents drawn from the center of 8

or

EL6: Show that the pair of tan
hyperbola are its asymptotes.
Mlution:
Let the equation of hyperbola is
r 2 g |
.
o (O Rl
a b _
rhola 15

hyperbold

The equation of tangents to the hYPe

¥ =mx i\||a‘m‘ - b

Since it meets the center (0. 0) of the
SO0=mx ﬂ:i:'\fﬂ"m b
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Exercise - 36

e equation of tangent, and normal at (he point (5/3 ,
wperbola 16x° - 25y° = 400, =V 4) 1
‘F’ d the equation of the tangent and normal to the hyperbola
‘ an;ﬁ at the end of its latus rectum in the first quadran;
B 2 5y < 116 i 0 g,
@8 7x*- 3y =232 and find its point of con tact.

e equation of tangent to the hyperbola 3x° 49" = 1 whi .
el to the line 2x - y +4 = 0. : ¢

¢ equation of tangent to the hyperbola
oular to the line 2x + 3y = 5.
point of intersection of the tangents at t,
Xy =¢",
uation of & hyperbola whose asympltotes are
7=0and passes through the point (1. 1),
the normal at a point 't' of the rectangular hyperhola
Bets the curve again at a point 1y such that t't, =- |,

K= AYT =1 and
ill]Li [; on []“_.

Ix-y- 3=

Answers
TN 5
3y =3, 3x +-JE}. =545
4 2B x-V3 yx2=0
UL TS

[

Egneral Equation of Conig

Section

aN¢ 5 of the for
o= ﬂ

uation of
| General Eq Second Degre,
. The ._«qu:ﬂirm of the curve in the pl
ax’ + 2hxy + by® + Jox + 2y

here @ b, ¢ are not simultaneously
“I' ) -3
ation of second degree in x and y.

g

Prove that the general eguation of

Zem, 15 known 8 Generyl

the se 5
_ A © Second degree iy itng ¥
.r'!?,i"’f'f""'w'r"" d Conic section 7

Let the general equation of the second degres be

)

by’ + 2fy 0
e v 4+ by 2ex+ Mudp=
a‘\.' ""Eh-\:" -'." ﬂL - L

-resnnd )
For the simplicity,
Let the axes be rotated through an angle 0. So the transh
equation 1s obtained by putting ||:|i
x=x cosl - ) sinf

and vy =x sinb + y cost in (1), we get
a(xcos0 - ysin0)® + 2h (xcosH - ysin@) (xsind + yoost)

+ b (xsinf + yn:ﬂsﬂ]:+ Eg{mwﬂ~}'ﬂr|ﬂ]
+2f (x sinf + yeosh) + =0

(acos”® + 2heosd sin © + bsin8) xX°

+ 2xy [h(cos -

sin'0) + (b-3) sinboost]

fﬁiﬂﬂ} +2y. {fmgﬂ -gs.iﬂg']‘l' c ’"0 ﬂﬂ
coefficient of Xy #

+ (asin® -

+ 2x(gcost +

. ¢

Let the angle © be so chosen thal th

mes zero H‘_-““‘ﬂ )= 0 —y
S0 2(b - a) sin0 cosd +2h (cos®-

or  (ph- a) sin20 + 2hcos20 =0
- 9 (a-b)sin20 = 2h cos20

4 N'epaliExam.blngspnt.cnm




gifferent signs and when ‘; and -—In: Dot ey
jmaginary ¢ "llipse. .-h-

- ' 'h b) "
cwse ! _
ik “'f ﬁﬁﬂfﬂ lies between -E and E When gither A or B=0ie A= 0.8 =g
squation (4) can be wrin
of h, 8, b, and 0 dete en the €4 .
ng the values emined from, (3, i i gy* +2Gx + 2Fy +C =0
f L
3"!+35¢’+S!Gx+3ﬁ'+ C=0 i BL}-T +g Yt 2Gx +C=4
ag different cases may arise: } y '

g
{f EN B

Casel « B(y+5) “B +20x vC=0

; -m'dmrﬂﬂ-' sera, ied = 0B=0 ¢ I _}_-|‘ Wi :I.K\ }‘-: _I;"
‘the equation (4) can be written as or Hb B/ “\" 2BG EG_J =

||I ]_ {- I'.\l
ﬂ.(l"'l“_' J B(}' * B]j == C Shifting the origin to { Sp= - 5, - & the equation bes

Sa(yed) S E By’ + 2Gx =0
1=A:1+ +Bly =23 +37 - C e

LW :
. or vV =- —1'{ x which represent a parabala

ng the origin to (— T E) the equation becomes
; + By =—1
.LM By’ A Note :

“1.'. SnEk 3 We have by the 1hcﬂr}' of invariant

1,

k:rfq; +.£w- AB=ab-

X When either A or B is zero, ab - =10
w the following s - + ¢ = () representa
e Thus the equation ax” + 2hxy + by’ + 2gx + 218

ii'-'-" =0, then the equation (5) becomes parabola if ab - h* =0
Bj'z =0 and it represents a pair of straight lines. When neither A nor B is zero, ab - i =0
N g is
hien the equation (5) becomes IFA and B are both positive, then ab - h'=AB

+ 2y o= 0repesas

Similarly, suppose B =0, A # 0, we will also find 8 paraboia.

the equation ax” + 2hxy * by + 28
ellipse.

k
d a hyperbola when X and g of IfA and B are opposite sign, ‘h""';‘b %
Squation ax® + 2hxy * by *

 Mperbola,

g, k
/1 '. | and it represents an ellipse when A and
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Grhz-ahqu
orh’-ab > 0

» parall | straight lines 'TF - =
ir hyperbolaifa +b =0, A = ()

r of Conic
! ¢ plane is called center of conic if every chord of (.
through the point and is bisected at tha point .
e center of the conic ax” + 2hxy + by” + 20y + 5
(¢ , ) be the center of the conic
ax ;ét';ahxy by" + 2gx + 2fy + ¢ = 0

20+ ¢ : 0

(1)

11!"1[_'

hﬁ-nlaﬂ (x-a)

| ;L'I : -»Lﬁm = r(say)

y =P +rsind
.'mmm’c (1), then we have
& + reost) (B + rsin@) + b(p + rsin0)’
&t{ﬂ-ﬂtmﬂ_) + 2fIp + rsinf) +¢= 0

ko

o0+ ZheosBsingd + g2
L " f{ pp + ) sin0] + ag® ¢ 1|,u?5]:$:
@ w15 the middle point of (1), therefore
§in soefl: ofr=0
{nﬂ +hp + &) c0sO+ (ha + bR 1) 5
+hp+ 8= )
hﬂ A
' g (2)and (3),

ui'ﬂ Mk
5 L0 4 |‘. 1

h g 4 h
h><l |'>gh>{ b
i AR L N

— . = ___"I'
Wi - bg II_L'_ - al ab-h

gh - af

1‘l|_
!1I
abh-h"

Fab-h ab - b =0
Thus the coordinates of the center of the conic 1]

hif-bg gh-al i

ab-h"* ab-h )/
Rules for finding the coordinate of center of conic
Let the conic be

§=ax" + 2hxy + by" 4

Differentiate it partially with respectlo x and y

2gx + 2y +e=0

= =2ax +2hy +1g

ind == =2hx + 2by +2f

Nw_%z- = () aﬂd% = () gives
ax + hy + g = 0 and
hx+by+f={]
ing these two equations

i, 2

NepaliExam.blogspot.com




=
wedinate of center of conic is

_ I L - gh-af

*ab- h

. -_ jon of a Conic Referred to the Cent
the Origin.
I‘;Mm equation of conic referred 1o the center gy the origin
 Let(a, P) be the center of the conic ;
\ax* + 2hxy +by” + 2ex + 2y + ¢ =
~ Shifting the origin to (a., B).
Put x=X+a,y=y+pin(l),

aX+a)’ +2h (X +a)(y + B) +

€r gg

v 1)

bY + B)* +2g(X +q)
F2F(Y 4 B)+e=g
BXSE2RXY + bY" + 2 [X(ac + hB + g) + Y(ha + b + )

i +au3+hﬁz+2haﬂ +lga+2fB+e=0 ... (2)

3 -ﬂ'ﬂiwm:_u' q!'!he conic is at the origin, then the coefficient of X
? ‘ﬁﬁ tol'Y in(2) should be zero,

dll = inﬁ:lﬂ+hﬂ+g {}
:IM'H’J!“*'fz

B

w-

|
24 Axes and Latus Rectum 0

opaP + 280+ 2P +e
= a(ac + hp +g) +

#
i

bp

B{h{l-i- hﬁi'n*gq;‘_‘
¢

= .0 + (3.0 + gu+ fPf4o=

hi - hL", ' l‘i‘h'af

0§ e | : Ty
Eab-h ab-ht T€

foh -

s

o+ {4

ll'\l_l: a

r*_'jl = Hr] -+ atx x f'l‘]:
uh ‘T—____'r-—

21gh - af’ - by’
ab-h

= b!__l‘

abe +

2fgh - af® - bg - el

abe -

where 7 _
| us the ::qu:umn (5) becomes

Th

ﬂh" FOhNY +bY P ]

i i S
BN +2hXY +bY =

2h(a” - ab)

A

alh
A

ab) - b(h’ - ab) .
alr-3D) 2. W-r-“h—f—' Yo=i

o

and this is of the form
AX®+2HXY +BY =1
=h{h:—ahh‘ i
A
atral conic referred as center &8

= H‘I"I‘l' “&#u.

Fi

a(h’

h(h" - ab)
where A = A

8 the required equation of ce
ongin.

f parabola _
.l"ﬁmbﬂ-[ﬂ whose equarion &

4

Find the axis and latus rectum of the
ax’ + 2hxy + by’ + 288t el
Letthe equation of the parabola is
ax’+ Dby + by? +25x+3ﬁ'

+c=0 y :. ,_'.-.'.:

ww‘ |
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: Abtﬁ’ ap =h.
.'-lr-[.?ﬂ.ﬁ ""'zﬁ" +c)
jwiniz wo praperties in a paraboly,
@;gquﬁun of the parabola b
:ﬁﬁH
P -h.FM
‘ " ce of any point P from its axis)’
-.?5 . '. atus rectum * the distance of a paine P jrom the langent g
 ghe vertex.
" The axis and the tangent at the vertex are Perpendicnlar

ﬁ‘* md;ﬂwmcthﬂ*cquatmn (2) is such a form which ex
jove property in relation to two straight lines,

he equation (2) can be written as
fox + By + A)° = 2x (Aa- 2) + 2y (AP - ) + 32 - ¢
‘where A is constant, we choose A so that two straight lines
g;s+ﬂy+1-=ﬂ T —— (3)
i fm_gﬂﬂm_ f+2r%-c=0

Press the

I
a

“and slope of the nmmhf“ﬁ—f

=,'-'- Horthe line (3) and (4) are to be perpendicular is that
{ 3_;39;3) o
M-

-

)
(0 + B?)’

o Llof- %%?
(o + g)2

- is .,mluf. of A, the line ()¢
Wi squation (4) the tgpes
the el Eent ap
l“irsccnnn ﬂ“ 1.} ‘I"d {4] 15 th{, 1'EFI'EI”IFum
qd the latus rectum, the equation Parabojy

cﬂn hc“'“”“uhﬁ

Cpr

Tl e ng form:

— 208 Dys
(ke - g)’ +(Af- 1

Which is of the form Y? = 4AX
Thus the length of latus rectum
’?\frr o - o) + (AP -
7|

Substituting the value of &

L 2 i | olgo 4 T]l . 5 |§!'gc[+ !m T

(a4 B \/_ o + B L] J{ o+ -

i (2a’ + apf - go? .o’ uﬁn - fﬁ‘)
" + ) \ [Vigh [ﬁ @ 1'|3

. HT:.IETF o () + (ofg- f’)
(@ + ) (o7 + B

NP (af- gh)’ + o (Ba-fo]

V.
(o7 iy Ve + B (af- e’

ore length of latus rectum =g+ ) *
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is obtined by solving p
) '-ll-lu:iu;h

i the equation of the axes 1o the cey, Tt
1 of the central conic be
2hxy + hy“ =]

T }ﬂle_"ca'nmmtric circle

ill l.'r_J“J"L

---.......[jr

the Points gy
(1) humngu:m‘uus

pof the lines joining the origin (center) 1o
ion of (1) and (2) is obtained by making
telpof 2),

verese| 3)

‘that the equation gives a pair of straight lines
) X e ;
gin as center and represents as the diameters PQ

 straight lines PQ and

passing
and RS

Miﬂmpresmt a pair

: = 1}
.. gquadratic equation in= g, . .
is 4 r + S0 it gives re

* Thus r; and r; are length it
ity 1 of semj
Semq args “flﬂ

5 r:? obtained from the above equg
nic ii'; an t’f"f}".‘l‘l_’. !i‘ h = T - 1_hcn I

. 5 = 3 .
gxis and 2 that of the Semi-minor

tion bo
15 the |
iy,

|{r|
the o0

nafor

Il'rﬁ is positive and 13" 18 negative, theq the
p is the length of the semi-transyerce

]gnﬂih of senmii-conjiigaie axis.,

for the equation of axis, multiplying the equation (3) by ( -11)

We get
i

L‘*

J = h", we get

Dy

N2 . y |f.
] X orZnla-
3 r'.)l XD

MY )
— || 'k -

I
Using (4) ZJ\P-F

|::l-

i
-3

Xy + |I:‘\-':=ﬂ
e ‘

B2 ol
d I“./I A "]'11'

or 3 g7 ) X ||}'|‘ =0

: g !
Thus the cquation of the axes corresponding t0T” nd e

(s

|
and (ﬂ - ‘I:I':F) x+hy=0

Where r,” and r.” are the roots of the equation (4)

I
'r"] X + hy =0

| #

E-":':l‘_?ﬂﬂtricity of a Central conzi‘- 2
L 1 the central conie is-_f_l_!l;ﬁlli.lf?ﬂ' ot

e
[ s
A ey

off
%.: 4

-

&Imiﬁ*. ;.
u-:"ut:_ 1

cuﬂit iﬁ. b | Iﬁm
axis and \ird] is ghe

d=
.I,.

are
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the central conic is @ hyperbola, r* > 2.
WGfﬂlc semi transverse and conjugate ayes

‘of the hyperbola is obtained by Ihr then the

S plen (- 1) & Telatigy
o _,:; !
P . r' =f = l
.
—.T —
MR ° e
b ATt
E (o] f
oci of a Conic

“The conic is an ellipse. Let C(a. B) be the coordinates of the
w;ud 1, the length of semi-major axis. The foci are the
points on the major axis at a distance r; from the center Cla,

B ofthe conic.
y .ﬂhﬂﬂlﬂ angle of inclination of major axis of the conic to

the right angle triangle CPN,
o
Cs ;

h
1

0 he the |

coordinate of § is
= (OM.MS) = (OL + L. sp PM)

= (@ + er,cosp
he co-ordi b Pen Sing))
gmilarly: 16 COTOTEInles of g

g'(ce - ery cosh, b - erysinf)

1f the conic section is 3 h

! YPerbola the
foci holds the same as & then fhe

dit the case Of the n:IIi;::'Irdi% e
S(e + er cosh, p+ €1 sinf) and

:'.':.{{f o CI'H-.'UE*U- [1 = t-'F| 5inij}

8 working Rule in the Tracing of Conies

The equation of conic is
& =ax" + 2hxy + by’ 4 P

We first observe that whether or not the second-degree
M eau . CRn (- DCUCRICE lerms oy the
general equation of conic form 3 perfect squa

£ re. If the second

degree terms form a perfect square, then the con;

' omie (| r v
er.l"f!f?m'lh’ (1) represents a
If the second-degree terms do not form a perfect square, then the
gonic will be either an ellipse or a hyperbola.
If h* - ab < 0, then the conic will be an ellipse and if h* - ab> 0
Jhen the conic will be a hyperbola, When the conic is an ellipse ot
a hyperbola, then we find center, length of axes, the equation of
axes, eccentricity, foci and directrices which are described &s
follows:

L Center of conic

The equation of conic 18

jﬂ ) i 71
— JL-.__'.r+2
o T i

and ﬁ=2m+2by+2f -
ay

~?il._lting %; Dand%g =0 gives




!

[{.I_J‘ - ‘[‘%“,] x . !lY a [J :l"d
i
rs

|:;’I‘|L- J Xi“\[.r__“

v _ .
Pand F7 A both positive and Ti 15 gres
e presents an ellipse and the o EFeater thap p2 then
jc 1] , ; ¢ eccentripjy of 1hd 1 the
e - e cllipe fo

Fecent ricity

cont
phtat .
12 ri (l-e7)

L
|

L. Length of axes
Let the general equation of conic be 1 lm-L[ | ' '
ﬂ:+2hxj, +b_\,2 . ;,_,:llr_-l.-w’::um !.I |: |1.-,.-:||'.; 2 I:'.1|1|.|. r: w. nugfm'u Jhen the ecoentriciny
. - 3 aof the hyperbola 1z ablamed by e relation
- It can be reduced into the form :
Ax"+ 2Hxy + By’ = |
- 2 Il.. L I_.r
e J'!“=ﬂ1;,|;--l|].thlfdh-ilj I
ﬂ e F LT ﬁ ._.l A | i
\ andthe quadratic equations in = is

¢ opposie sign, then the conie RS -

X (e -1)

| | 1
*3 g (A*B) 3 +AB-H =0
.a"', _,ﬁ’_-n_slves W0 values of r. If both values of  are W

WERHIC represents an ellipse. If r,” is greater than - then b
4 ‘-@E-FHNFW‘!}-W axis and rs s length :’-'f"-\“f_f.f.l','--.".".'.".fj'rr;l' aiis If V. Foci
: wlu?f: .h“""‘_*'{Ppnsim Sjgm' then the conic represents a I the conic is an ellipse and r; be tht‘_ll:

S pasitive and r.” is negative, then r, is length of then foci are the points on the Major i
i M 15 length of semi-conjugate axis of enter (o, [3).

S0 the foci are the points (o €N

poth of semi-major s

] -
- 4 distance €ny from

cosh, p=en sint)

S OEaNes corresponding to the value of 12 and * E
g

I 1

|




‘m‘-ﬂ—-ﬁm s
@ bs the inclination of major axis on the x-
of major avis |
(&F."’) X+ Hy=0gives

axy

A>T
tanf =- ==
Ifthe conic is a hyperbola then foei are (he poInts

{ax=er; cost), A+ er; sinQ), where o = X0 *r

e S

Iy

V1. Directrices

Let ZM and Z'M' be the directrices
AA'of the ellipse and 6 be the ang
X-axis at the center.

Perpendicular
le made by the m

.. : 4 Fi
The directrices are ar a distance

rai |
c

Le. r._= L 3 from the center.
‘9‘]’. = T3
Thus the equation of the
_line ZM and ZM' are s
in the normal form
Xc0s + ysinh = + =

which are the equarion
On shifiing

of directrices of the central ellipse.

lhc ur‘ll b M n
e 181N 1o the center {t. B), the egqtiation of

the general ellipse are

.

[x-.ujm;ﬂﬁr{y-ﬁ}smﬁ __i”\ﬁ__%__—'_;_
I£5," is positive ang r
yp So, l'1: is ﬂ“; 5
hehqhm by

of central hyperbola are

the iy of X

AOr axjg Witl

IS negative, then the conic represents &
quare of the semi-transverse axis. Let 6
the transverse axic with x-axis. Thus the

| 4 _Vhiﬂ” = —.'_‘_‘r:]—-—_._

Viroe

aifting the origin 10 qhe

i : SOMler
5 0f general hyperhol, irge By

xe st

s oy

Jiret e f
=) COSK T (Y - [sing =4 i

L = ‘_Ir‘?"':"‘“-q_"

-'\ll- Iy

{

g Asymptotes
5

A qeymplote 15 a straight lipe. Which 1 L]
ATH Ak, 1 5 EENES the gy

put does no! le altogether at infinin e curve gy Infinity
Wl t = ]

III.'_-||;,,||I |r.|r-fl-. ‘-_:__r”.-;.f.'.l R ."n'.'|.'.'.f- e Ly |'-!,‘," -:'_-.]IIJ_-..-“I,' can
Py mr - A ] \
ar + 2y by + Jev4 am 0 i
ta1 the equation of conic be
ax + 2hxy + by" + 2ox + 2y 4 0=

: the equation of
Thus the cquations of

Since, the equation of the asympiotes differs from
fhe conic 1IN constant term only

e - the
gsymptotes will be

2hxy < by* 4 t':_.\ e

ax’ iy +te +i=0 el 23

where A 15 constant which will be determined by choosing that (2

represents a pair of straight lines

ihe equation (2) gives a pair of straight lines if
ab(c + 2) + 2fgh - af - bg” - (e + ) =0

i (ab-h") 7 + ghe 4 -‘|‘]f1 - ;|1"I ]*.-_5 -ch-=0

abe + 2fgh - af - bg® - ch’

ab - h°

n A-

A

f= L ————

T

30 the equation (2) becomes
4. =9
: 2 4 2ox+ Y EC T
ax” + 2hxy + by’ + 2gx + 21§ ah-
he COME.

5 _ : totes 10§
This is the required equation of the 3symP




; “ e wm ont Exﬂmples
R -
1. Find the lafus rectum, equation of axis, vertex, .
ﬂ the vertex, focus and directrix of the pfﬂ::}::ln
i, A% -
i

_M+ﬁr’+ﬂl 64y +95=0
whic

- ﬁ:e.lﬁ:mrd-d:gm terms
. o (atus rectum
pength of latus rectum = 4A

M.Fﬁ.ﬁ square, the conic represent a parabola ang
gﬂmﬂ
_ 1 495 = The equation of axisis Y
2 10

16%° - 2dxy + 9y + T7x - 64y + 95 =0
or (4x-3y) F TTx-64y +95=0 ol
ar A -"\ 0

It can be written as
{45 = 3}’ +:'.]'1 + ??.\. -ﬁd}l + 05 . H},-"‘p 1§ U:?-,_\ . ;.-_-1 b A .:‘.lr
and the tangent at the vertex is X =10

his of the form, Y= =

”]C E_—'.!.'v';_':l =
ﬂ
={)

10=10

o (dx-3y+ A+ (77-8M) x-(64-61)y+ 952
Ix ﬂ 5

B A 3 A) = (8A- 77)x + (64 - 6) y + 1.° - :
‘Let us choose A in such a way that the line or
i #x-3y+a=0
© and (BA-T7)x+(64-64)y+27-95=0 2
g L Vertex
We know that the vertex is the intersection of axis and the tangent

are perpendicular to each other,
B > K 11
it the vertex to parabola. So solving (#) and (3); We gcl
X Y |

. ! 4

| ﬂu]_re.oflhalm:{i!}:-g 53

Slope of the line {3}=-ﬁ%—'§ 0 : 3

. - B ’ -2 =

. e product of slope of the lines (2) and (3) = - | : 4 ><“5 >{i3 X s
X iy S

=30-20 16+%

.m-tg_!—?i_l
- 15-40

64-61
or im-.at!.ﬂ-m-+ 181 =0
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: Il
The coordinates of the vertex is (_ 5

Lh b

)

Focus

We know thagthe focus 18 the itersection of the equat
rectum and axis of the parabola. We first find the eq,

rectum, which 15

1o “”iltm
18lon r-ul.:
a3

X=/
IxFdy+s 1
o 5 20

or 3x+d4y+5

12x + 16y + 19=10
Solving (4) and (6)

TP "'”"l

By 1
217 44 100
3
gt o 44 1)

Directrix
I the equation of the parabola, Y - 4AX
The equation of (he directrix is
X=. A

o i dyss

——

ST

J:Sl"]:-dj}r"' II}r:‘441‘5H3'+ T] .

glion’
o

{2x+ 16y +21 =0,

(hat the CONIC represengeq

u'Flt Eq"ﬂti'q}n

15 an el
{45 - EI[PS{,
] cl]‘““-" Alsg |'”-“I
- ¢ :
equation referred to the cegey
i :
i faxes i 5
i equation of axes and length of gy
centricity _
.“., et Y. Iﬂll.u “‘Etum
v foci Vii, difftlricn

are, the cquation of conic is
Jiet =

14x" - 4xy + 11y - 44x - 38y 4 7] =9
Comparing it With

Ax" - ?Il'\'_'- 1 |‘_'-. t _'l|_"'L [

¥ TC={)
= i el g = - -
a= 14, h 2, b=1ll, pg=-20 f[==00 e=7]
Now, A= abc + 2fgh - af - bg - clr
14 = 11 = 71+ 2 % (- 29) % (- 22) = (- 2} = 14 = (= 20)°

-
0
'

- 1% (- 2257
10934 - 2552 - 11774 - 5324 - 284
- 9000 = 0 |
and ab-h 14 % 11 - (- 27 =154-4=150>0 |
Thus A = 0. and ab-h >0, |

Hence the conic represents an ellipse: ||

Center

- - cou 4T :D
Let ¢ = 14x° - dxy + iI}"--l-l.\-Z‘h} 1

S = 28x-dy-4

g 2 =_4x +22y-38

oy

For the coordinates of the center.

Py 90 _
ut fbt_-ﬂ

-xam_.blogspot.com



th of axcs
l;liﬂ

“I'c Ilu"":
(A+ B)+(AB - Hy =g

e Tx-y-11=0
and ::_”}--I-EG )
Solving (1) and (2).

Length ©

Length ol

Equation of axes

Ihe equation of mujor axis with center as ongin is
The center of the ellipse is (2, 3)

Equation referred to the center
The equation referred (o the center 15 (.
!h’qb! By 2hih’ - ab)

A T A
14{4 - % (- T
lj-" :-&:——-{-—:ﬂ}-—{_’:'—

1349 11id - 154) : e equarion of mind

9000 * 000 2 XYt

14{ - 150) i 4 = 150 ]If.-i
= 5000 -9000 *Y - 9000

) 575 T :s ‘F*ga y =1
' l# equation of conic referred to center (2, 3
e Atwith Ax* + 2Hyy + By’ = |,

e, H=-35.

v axis with centers as ongimnis

.m .'J
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£q gation of directriceg

or Bi=l= The equation ol directrices of the llipse
lipse with cepey (o, By is
G f’;,-'{ (x - ) cos0 + (y - B) sinf = £ 1
c
, sl o |
. ===, (X-£) = T =-3)TF =4 walq i
b e vfi R - W3 .II'IrI"; ."lf; 1
ar IX = -I-I LY i) - _1'.*_‘l|‘_ /4
! Latus rectum . = #
: ar X-= ¥=0 VR 1] .
- 2x4 2
Latus rectum === = =44 [= x+2v==8=+ 310
Ty -;JE > Y
fr.3: Show that the conic I+ 8xy - 3 - dy - 2y + 30 =9
) Foci . represents a hyperbola and hence find s ' !
i Slope of major axis 2X - Y =0 is 2 L center \
~lanf=2 ii. standard form referred to center
= I . l iii. length of semi-axes
| +1an0 lid 4 ﬁ iv. equation of transverse and conjugaie axes |
"_ . sinf ¥. equation of asymplotes
: sinf=—= x ¢o50 i e '
cosh VL. eccentricity \ \
_._tanf D

s Vil. length of latus rectum
k” + la_njﬂ ] +4 ﬁ viii. foci l
Ah" center (a, B)=(2, 3= \{E yh=2, X, equation of directrices
7 Solutioy.

Here, the equation of coni¢ 1S

_ S e = e oy +30=10
Ales of the foci of the ellipse are 3 + By 37 <SR

Comparing it with
. 1 M+
iiK: + 2hxy + h:..f‘ +2gx ++ff

.H=3. h=41 bﬁis; 12--.r

e=0

n, (=10 TR
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'ﬂ_'s"'*_.’,..jﬂ-r_-_‘l X (= 10) (- 20) <4 -3 (- 10y

= (=3) * (- 20y:

= 450 + 1600 - 300 + 1200 - 800

. -uﬂlwﬂ
Also.ab-h =3 %-3-(4)
=-0-]16=-25=-25<

Thus A =0 and ab- h* <0,
The equation of conic represents a hyperbola.

Center
Let =35 +8xy-3y*-40x- 20y + 50 =

ﬁn =
o 6x + 8y - 40

lhd§=3x-ﬁy-3ﬂ

For the coordinates of the center,

Put gzﬂmd% =1

or 6x+8y-40=10
and 8x-6y-20=0

Solving (1) and (2),

i 0><><

=X
-Jﬁ trd

-160-240 ~

-32{1+|7{;

_.f___.l_.
=200 T - 100

..'|,_ -___'_- i ‘EI 2
-;-:,11{.;_ is(4, 2).

=30

§ f-I]-'

n - aHe Wellee..,
o we know that the equatioy o Conie

rd form referred to gy, Center

I
Feferrey
10 e comy t

(0. )= (% 2) is
__I_[_I_'_,L‘_IE] ‘;-’_M b‘r 3
A A h

: ‘l

M 2 1’—'th.t
250 X 1 et LiﬂLmJﬂ

1250

or
This is the h.n.t'llh,l.l Equanion of conie

fic in dierd
the center (4, Standand form referred 1o

Comparing it with Ax” + 2Hxy + By = i

h=ro

Length of axes
For the length of axes, we have the equation

}.]T % (A+B)+(AB-H)=0

¥ T\ 2500 625

25

I =0
2500
|

o | —'__l]

100

100-r'=0
g ]m{f-kw]s
=10

2= 10,
: mnﬂﬁ'ﬁ

The length of semi-ransY
w :ﬁ'
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V10 (taki Mg i
AR or 3%+ 8XY-3y"-d0c.on, o oGy

(-25) =0
2y +50450mg
zﬂ?*lﬂuzn

or 3"+ 8xy - 3y" 4y .
of 3x° + 8xy - 3y° - iy -

Eecentricity
Here, r' =10
B4 r” = 10 (taking real)
We have
" =12 ()

10 =10 (¢* - 1)

=2
A=y <2
The equation of transverse axis is

Length of latus rectum

The leneth of latus rectum

-

2| 210
=lal = =110

I 10
== ] 1 —I-
= =0 Slope of transverse axis X==¥'= 0 155
hee, 13" = 10 (Taking real) | : p 0
ne e ﬂfﬁﬂﬂjugﬂlﬂ axis is 30, any:* 2} s sect m : H'%

e

~40x - 20y + 50 = 0
otes differ from the cquatinn of 8
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Comparing it with AX" + ""H‘n". +BY? =
"'5

A=7%, H- 3

19 = —

12
We have the equation
|

| 2
;r ;‘j (A +B)+(AB-H)=0
.
'l}-:_' =)

r x+y-10£5=0
"The equations of directrices are 2x +y - 15=0 2x +y- 5=,
I 'y i

 Prove that the product of the semi-axis of the conic is

- 15F + 18=0
Gxy+5y' + 12x+dy-4=0is 3

or \zf-mr?-ﬁhﬂ

OT =0 'md r
il '#'m ghipottic is Length of semi-major axis =~JTS
1 ﬁ‘+ﬁuy+5r+ 12x+4y-4=10
in; ﬂwiﬂ:
" 'T‘ﬂﬁ}"l' by’ e The product of semi-Axes ='\E =
: §.n=3 b=5,g=6,f=2,c=-4

+2fg|: af® - bg” - ch’ Exercise - 37
)22 6x3-5%20 -5 %6 - (-4) % ox! - 2dxy + 16~ S

that the conic jatus rectum.
00 +72-20- 180 + 36 f;‘;‘;c“ﬁ o parbols. Fid the L
R dll'ﬁ.‘-“mo gp&[’hﬂ 'm.‘_y] 2% - lj:ﬂ' *&g
Show that the conte m vertex, focus '5,

3

Length of semi-minor asis= ’\L

=
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V

42,10 Equation of g Conic i

A 1'[' N of the axes and eccentricity of th ,
.'_ s L ﬂ‘ -)T - + 9 = = uu"h—-"
L+ Ay + 6y - 22% - 16y +9=0 et S x be the initial line, the g oo D the

-J'
-lz}r'l'li"ﬁ goordinates of a point p L
=1r;;.,nLrH..lli‘« of the conig Let d pe

& of the hyperbola 2x° + Sxy + ’h, x4+ &,
T 'ﬁM and eccentricity of the conic I = d:ruLlTl‘-
. praw SZ pcrr-m;lncular 0 ZM and F‘M
WIL‘HW W 2\ ¥ B

Answers @) be any F"“f"” on the conic with ESPECLIO $ s poje then
SP=r and ZPSx=p

J=

9 13
f Lamwsrectum = 4.vertex=(1, ”';l.mn::u{..1 ) directrix:4x+3 3y-5=
Pir.8)

2 f-mmmn=‘ﬁ.'-'¢ﬂ¢xi(f-4 » focus (1, 1) directriy: ty=|
Py ..r Transverse axis, x + 2y = 3, length of transverse nra:\ﬁ
w:msy 2x =4,
. N3
.m of conjugate axis = 3 4. 2

3R |

w1y 1. ﬁ-c=T i (1.2); :

h+r+2 =0,x+2 +| = e A By the definition of a conic ,we have
SP=¢PM

v [12E.20) i _
b : r=eZMN=e( SZ-5N)=e(d -5Pcost)

r=de -r ecosh

r +recosd = de

r (1 + ecosB)= de

e is the polar equittion of the Comic SocTR,

| + ¢ cosd
ix with d >0 .then te
If the focus S to be taken right to the directn :
equati > conic 18
quation of the c« Pir.8)
{1

PR
_ SO0

| +ecos(n-9)
--—"'-.-.E-

de

1-¢ccos @
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I

de
I +ecos (E,]E-u)

&
==—————asshown i .
and T |- esin® nin the

-

- :-F:.'" L and r
ccos (59
d

NS
L vl

: :ﬁn L
de

p=——t
| - esind

B

.} to the polar axis thep the
gt 4

e TIN, = .
mpﬂﬁnﬂ itwithr= m
Wg:ﬁl"rd

d=75. e=]]

'['wafr“ ywe the  CONIC represents 3 parabola with focus s the e
xprt“k‘*i”” cost tells us its axis is on the polar xxis. The #', >
L"I + I

p(r,2) on the curve 15 following table.

—
e

0 '

e

1
!
i

I [ hed i |54

1 'L'l:-ZE_}

T
|

|
=~

|
I r.0) |

(r.5)

N (2,0)

3
¥

7 The vertex of the parabola is | It 0 - These points together type of conic
raph of the parabola which is shown asin the figure.

—
b2 ek

toskeich the g

Worked out Examples

scribe and sketch the graph of the equation r=——5700

{he equation of conic is
N 3
WA L 'zﬂ-zme Deseriprion: :
3 e ﬂ)

Verfex: M s

Focus : O(0.0)
We have the
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b
&

MY .
.|.?"--,_- the . lz
d sk ll“IﬁF'"’f equation r A

IEM'B -

12
= 3420050

12
PR
3(1 +§*msﬁ)
T SR
r= :
(I - ”:cnsﬂ)
]

6.

=—-—2_I
(l +:n:usEl)
& ]

de

=6, e=7 <l.

bre the conic represents an ellipse with focus as the pole. The

w;ﬂteﬂs us !hat its axis s on the polar axis. The coordinates of

ipse. are {-15-21 I'J) and v’ (12, ) . This is shown as in

2.
i Hr |,"rur.u:u.|.n_,.1 5

“-*\.

.l'.l-.L_'lJI

24

We haveC &' ;f{‘js—g—

“I

1'*' 1
Foci 1 O(00),S° \ 3

We have the equal
= 105 '[*—

jon of " dimectricss are,

Geoosl _nh.[_
‘.'5

6 ond
'.FE
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. &

' 12
NG of the equation r=——=___
etch the 27 spirof the eq 2-6 cosp -

d‘;z’ g=33].

Beiee the conic represents a hyperbola with focus as the pole, The
. .E tells us that ils trnsverse axis is on the polar axis, The
Lanath af ranswerse ¢

. .\'ﬁfﬂf‘ﬂ} an the curve 1s following 1able.

4 =
( L"h'rl'-t L4

0=7

il 7 am
we have C8 =l
ll3 - | i)
Foci : (0.0, 5" \3 ™ )
ecirices me

- . i ¥ of dir
We have the quhju,t:nﬂ = 2005 % -2 x(-dy=2md
Jops = =

(=30 ' e &
30) .TIJ | 04,75 | = . 5
L | - - =
9 _‘k. N o .
= [I.E."Illmh : .

7
2) ;

¥

-— -

29 2
h-":a:if"“”': LI}" (9=1" 1%

o i : Rt are y(:3,0) and k"[ b ) . Thee points L.ﬁ. 2
3

¥pe of conic help us to sketch the branch of right side of

e other branch is obtained by symmetry which is shown ® R j:
e i - l

: : 1 'Lﬂlﬂ‘hfwﬂ

w2
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™ 1 +esmf
d=6, e=7 <l.
ihe canic represents an  ellipse with focus as the pole. The

il tells us that the major axis of the ellipse is perpendicular to
s The coardinates of P(r,0) on the curve is following table, D.

ST,

I .| TTICES. Y
I.

Here 2a =

Length of major avis: 24= %

;o

- I 3 .T-TI:
Cenire: CLE T

Wehave CS'=C0=3

Faci:(l{ﬂ.ﬂl.ﬂ'(%.%)- v vt
b2 | We have the equuionof directnces 8%

=7 = 65y =0 1=0WR )
y= raid e GHIE 3

T -
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Lensth of minor axis: 2h=2 ;,-— =342

Ex.5:Describe and sketch the graph of the equation r= o O pPoints together type of conic
2 -35in@ - the hyperbola whic
Solution:
Here the equation of conic is \ )
1) = |

[ —— (xm) ¢ [LIR] S0
2 -3sinf) \ >

10

r=__————.-_
E(I

3 Y
—‘;‘Sin[J'J
1

Ik sseription:

; - T
Vertices: v| 2
\ Py

a = 10-2=§
SR Length of tramsverse avis: 2a='8
1 B tell & hyperbola with focus as the pole. The ; ‘' Cenire; ‘:{f‘-EJ
g ,“5 that the tmnsverse axis of the hyperbola is . _ 4 .
RPN axis. The coordinates of P(r,0) an the curve is * . We ihavel R

. Foci: O(0,0), S'(l'.’ é‘f‘) .




~— -

e —

o Texrboond of Eqmwer =g dushsienicne
We have the equation of directrices are
., 3
y = rsinf= = 55"

&

/ 10 "I S 7.
¥ { [:—'T S 5

Y

Alw b:::!:ii.'_l _i;|:: -F|Iil

0.4 . 5
=06 . =16 iy 20

n b=af30=245.

Length of transverse axis: 2b = !\F _

Exercise — 38

Describe and sketch the graph of the following polar equation of conie

seclion.

7
I r_ = > ......I —
I-cost i ! el
[2 i}
e Y b T e
J+cost » + 2 cos
10
5 = - 6 p=——
3+ 2sinb A 3 - 25ind

6 4

2 + 3sin0 ' 1 + 3 cosB

10 cosech !
b e ———oeCY 10, r=

2 cosecB+3

24 5 sinb

'l g=
a 2 + 4 sinf i

12 _ i cosect

, =
2eosect - 3
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